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Structural optimization techniques are becoming popular and effective approaches for the design of construc-
tions, able to support architects and structural designers in the complex process of searching competitive solu-
tions, usually in terms of structural weight, cost and accounting for specific structural/functional requirements.
In case of gridshells, the structural weight is strictly related to the susceptibility of the structure to global
buckling, which is often the governing design criterion. The susceptibility to global buckling is mainly due to the
global stiffness of the structures, primarily related to the stiffness of the joints, to the boundary conditions, and to
the presence of imperfections. In this context, the paper presents design strategies based on optimization tech-
niques that specifically take into accounts the presence of semi-rigid, rigid and hinged joints in order to guar-
antee light solutions safe from global buckling phenomena. In particular, two approaches are proposed: the joint
stiffness approach, which considers the gridshell composed by semi-rigid joints, all characterized by the same
rotational stiffness, and the rigid/hinged approach, which considers the gridshell composed by most hinged
joints, and by a low number of rigid joints arranged in optimal positions. The approaches have been applied to a
case study characterized by different boundary conditions, different rise-to-span ratios and also considering both
perfect and imperfect shapes. The results of the proposed optimization processes highlight the beneficial effect of
a finite value of the rotational stiffness of the joints in the susceptibility of the gridshell to global buckling

phenomena, leading to light structural solutions.

1. Introduction

In the last two decades, gridshell structures are often adopted in large
span systems thanks to their peculiarity to combine aesthetic qualities
and optimal structural performances, which are completely merged
since the shape is itself the structure. Design strategies based on opti-
mization techniques, currently spreading in the world of both practi-
tioners [1-6] and researchers [7-15], are always more often applied also
to gridshell structures because of their capacity to deal with the complex
process of searching competitive solutions in terms of structural weight,
cost and structural/ functional requirements [16-26].

Gridshell structures are particularly susceptible to global buckling,
which mostly represents the predominant design criterion. In this
framework, an important role is played by the boundary conditions and
the stiffness of the joints, as highlighted by some research works. About
the first aspect, the works by Venuti et al. [27,28] analysed the effect of
boundary conditions — stiffened or non-stiffened free edges — on the
buckling load of the whole gridshell. About the stiffness of the joints,
some authors [29-34] consider that the joints can be not only hinged or
rigid but also semi-rigid, and their stiffness play a key role in the global
stability of the gridshell. In this context, it becomes fundamental to

https://doi.org/10.1016/j.istruc.2022.12.096

characterize the stiffness of the joints to be used in gridshells and,
indeed, recent works carried out experimental and/or numerical in-
vestigations to derive the stiffness and the strength of different kind of
joints. In particular, Zhang and Feng [35] analysed, from both numerical
and experimental points of view, the cyclic behaviour of double-ring
joints for gridshells, in order to define their stiffness, bearing capacity
and energy dissipation; Han et al. [36,37] derived, from a numerical
point of view, the stiffness and the bearing capacity of innovative
Assembled Hub joints, and they analysed the effect of the stiffness on the
stability of single layer gridshells. Fan et al. [38] performed an experi-
mental campaign in order to define moment-rotation curves of semi-
rigid joints, by varying different geometrical parameters. More in de-
tails, they analysed socket and bolt-ball joints, generally employed for
spatial structures; these joints are both composed by a central ball node,
connected to the members through high strength bolts, sleeves and
dowel pins, which is a hollow ball in the case of socket joints and a solid
ball node in the case of bolt-ball joints. Ma et al. [39] investigated, from
both experimental and numerical points of view, a new semi-rigid bolt-
column joint constituted by a ring to which H, I and rectangular section
members are connected through side plates and pretensioned bolts.
Parametric analyses have been performed on the new joint system by

Received 20 September 2022; Received in revised form 22 December 2022; Accepted 22 December 2022
2352-0124/© 2022 Institution of Structural Engineers. Published by Elsevier Ltd. All rights reserved.


www.sciencedirect.com/science/journal/23520124
https://www.elsevier.com/locate/structures
https://doi.org/10.1016/j.istruc.2022.12.096
https://doi.org/10.1016/j.istruc.2022.12.096
https://doi.org/10.1016/j.istruc.2022.12.096
http://crossmark.crossref.org/dialog/?doi=10.1016/j.istruc.2022.12.096&domain=pdf

V. Tomei

( O

Fig. 1. Local axis of structural members.

varying the thickness of the side plates, the pretension value in the bolts
and the bolt diameter. The results highlighted how the different pa-
rameters affect the initial stiffness, the flexural resistance and the plastic
moment resistance; in particular, the initial stiffness is mainly influ-
enced by the thickness of the side plates and the bolt diameters.
Gidofalvy et al. [40] numerically investigated the characteristics in
terms of initial stiffness and flexural resistance of a novel joint con-
necting T-cross sections, by varying their dimensions and pretension on
the bolts; then, they analysed the effect of these joints on the ultimate
bearing capacity of a free-form gridshell with a quadrangular plan.
Tsadvaridis et al. [41] proposed a process of shape optimization that
specifically takes into account the stiffness of the joints; the process is
applied on a series of triangulated gridshells in order to minimize the
strain energy: the optimization is carried out by considering different
levels of stiffness evaluated on tests performed on semi-rigid ring joints
characterized by different geometrical characteristics, which also
determine the stiffness of the joints. The results highlight a great influ-
ence of the joint stiffness on the results of the shape optimization, in
terms of both optimal shape and buckling factor. Recently, the attention
has been also focused on aluminium gridshells: in particular, Liu et al.
[42] investigated the effect of semi-rigid aluminium joints on the sta-
bility of aluminium gridshells, together with the beneficial effect of a
stressed skin; on the other hand, Yang et al. [43] carried out an exper-
imental campaign to derive moment-rotational curves of aluminium
joints to be employed in gridshell structures, in order to characterize
their stiffness and strength by varying the properties of materials and
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components; Formisano et al. [17,18] investigated the role of joints in
the case of aluminum structures, proposing an ad hoc design strategy of
nodes and bars for a double-layer reticular space structures [17] and
they analysed the nonlinear behaviour of bolted aluminium alloy T-stub
joints by means of experimental tests and numerical simulations [18].

Downstream of this discussion, the aim of the paper is to propose
optimization design strategies for gridshells that specifically take into
account the stiffness of the joints, in order to obtain light solutions safe
from global buckling phenomena, and including the effect of imperfec-
tions. In particular, two optimization strategies are proposed and
compared:

- the joint stiffness approach where the gridshell structure is composed
by semi-rigid joints, all characterized by the same optimal rotational
stiffness;

- the rigid/hinged joint approach where the gridshell is composed
mostly by hinged joints and by a low number of rigid joints arranged
in optimal positions, in order to avoid global buckling phenomena.

The proposed approaches are applied to a case study constituted by
gridshells characterized by different boundary conditions, in order to
investigate also the role of the restraint conditions on the global stiff-
ness. The approaches have been also applied both to the perfect shape, i.
e. that directly derived by a form-finding process, and to an imperfect
shape, in order to analyze the role of geometrical imperfections.

2. Case study

The case study selected for developing the numerical simulations are
the single layer gridshell structures analyzed in some recent literature
works [16,19-21,23]. The gridshells are made of a square grid
composed of nodes equally spaced in both directions. All the members of
the canopies are composed of a hollow circular steel cross section with a

5.85m

Fig. 2. Gridshell case studies: (a) R2 restrained on two sides; (b) R3 restrained on three sides; (c) R4 restrained on four sides.
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Fig. 3. First buckling mode for gridshells R2, R3, R4 with hinged and rigid joints.

S355 steel grade material (yield strength: 355 MPa; Young’s modulus:
200 GPa), which diameter @ is a variable to design, while the thickness t
is set as 0.09 times the diameter. The design of the cross-sections has
been performed by the proposed optimization strategies, that will be
explained in section 3, by imposing structural requirements on the
Buckling Factor BF > 3, on the maximum displacement Dy, < limit
displacement Dy, imposed equal to L/250 (where L in the maximum
span of the gridshell), and on the maximum value of utilization ratio
Unax < limit utilization ratio Uj,. In particular, Uy, is evaluated
following the prescription of Eurocode 3 [44]:

N M M,
ifN>0:—+ AN NE ‘ =
i Nga  |Miyra M ra
Ur= N | M M
Uy = max ifN<0:— | (@]
! N Nyra  |Myra 'Mz,Rd
\% V.
U, = -
Vy.ra Vera

In details, Uy, is the Utilization Ratio evaluated for normal forces and
bending moments, where: N is the normal force, positive for tension and
negative for compression; N4 is the resisting normal force; Ny, gq is the
buckling force, evaluated following the prescription of Eurocode 3 [44];
My and M, are the bending moments evaluated along the local y and z
axis of the structural members (Fig. 1), respectively; My rq and My rq are
the resisting bending moments evaluated along the local y and z axis of
the members (Fig. 1), respectively; Uy is the Utilization Ratio evaluated
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Fig. 4. Buckling Factor vs ratio between joint rotational stiffness k; and element flexural stiffness ke,ay-.

for shear forces, where Vy and V, are the shear forces acting along the
local y and z axis of the members (Fig. 1), respectively; Vy rq and V,rq
are the resisting shear forces evaluated along the local y and z axis of the
members (Fig. 1), respectively.

Three different schemes of boundary conditions have been consid-
ered: (a) gridshell pin supported along two opposite sides (R2 - Fig. 2a);
(b) gridshell pin supported along three sides (R3 - Fig. 2b); (c) gridshell
pin supported along four sides (R4 - Fig. 2c).

For all the schemes, a uniform gravity load equal to 3 kN/m?2,
including an estimate of the gridshell dead and live loads, has been
considered, in analogy to previous literature works, for sake of com-
parison [16,45]. In particular, the dead load takes into account the
structural weight of the steel members and the weight of the glass panels
covering the gridshells, while the live load is referred to snow loads, for
which a pressure of 0.8 kN/m? has been considered, typical of zone 2 in
Italy, as defined by the Italian Standards [46]. The applied loads have
been amplified by safety factors provided by Eurocode 1 [47].

The geometrical models have been developed within the software
Grasshopper [48,49], i.e. an algorithmic-aided design tool based on vi-
sual scripting, that works in Rhinoceros [49] environment. The struc-
tural analyses have been carried out through Karamba [50,51], the
Grasshopper plug-in for finite element analyses [48,49].

Furthermore, the three gridshells are characterized by the shape
derived from a form-finding process, which has been performed by using
the software Kangaroo [52], the Grasshopper physical engine where the
Dynamic Relaxation method [53] is implemented. More in details, the
adopted method is able to simulate the physical hanging model shape by
treating all the structural elements and nodes as a particle spring system
[54].

2.1. Preliminary analysis: the role of joint stiffness and restraint
conditions

As already mentioned, the joints employed for single layer gridshells
can be divided into three categories, on the basis of their stiffness [29]:
rigid joints; semi-rigid joints and hinged joints. In particular, by
considering the classification proposed by Fan et al. [29], a gridshell can
be considered equipped with rigid joints if the stiffness of the joints
guarantees the reaching of a buckling factor BF larger than 90 % of the
BF reached in case of rigid joints; on the other hand, a gridshell can be
considered equipped with hinged joints if the stiffness of the joints
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provides a buckling factor BF lower than 25 % of the BF reached in case
of rigid joints. In all intermediate cases, the gridshell is considered
equipped with semi-rigid joints. In order to introduce the effect of joint
stiffness on the global behaviour of gridshells, Fig. 3 shows the first
buckling mode, evaluated by Linear Buckling Analyses, of the R2, R3
and R4 configurations by considering hinged and rigid joints. From the
plots it is evident how, for hinged joints, the buckling phenomena is
mainly due to snap-trough instability, while for rigid joints, the buckling
phenomena is due to a general instability [55]. It suggests that, in the
first case, only a small number of structural elements reacts to buckling
phenomena, while in the second case, the entire structure comes into
play, so a greater safety against buckling is expected.

With reference to the three case studies, characterized by different
restraint conditions (R2, R3 and R4 - Fig. 2), the trend of the buckling
factor of the gridshell has been evaluated by varying the joint rotational
stiffness kj, under the condition of adopting a cross-section that gua-
rantees an adequate buckling factor also in the case of hinged joints. To
this purpose, Fig. 4 plots the ratio between the buckling factor BF of the
gridshell structure and that BFgiq, referred to the case of gridshell with
rigid joints, in function of the ratio between the rotational stiffness of the
joints kj, evaluated in kNm/rad, and the average flexural stiffness of the
elements ke 5y, evaluated, in kNm, by the following expression:

ET

ke =
’ L,

@

where E is the Young modulus of steel, I is the moment of inertia of the
cross-section, and L,y is the average length of elements.

In the same figure are also reported the thresholds of the ratio BF/
BFigiq suggested by Fan et al. [29] to classify the hinged and rigid joints,
respectively equal to 0.25 and 0.9. From Fig. 4 emerges that the R2 case
behaves as a gridshell with rigid joints for kj/ke ay larger than 20, the R3
case for kj/Ke v larger than 15, while the R4 case for kj/ke,ay larger than
8. On the other hand, the R2 and R3 cases behave as a gridshell with
hinged joints for kj/ke sy lower than 0.25, while the R4 case is charac-
terized by a BF always larger than 0.58, which means that it never be-
haves as a gridshell equipped with hinged joints, also if it is effectively
composed by hinged joints. These results highlight the great influence
not only of the joint stiffness, but also of the boundary conditions, on the
global behaviour of gridshells. It suggests that an adequate categoriza-
tion of the joints cannot be performed a priori, since it also depends on
external conditions. In this context, it is evident the usefulness to define
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Fig. 5. Perfect shape vs imperfect shape (the imperfections are amplified).

design strategies capable of providing an adequate stiffness to the joints
on the basis of external conditions, which is properly the aim of this
paper.

3. The optimization approaches

In the context of structural optimization, some pioneering works
propose to design the joints by means of a topology optimization pro-
cess, from which particular configuration can be derived in function of
the stress acting on the joints, which also depends on the required level
of stiffness; furthermore, from a constructive point of view, these non-
conventional joints can be simply built thought additive
manufacturing techniques. In this framework, Zhu et al. [56] performed
a multi-objective topology optimization for joints connecting six circular
hollow cross-sections to employ in spatial-structures: starting from a
spherical node, the optimal topology has been found by removing ma-
terial, in order to minimize both the compliance and the first natural
frequency. Seifi et al. [57] proposed a topology optimization of six-way
structural nodes for triangulated gridshells composed of hollow rect-
angular cross-sections, by considering different load conditions; then the
optimized joints have been realized by means of additive
manufacturing. In a similar way, Wang et al. [58] proposed a topology
optimization for spatial structures characterized by a quadrangular
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mesh and members with rectangular hollow cross-sections, which joints
have to be realized by means of additive manufacturing. These strategies
certainly represent a valid approach to design the node with the required
level of stiffness, which could derive from a design process based on
optimization approaches applied to the whole structure.

In this framework, the paper proposes and compares two optimiza-
tion approaches, in order to obtain the minimum weight design of
gridshell structures which also guarantee safety against global buckling
phenomena: the joint stiffness approach and the rigid/hinged joint
approach. The joint stiffness approach provides to find the optimal
rotational stiffness to confer to all the joints of the gridshell, while the
rigid/hinged joint approach aims to find a structural solution composed
mostly of hinged joints and a small number of rigid ones, arranged in
such a way as to minimize the structural weight. Both optimization
problems are entrusted to a mono-objective genetic algorithm, which is
implemented in the component Galapagos of Grasshopper [48,59]. The
algorithms of this category are based on the natural selection concept:
starting from a population of individuals randomly generated, where
each individual is a potential solution, at each step the algorithm selects
the best individuals (the parents) to mate or to mutate to produce
children, i.e. the individuals of the next generation, until reaching a
population of individuals which contains the optimal solution [60].
More in details, the main steps of Galapagos algorithm are: creation of
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Fig. 6. Optimization problem results for gridshell R2: weight vs ratio between joint rotational stiffness k; and element flexural stiffness ke av.

Optimization problem results for gridshell R2.

R2 - perfect shape

¢ (cm) 29.7 18.4 16.8 15.5 14.9 14.6 14.4 13.9 13.7 13.6 13.5 13.5 13.2
Ki/Ke,av (KNm) 0 0.5 1 2 3 4 5 10 15 20 25 30 ©
Ke,ay (KNm) 8459 1246 866 628 536 494 468 406 383 372 361 361 330
W (ton) 133 51 43 36 34 32 31 29 28 28 28 28 26
Umnax 0.02 0.08 0.12 0.16 0.18 0.20 0.21 0.24 0.25 0.26 0.26 0.26 0.29
Dpax (m) 0.001 0.002 0.003 0.003 0.003 0.003 0.003 0.003 0.003 0.003 0.003 0.003 0.003
BF 3 3 3 3 3 3 3 3 3 3 3 3 3

R2 - imperfect shape

¢ (cm) 50.5 19.1 17.1 15.6 15.0 14.6 14.3 13.8 13.6 13.5 13.4 13.3 13.1
Kkj/Ke av (KNm) 0 0.5 1 2 3 4 5 10 15 20 25 30 ©

ke ay (KNm) 70,717 1447 930 644 550 494 455 406 372 361 351 340 320
W (ton) 385 55 44 37 34 32 31 29 28 28 27 27 26
Umnax 0.01 0.09 0.13 0.18 0.20 0.21 0.24 0.25 0.28 0.29 0.30 0.31 0.30
Dpax (m) 0.007 0.012 0.012 0.012 0.012 0.007 0.012 0.006 0.011 0.011 0.011 0.114 0.005
BF 3 3 3 3 3 3 3 3 3 3 3 3 3
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Fig. 7. Optimization problem results for gridshell R3: weight vs ratio between
joint rotational stiffness kj and element flexural stiffness ke ay-

the first generation with random individuals; computation of the
Objective Function, i.e. the quantity to minimize, for each individual of
the current generation; selection of the best individuals (the parents) of
the current generation to survive in the next one; selection of individuals
to mate and to mutate to create the children of the next generation; the
optimization process ends when the maximum number of generations is
reached, there is no progress for a specified number of generations, or a
specific fitness value is achieved.

3.1. The joint stiffness approach

The joint stiffness approach aims to provide the minimum weight
design for gridshells, by varying the rotational stiffness of the joints and
the cross-sections to assign to the elements. In particular, the optimi-
zation process is defined as in the following:

foreach ki/keq,

Minimize W

Table 2
Optimization problem results for gridshell R3.

Structures 48 (2023) 147-158

Subjected to BF > BFy;,

Unax < Ulim

Diax < Dijm

Dy <D< D, &)
Variable®

where: W is the structural weight of the gridshell, BF and BFy;, are the
actual and the limit buckling factor value, respectively; Uyqx and Uji, are
the maximum and the limit utilization factor, respectively; Dy, and Dy,
are the maximum and the limit displacement, respectively; ®y, and @y,
are the lower and upper bound values of the diameter ®, respectively.
The limit value of the buckling factor BFj;; have been imposed equal to
3; the limit value of utilization Uy, is set equal to 1; limit value of
displacement Dp,qy is set equal to 0.096 m, i.e. the maximum span L
divided by 250; @y, and @, are equal to 5 cm and 20 cm, respectively.

The optimization process has been applied both to the perfect shape,
i.e. that directly derived by the form-finding process, and to an imperfect
shape, which takes into account geometrical imperfections. In partic-
ular, the last one has been derived by an optimization process proposed
by Tomei et al. [22] based on genetic algorithms, finalized to minimize
the BF by varying the coordinates of the joints in the range + 0.05 m (L/
500), which is the amplitude of imperfections, with respect to the perfect
configuration. More in details, the formulation of the optimization
problem is stated as:

Minimize BF

2 L

. L 2 :
Subjected to —<75 < \/(xf/' =)+ (5 —y0) "+ (5~ 7)<+
Variables : xg, 5, 25 @

where x5, yp, and zj; are the three coordinates of the jth node of the
imperfect gridshells, while xg;, yo;, and zg; are the three coordinates of
the jth node of the perfect ones. Although different literature works
suggest several methods to select a proper shape of imperfections
[32,61-69], other works show that the one generated with the optimi-
zation method employed by Tomei et al. [22] provides the worst
Buckling Factor compared to other ones, so this methods has been
selected to apply imperfections. At title of example, Fig. 5 shows the
imperfect shape overlapped to the perfect one, for R2, R3 and R4 cases.

The maximum amplitude of imperfections has been set equal to L/
500 according to the recommendations of previous literature works
[65,70].

R3 - perfect shape

¢ (cm) 28.6 16.5 14.6 13.1 12.5 12.2
Kkj/Ke av (KNm) 0 0.5 1 2 3 4
Ke,ay (KNm) 7050 781 479 310 257 233
W (ton) 120 40 31 25 23 22
Umnax 0.02 0.15 0.23 0.35 0.42 0.46
Dpax (m) 0.001 0.003 0.003 0.004 0.004 0.004
BF 3 3 3 3 3 3

R3 - imperfect shape

¢ (cm) 37.3 17.2 15.1 13.4 12.7 12.3
Kkj/Ke oy (KNm) 0 0.5 1 2 3 4
Ke,ay (KNm) 20,398 922 548 340 274 241
W (ton) 205 44 34 26 24 22
Umnax 0.02 0.14 0.22 0.34 0.42 0.47
Dinax (m) 0.013 0.013 0.013 0.012 0.011 0.011
BF 3 3 3 3 3 3

12.0 11.6 11.5 11.4 11.4 11.4 11.2
5 10 15 20 25 30 ©
219 191 184 178 178 178 166
21 20 19 19 19 19 18
0.49 0.56 0.58 0.60 0.60 0.60 0.64
0.004 0.005 0.005 0.005 0.005 0.005 0.005
3 3 3 3 3 3 3
12.1 11.6 11.5 11.4 11.3 11.3 11.2
5 10 15 20 25 30 ©
226 191 178 178 172 172 166
22 20 19 19 19 19 18
0.50 0.59 0.63 0.62 0.65 0.65 0.67
0.010 0.009 0.008 0.007 0.007 0.007 0.006
3 3 3 3 3 3 3
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Fig. 8. Optimization problem results for gridshell R4: weight vs ratio between
joint rotational stiffness kj and element flexural stiffness ke qy.

Fig. 6 shows the minimum weight obtained for the gridshell R2 from
the optimization process in function of the ratio kj/Ke av; it is evident that
the weight greatly decreases by increasing the ratio kj/ke,ay from zero
(hinged joints) to 5 (Fig. 6a), while the reduction becomes less evident
for kj/ke,av greater to 5, for which the weight approaches the one ob-
tained in the case of rigid joints. Furthermore, in the case of hinged
joints (zero joint stiffness), the imperfections lead to an increase of the
weight of 2.9 times with respect to the perfect shape, although this
difference quickly reduces by increasing the ratio Kj/ke ay (Fig. 6b). This
result indicates that even a small increase in rotational stiffness of the
joints, with respect to the configuration of zero stiffness, greatly reduces
the sensitivity of the gridshell to imperfections. Table 1 shows the results
of all the optimization processes, for both perfect and imperfect shapes,
also in terms of Upayx, Dmax and BF: in all cases, the BF reaches its limit
value, while Upay and Dy are always lower than Uy, and Dy,
respectively, meaning that the design is always governed by the sensi-
tivity of the gridshell to global buckling phenomena.

Fig. 7 and Table 2 show the results for the gridshell R3: this case

Table 3
Optimization problem results for gridshell R4.

Structures 48 (2023) 147-158

confirms the previous considerations, but it is interesting to observe that
the weights obtained for R2 are always larger than that obtained for R3.
In particular, by considering the perfect shapes, the R2 gridshell is
characterized by a weight greater than 47 % of that of the gridshell R3;
furthermore, by considering the imperfect shapes, the R2 gridshell is
characterized by a weight greater than 88 % of that of the gridshell R3.

Fig. 8 and Table 3 show the results for the gridshell R4: unlike the
other cases, a negligible variation of weight is observed as the stiffness
ratio increases, and there is no substantial difference either between the
weight obtained with the perfect shape and the imperfect one. This
result suggests that, in the case of R4 configuration, the global behaviour
is independent from the joint stiffness, and almost independent from
imperfections, since the restraint conditions assures an adequate stiff-
ness to the whole structure. Comparing the results in terms of weight
with respect to the other configurations, the R4 gridshell is character-
ized by a weight lower than 23 % and 67 % of gridshells R3 and R2
(perfect shape), respectively.

This result highlights the influence of the boundary conditions on the
susceptibility to global buckling phenomena: as it is expected, the
greater the number of the restrained sides, the lower the optimal weight.
This concept is immediately evident by observing Fig. 9, in which the
results in terms of weight for the R2, R3 and R4 configurations are
compared. These plots are the same reported from Fig. 6 to Fig. 8 for the
perfect configuration, here overlapped for sake of comparison. In
particular, the minimum weight W, obtained from the optimization
processes, is reported in function of the joint rotational stiffness ratio k;/
Ke,av, in reference to the cross-section obtained from optimization and
also reported in Table 1, Table 2 and Table 3 for R2, R3 and R4

Perfect shape
50
40
g
£ 30 o ° ° ®
3
20 * ° ° ° °
e o —o o —— 0 —— 06— »
10
0
0 5 10 15 20 25 30
kj/ke,av

——R2 —e-R3 —e—R4

Fig. 9. Comparison between optimization problem results for gridshell R2, R3,
R4 and perfect shape: weight vs ratio between joint rotational stiffness k; and
element flexural stiffness ke ay.

R4 - perfect shape

@ (cm) 10.6 10.6 10.6 10.6 10.6 10.6
Kkj/Ke av (KNm) 0 0.5 1 2 3 4

Ke av (KNm) 136 136 136 136 136 136
W (ton) 15 15 15 15 15 15
Umax 0.45 0.45 0.45 0.45 0.45 0.45
Dpmax (m) 0.005 0.005 0.005 0.005 0.005 0.005
BF 3 3 3 3 3 3

R4 — imperfect shape

@ (cm) 10.8 10.7 10.7 10.7 10.7 10.7
Kkj/Ke oy (KNm) 0 0.5 1 2 3 4
Ke,ay (KNm) 146 141 141 141 141 141
W (ton) 16 16 16 16 16 16
Umax 0.44 0.46 0.46 0.46 0.46 0.46
Dimax (m) 0.006 0.006 0.006 0.006 0.006 0.006
BF 3 3 3 3 3 3

10.6 10.5 10.5 10.5 10.5 10.4 9.3

5 10 15 20 25 30 ©
136 131 131 131 131 126 80
15 15 15 15 15 15 12
0.45 0.46 0.46 0.46 0.46 0.48 0.74
0.005 0.005 0.005 0.005 0.005 0.005 0.006
3 3 3 3 3 3 3
10.7 10.7 10.7 10.6 10.6 10.6 9.3

5 10 15 20 25 30 ©
141 141 141 136 136 136 80
16 16 16 15 15 15 12
0.46 0.46 0.46 0.47 0.47 0.47 0.74
0.006 0.006 0.006 0.006 0.006 0.006 0.006
3 3 3 3 3 3 3
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Fig. 10. Rigid/Hinged joint optimization approach: arrangement of rigid joints.
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Fig. 11. Comparison between the optimization approaches for gridshell R2:
weight vs ratio between k;j/ke v (joint stiffness approach); weight vs percentage
of rigid joints (rigid/ hinged joint approach).

configurations, respectively.

These results highlight how both the boundary conditions and the
stiffness of the joints play a fundamental role in determining the global
stiffness of the structure.
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3.2. The Rigid/Hinged joint approach

The rigid/ hinged joint approach aims to optimize the position of a
certain number of rigid joints, while all the other ones are hinged
[22,23]. Also in this case, the objective is to minimize the weight, by
varying the cross-sections of the elements and the position of a certain
number of rigid joints. In particular, the optimization process is defined
as in the following:

For each percentage of rigid joints
Minimize W
Subjected to BF > BF

()

Oy <O <Py

Variables @, position of rigid joints

Fig. 10 shows the arrangement of the rigid joints obtained from the
optimization process for different percentages of rigid joints. The ob-
tained solutions are characterized by the majority of rigid joints located
along or in proximity of the free edges of the gridshell, thus stiffening the
most deformable part of the structure. The results in terms of W/Wrigiq,
where Wigiq is referred to the minimum weight found by imposing all
rigid joints, in function of the percentage of the rigid joints are reported
in blue in Fig. 11. The figure shows that just a low percentage of rigid
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shape 2

Fig. 12. Gridshell case studies: shape 1 vs shape 2.
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Fig. 13. Optimization problem results for gridshell R2: weight vs ratio between
joint rotational stiffness k; and element flexural stiffness ke oy for shape 1 and
shape 2.
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Fig. 14. Optimization problem results for gridshell R2: weight vs ratio between
joint rotational stiffness k; and element flexural stiffness ke v for shape 1 and
shape 2.

joints allows to greatly reduce the structural weight of the gridshell. In
the same graph is also reported, for sake of comparison, the W/Wigiq vs
kj/ke av Obtained by the joint stiffness approach, from which also emerge
the fast reduction of the structural weight by increasing the joint rota-
tional stiffness. Actually, the two curves are quite overlapping since the
two approaches let to reach the same level of weight; this result suggests
that both the approaches are effective for the minimum weight design of
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gridshells, with the respect of the safety condition towards global
buckling phenomena.

4. The role of the shape

One of the most key features which makes gridshells fascinating
structures is the possibility of giving them particular shapes, which do
not only affect the aesthetic/architectural features but also, and mean-
ingfully, the structural aspects, being the shape the structure itself. In
order to analyse the structural meaning of the shape, the proposed joint
stiffness approach has been applied to the gridshells R2 and R3 char-
acterized by a shape derived by a form-finding process and characterized
by a maximum height reduced of 50 % (Fig. 12 — shape 2) with respect to
the solutions already described in section 2 (Fig. 2 and Fig. 12 —shape 1).

The results in terms of W vs kj/Ke ay for the two shapes 1 and 2 are
shown in Fig. 13 and Fig. 14 for gridshells R2 and R3, respectively. In
both cases, the trend of the two curves is similar, but shapes 2 provide
larger values of weight. The difference in terms of weight reduces by
increasing the ratio kj/ke av, going from about 650 % in case of hinged
joints until 150 % in case of rigid joints. This difference is due to the fact
that the shape 1 is characterized by a lower curvature than shape 2,
which leads the gridshell toward a “dome” behaviour where the grid
elements work predominantly in compression; on the other hand, shape
2 is characterized by a higher curvature than shape 1, which leads the
gridshell toward a “plate” behaviour where the grid elements work in
bending rather than compression. Since the bending stiffness of a slender
beam is much less than its axial stiffness, it is clear that if the elements
are forced to work in bending, higher cross-section sizes are required.
This result highlights the relevant structural meaning of the shape, and
its role in conceiving minimum weight solutions.

5. Conclusions

The paper presents two structural optimization approaches for the
minimum weight design of gridshell structures, by specifically taking
into account the role of joint rotational stiffness, which strongly affects
the susceptibility to global buckling. In particular, the first approach,
named the “joint stiffness approach”, considers the gridshell composed
by semi-rigid joints characterized by the same rotational stiffness; the
second approach, named the “rigid/hinged approach”, considers a
hinged-joint gridshell equipped by a low number of rigid joints arranged
in optimal positions in order to assure the minimum weight solution.
Furthermore, the optimization approaches have been applied to case
studies characterized by different boundary conditions, different rise-to-
span ratios and in case of perfect and imperfect shapes, in order to also
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analyse the effect of imperfections, which could arise during the con-
struction process.

On the basis of the discussed analyses, it is possible to outline the

following considerations on the structural behavior of the gridshells to

be

considered during the design phase:

the results of the proposed optimization processes highlight the
beneficial effect of a finite value of the rotational stiffness of the
joints, also if small, in the susceptibility of the gridshell to global
buckling phenomena; in particular, it leads to a strong increase of the
BF with respect to the configuration of hinged joints, which allows to
use smaller cross-sections, in order to reduce the weight;

the presence of a finite value of the rotational stiffness of the joints,
also if small, reduces the sensitivity of the BF of the gridshells to
geometrical imperfections;

the previous considerations are confirmed by also considering
structural solutions characterized by the most part of hinged joints,
and equipped with a small number of rigid joints;

the boundary conditions strongly affect the susceptibility of the
gridshell to global buckling phenomena; indeed, the lower the
number of restrained sides, the higher the structural weight neces-
sary to assure an adequate stiffness against buckling phenomena;
the shape assumes a fundamental role on the structural behaviour of
gridshells, indeed, as the curvature decreases, the gridshell tends to
behave like a “dome”, so bending in structural elements becomes
negligible; this leads to decreasing cross-sections and therefore to a
lower structural weight compared to a gridshell characterized by a
high curvature.

Further developments could be to apply the proposed strategies to

gridshells characterized by different plan shape and different meshes,
such as quadrangular ones, in order to extend the validity of the previous
considerations to different gridshell typologies.
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