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Abstract— The paper presents a novel technique to derive an
equivalent homogeneous transmission line model of a lossy
electrical interconnect embedding a graphene contact. The
technique is based on the exploitation of the monotonicity property
that holds for suitable matrices associated to the transmission line
model. Starting from simulated or measured values of any of the
terminal matrices describing the original line (e.g., impedance,
admittance or scattering matrices), equivalent permittivity values
are obtained by checking the behavior of an index related to such
matrices. These values correspond to homogeneous transmission
lines whose features (such as stored energy, propagation velocity,
and characteristic impedance) provide lower and upper bound to
the optimal performance. The technique is here applied to an
interconnect embedding a graphene contact, which introduces a
huge variability of the permittivity value.
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I. INTRODUCTION

Modeling the signal propagation along a multiconductor
interconnect embedded in inhomogeneous media is a classical
problem that has been approached with different techniques [1].
Fully-numerical models based on differential formulations (e.g.,
FDTD) can naturally handle inhomogeneous media but usually
require a large domain to be meshed, including conductors and
dielectrics. On the other side, methods based on integral
formulations (e.g., EFIE) require meshing only the conducting
regions, but suffer from the cumbersome computational cost
associated to the Green functions for inhomogeneous media,
usually derived from costly evaluation of Sommerfeld integrals

(2]-[3]-

In presence of inhomogeneous media, also the popular
Transmission Line (TL) model must be modified to take into
account the physical features of the guided propagating field,
which is not of Transverse ElectroMagnetic (TEM) type, as in
the case of an interconnect embedded in homogeneous media
[4]-[5]. However, under the quasi-TEM assumption is it still
possible to model the inhomogeneous interconnect in the frame
of the TL theory. By using such a model, the propagation along
a Multiconductor Transmission Line (MTL) made by N signal
conductors and one ground conductor is associated to N different
modes, each of them characterized by a different velocity [4]-
[5]. This is the main difference with respect to the homogeneous
case, where all the modes propagate with the same velocity:

v=1/Jeu (1)

being € and p the permittivity and permeability of the
surrounding medium. The presence of different propagation
velocities introduces a rather high complexity in any circuit
model derived from the TL model of the interconnect, due to
high number of pole and residues needed to catch accurately the
phase variation associated with the propagation delays.
Therefore, popular macromodeling techniques such as the
Vector Fitting [6], have been modified to take into account
explicitly the propagation delays, e.g. [7]. In many cases,
however, it could be useful to describe such interconnects
through simpler models that can be easier and faster simulated:
this may happen, for instance, when extensive signal integrity
analysis of large interconnects systems must be performed, and
time-consuming task must be implemented, such as the analysis
of the eye-diagrams [8]. Another case is given by the statistical
analysis of the signal integrity of such systems, for instance to
take into account the variability induced by the manufacturing
process [9].

Practical examples of inhomogeneous interconnects are
given, for instance, by electrical cables with many dielectric
coatings, or by electrical traces embedded in two or more
dielectric layers (e.g., PCB or on-chip interconnects). In this
paper, we focus on hybrid interconnects made by conventional
materials and novel nanomaterials, such as graphene, which are
nowadays widely studied, in view of their potentially
outstanding performance [10]-[11]. Indeed, the presence of such
materials introduce a strong variability of the physical
parameters, such as conductivity or permittivity.

In this paper, we derive a simplified macromodel by using
homogenization techniques. The concept of equivalent
homogeneous system is widely used in electromagnetics to
lower the computational cost of simulations, for instance when
dealing with highly non-uniform materials such as the
composites or the metamaterials. An example is the
homogenization of non-uniform TLs proposed in [12], based on
Principal Component Analysis.

The technique adopted here has been proposed by the
Authors in [13] to homogenize MTLs embedded in
inhomogeneous dielectrics. It is based on the property of
monotonicity of some matrix operators associated to this model,
with respect to the permittivity value. The main features are
summarized in Section II. We use here such a technique to
derive the equivalent permittivity values associated to a
microstrip embedding graphene nanoplatelets, described in
Section III. The results, shown in Section IV, highlight a very
good agreement with respect to those obtained in literature.



II. MACROMODELING VIA MONOTONICITY

In the following, we briefly recall the results shown in [13],
where an equivalent permittivity value is derived, by using the
monotonicity property of some matrices associated to the MTL
model of an inhomogeneous interconnect. Specifically, the
inhomogeneity comes from the presence of a spatial non-
uniform electrical permittivity, € = £(r).

A. The Monotonicity property

The homogenization procedure may start from any
multiport representation of a lossy MTL with N signal lines and
a ground one (Fig.1): let us consider, for instance the terminal
impedance matrix, Z, or the admittance one, Y, defined as:
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where V,(I,) is the vector of the N voltages (currents),

evaluated at the two line ends (subscripts “0” and “/””), being [
the line length, Fig.1. The MTL theory provides [4]-[5]:
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where the propagation operator K and the characteristic
impedance matrix Z, are, in turns, related to the per-unit-length
parameter matrices [4]-[5]:

K = —iw[Z'YY?, Z, = [(Y)1Z'1V/2. 5)

By exploiting the physical properties of these latter operators,
it is possible to prove that the following matrices:

X, = Im{acosh[A(Y,;'Y )]}, 6)

X; = Re{-Y,'Zy}, (7

are monotonic in a “weak sense”, with respect to the permittivity
[13]. This means that the following property holds:

&g (1) = &,(1) Vr - L (X)) = 4(X;) Vk (3

where 1, are the eigenvalues of the matrices.
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Fig. 1. Multiconductor transmission line, with voltages and currents references.

B. Macromodeling and optimization

The proposed technique aims at macromodeling the
inhomogeneous TL in terms of equivalent single homogeneous
ones, thus described by a single value of the propagation velocity
(or propagation delay). The concept of optimization is
associated to target quantities, whose values obtained in the
equivalent line must be compared to that in the original line, as
done in classical works like [14].

Here the optimization is contemporarily carried out from the
physical standpoints of the stored energy, U, the propagation
velocity, v, and the characteristic impedance, Z,. Specifically,
we are seeking two uniform values of the permittivity, & and &,,
such that the solutions of the two homogeneous lines associated
to them can bound those of the original line:

Uy SUSUy, vy SV Sy Zog SZg <Zgp.  (9)

In other words, & and &, are the bounds for the optimal value of
the equivalent permittivity, in terms of the quantities (9).

Note that for two matrices A and B, the relation A < B means
that the eigenvalues of A — B are all non-positive.

To identify the above two values of permittivity, it is
necessary to study the variation of the sign of the following
index associated to the matrices X; and X, defined in (6)-(7):
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Here X denotes any of the matrices X; or X, referred to the
original inhomogeneous line with permittivity, (), whereas
X; is the corresponding matrix associated to a line with a
uniform value of permittivity, £(r)= £.

Given its expression (10), it is easy to realize that the index
is bounded: |sy, | < 1. In addition, it can be proven [13] that the
sign index sy, is equal to +1 for £ < &,to —1 for € = &,, and
it is |sy| <1 when & < €< §&,. As a consequence, the
requested values of the permittivity & and &, can be identified
as the extremals of the transition region |sy,| < 1.

In order to bound the original line in agreement with the
inequalities in (9), the above study must be performed both for
the matrices X; and X, in (6)-(7). This study provides two
intervals: (&1, &,1) for Xy, (&2, &) for X,. The final values
will be given by the extremals of the set obtained by the union
of the two intervals:

& =min{(&1,81) U (12, 62)} (1)
& = max {(&11,1) U (&12,822)}- (12)

Note that the proposed technique only requires the
knowledge at a single frequency point of any of the terminal
matrices Z or Y ofthe original inhomogeneous system, either
provided by simulations or measurements. As for the equivalent
homogeneous models corresponding to a uniform permittivity,
g, the required matrices can be easily obtained by applying the
MTL model.



IIT. ANALYSIS OF A GRAPHENE INTERCONNECT

A. A microstrip embedding a graphene contact

The graphene interconnect analyzed here has been described
in [15] and is here briefly recalled. The interconnect is a single
microstrip with the signal line made by two copper traces, where
a small gap between the traces is filled by graphene, in form of
nanoplatelets, by using the technique shown in [16]. The
microstrip layout is given in Figure 2, with its geometrical
parameters reported in Table I. An FR4 dielectric has been used,
with relative permittivity between 4.17 and 3.92 in the
considered frequency range (up to 10 GHz). The graphene
embedded in the gap is shown in Fig.3.

A procedure to retrieve equivalent electrical parameters for
this graphene interconnect has been presented in [15], based on
the joint use of measurements and simulations. Specifically, an
equivalent relative permittivity in the range from 23 to 40 is
found, by matching the computed and measured scattering
parameters in the microwave range, see Fig.5. The simulations
come from an equivalent model implemented with a commercial
tool (CST, [17]), assuming a uniform value for the permittivity.

In the following, we use the proposed approach as an
alternative way to find these equivalent permittivity values.
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Fig. 2. The analyzed microstrip: cross section (left); upper view (right).
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Fig. 3. Atomic microscope picture of the graphene nanoplatelets lying in the
microstrip gap. Inset: the realized microstrip, with the gap highlighted.

Table 1. Values of the geometrical parameters for the microstrip.

A B /4 H L t
(mm) (mm) (mm) (mm) (mm) (um)
50 20 1.0 0.5 0.1 14

Table 2. Velocity, characteristic impedance and p.u.l. energy for case-study 1.

microstrip v (10° m/s) Zy(Q) U (pJ/m)
Original 1.78 94.48 29.65
Equivalent 1.78 94.35 29.56
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Fig. 4. Comparison between simulated vs measured scattering parameters, for
retrieving the equivalent electrical permittivity [15].
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Fig. 5. Behavior of the sign indexes associated to the matrices Xy and X,
versus the equivalent relative permittivity, for the case-study 1 (microstrip
without gap and without graphene). The transition region reduces to a single
point, corresponding to the desired value of the equivalent permittivity.

B. Homogenization of the graphene microstrip

In order to introduce the procedure, let us first refer to the
microstrip in Fig.2 without graphene (case-study 1), assuming a
copper trace without gap, and considering the geometrical
parameters in Table 1. The relative permittivity ranges from 1
(the external region of the microstrip) to 4.17 (the maximum
value of the FR4 dielectric). These extremal values are taken as
starting points for the identification procedure.

The TL parameters for a single microstrip are known in a
closed form [4], and thus the matrices X4 and X, in (6)-(7) may
be easily computed. The homogenization procedure targets
contemporarily the above two matrices, by deriving the
corresponding sign indexes, defined as in (10). Figure 5 shows
the behavior of the two sign indexes, as a function of the
equivalent relative permittivity: the transition region reduces to
a single value: §,.4 = &, = 2.82, which is in agreement with
the value, €. = 2.80, provided by classical semi-analytical
approximations available for a single microstrip, e.g. [18].
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Fig. 5. Behavior of the sign indexes associated to the matrices Xy and X,
versus the equivalent relative permittivity, for case-study 2 (graphene
microstrip). The transition region is here an interval.

Table 3. Equivalent permittivity values for case-study 2, with Ref. [15]

& &
This paper 26.5 39.5
Ref. [15] 23 40

Table 2 summarizes the results of the comparison between
the propagation properties of the two lines (the per-unit-length
energy refers to the application of a voltage of 1V at one line
end, with the other one short-circuited).

Let us now apply the procedure to the graphene microstrip
(case-study 2): in this case, the relative permittivity range is
much wider, since the graphene composites may exhibit €, of
the order of hundreds [15]. For the graphene microstrip the
procedure starts from the knowledge of the measured scattering
parameters, see Fig.4. The scattering matrix S is equivalent to
any other matrix representation of the TL: for instance, S is
related to the impedance matrix Z as follows [4]-[5]:

S=[Z+Z,| ' Z-Z,). (13)

As a consequence, the measured results provide the
reference matrices X to be used in (10). In this case, there is no
analytical solution to be used for computing the homogeneous
cases. To this purpose, in the following we use the numerical
results provided by the same simulation tool used for Fig.5.

Figure 6 shows the behavior of the two sign indexes, as
functions of the equivalent permittivity: in this case, the
transition region is the union of two intervals. Indeed, by
applying (11) and (12) we obtain the equivalent values of
permittivity reported in Table 3, compared to those retrieved in
[15] with a different technique.

IV. CONCLUSIONS

In this paper, a novel technique has been proposed to derive
equivalent homogeneous transmission line macromodel, starting
from interconnects characterized by non-uniform spatial

distribution of the permittivity. The technique is based on the
study of the sign of an index associated to the terminal matrices.
The technique has been successfully applied to a microstrip
embedding a graphene contact, by using the scattering matrix to
compute the sign index. The equivalent permittivity values
derived here (26.5-39.5) are comparable to those obtained in
literature by using a different identification technique (23-40).
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