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Concepts and applications.

Degrees of Freedom and 
Sampling Representation 
of Electromagnetic Fields

Ovidio Mario Bucci  and Marco Donald Migliore

This article reviews the development of the concept of the 
number of degrees of freedom (DOF), or NDF, of radi-
ated or scattered fields and of optimized sampling expan-
sions for their adequate representation, highlighting their 

impact on the amount of information that a communication 

system exploiting electromagnetic fields can transmit. After 
summarizing and discussing the concept of DOF and its rela-
tionship with the mathematical properties of the radiated fields, 
the concept of spatial bandwidth of the electromagnetic field 
is reviewed. Then, the approximation of the field using band-
limited functions is discussed, clarifying the convenience of 
sampling representations and including a new analysis of their 
redundancy with respect to the NDF. Finally, we provide an 
updated overview of their application in many fields of practical 
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interest, both in classical areas of applied electromagnetics and 
in the emerging electromagnetic information theory sector.

INTRODUCTION
The ability to describe the incredible complexity of electromag-
netic phenomena through fields governed by just four equations 
is one of the most profound achievements of physics and a pillar 
of modern technology. However, when passing from mathemat-
ics to the real world, as we can perform only a finite number of 
approximate measurements or numerical evaluations, it is clear 
(even if scarcely emphasized) that we can never determine a 
field, which is a function, unless some a priori information and 
the constraints that Maxwell’s equations impose on the field 
allow its representation (within a given precision) in terms of a 
finite number of parameters.

Among all possible representations, linear ones are particu-
larly relevant as they allow linear algebra and analysis and highly 
efficient numerical implementations on modern computers. 
Hence, identifying the minimum number of parameters that 
allows for a linear representation of the field is a problem of 
great theoretical and applicative relevance. As the number of 
parameters describing the state of a physical system is called its 
NDF, it is natural to identify such a number with the NDF of 
the field.

Exploiting the band-limiting characteristics of optical sys-
tems and the cardinal sampling series [1], Toraldo di Francia [2] 
defined the NDF of an optical image, and Landau and Pollak 
rigorously assessed the concept a few years later [3].

Extending these results to nonoptical frequencies and 
applications is by no means straightforward as the Fourier 
transform relationship between source and field and the field 
bandlimitedness are usually lost. Accordingly, the definition 
of the NDF must be revised, and adopting a sampling rep-
resentation requires deep analysis to establish to what extent 
and how band-limited functions can approximate electro-
magnetic fields.

Thus, a satisfactory answer to these questions, first provided 
by Bucci and his coworkers during the 1980s and the 1990s 
[4], [5], [6], is the preliminary condition for the general solution 
of the problem of an efficient and accurate representation of 
radiated fields, given a desired precision level. However, repre-
senting the field is only one face of the medal. Considering that 
fields mathematically distinct but differing less than the preci-
sion limits dictated by the noise level, measurement accuracy, 
resolution, etc., must be considered indistinguishable as physical 
entities, we are naturally led to inquire as to what is the maxi-
mum number of distinguishable fields that a source of bounded 
extension and intensity can radiate.

This is a crucial point as the amount of information that a 
communication system exploiting electromagnetic fields can 
transmit depends on the number of spatial configurations of the 
field that can be generated per unit of time and are distinguish-
able by the receivers. Hence, the support of the information 
is no longer a logical and abstract quantity (a string of bits) but 
becomes a physical object [7]. The logarithm of the maximum 
number of distinguishable fields in the presence of a level e  of 

uncertainty is called the capacity-e  of the set of fields radiated 
by the source [8] and is analogous to the channel capacity, while 
the NDF at the level e  is strictly related to the maximum num-
ber of spatial subchannels that can be used in multiple-input, 
multiple-output (MIMO) communication systems [9].

This article summarizes the theory that allows us to deal 
with the two faces of the medal in a unitary and coherent way, 
by following the path that led to a general, rigorous definition of 
the NDF of radiated or scattered fields and to the development 
of optimized sampling expansions for their effective representa-
tion. That information then provided a connection between 
information and electromagnetism [10] and led to the birth of a 
new discipline, called electromagnetic information theory (EIT) 
[11], [12], which involves both the electromagnetic and commu-
nication communities.

We also present some new results and an updated account 
of the application of the theory to a vast set of different practi-
cal problems.

The next section summarizes and discusses the concept of 
DOF and its relationship with the mathematical properties of 
the radiated fields, showing the practical convenience of sam-
pling representations compared to the “optimal” ones, i.e., those 
involving the minimum number of parameters. This naturally 
leads to the concept of the effective bandwidth of electromag-
netic fields and the corresponding sampling representations, 
summarized and discussed in the section “Effective Field 
Bandwidth and Sampling Representation.” In the same section, 
we also present a new analysis of the factors affecting the redun-
dancy of sampling representations. The section “Applications” 
presents an updated summary of the exploitations of the previ-
ous results in several application sectors, both in classical areas 
of applied electromagnetics and in EIT. Conclusions follow in 
the final section.

DOF OF THE ELECTROMAGNETIC FIELD
Let us consider a generic radiation model, consisting of an 
arbitrary harmonic electromagnetic source in free space, 
placed inside a limited volume D, bounded by a regular sur-
face N (see Figure 1) and a bounded observation surface ,R  
external to D.
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FIGURE 1. The geometry of the problem. D: electromagnetic 
source domain bounded by the surface ;N  :R  observation 
surface; rl and r are, respectively, the vector coordinates of 
the current and observation points.
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For the sake of notational simplicity, as a first step we will 
analyze the scalar case.

In the phasor representation, the field E radiated on the sur-
face R is given by [13]

	 ( ) ( , ) ( )E G J dr r r r r
D

= l l l# � (1)

where , ,Dr r! !R l  G is the Green function, and J is the 
source current density. As any physical source is of finite energy, 
it is understood that J and, consequently, E are square integrable 
functions, and the standard L norm-2  in the corresponding Hil-
bert spaces is considered in the following.

In any practical instance, the source’s energy is bounded. 
Accordingly, without loss of generality, we impose ,J 1 ·#  
denoting the L norm.-2  Hence, the set X of all possible current 
distributions in D is the unit ball in the corresponding Hilbert 
space.

The set Y of the field distributions on R radiated by the 
elements of X is provided by (1), which can be rewritten in an 
operator form as

	 Ay x= � (2)

where x X!  and ,y Y!  and A : x X y Y"! !  is the radia-
tion operator, namely the integral operator in (1), which maps 
the elements of X into Y (see Figure 2). As integral operators are 
linear and continuous, A  is bounded; namely, it maps bounded 
sets into bounded sets, so that Y is bounded. In the following, 
we assume that ( ) ( ) ,sup supy Ax 1y Y x X< << <= =! !  which 
amounts to a proper scaling of the Green function. Hence, being 
the image of a ball through a linear mapping, Y is a hyperellip-
soid, with the largest semiaxis equal to 1. Moreover, because its 
kernel is continuous in both its variables (indeed analytic), as 
R is external to D, the radiation operator is not only bounded 
but also compact (also called completely continuous) [14]. This 
means that the radiation operator transforms bounded sets into 
precompact sets, i.e., sets whose closure is compact. Hence, the 
(closure of) set Y is a compact hyperellipsoid. This implies that 
the semiaxes of the hyperellipsoid constitute a nonincreasing 
sequence converging to zero. Otherwise, it would include a 

closed ball of radius larger than zero, which is not compact in an 
infinite-dimensional space.

It follows that Y is an “almost” finite-dimensional set, in the 
sense that it is possible to approximate all of the elements of the 
set with elements of a finite-dimensional subspace with an arbi-
trarily small error.

For a generic n-dimensional subspace, say ,Ln  the extremum 
of the error in approximating the elements of Y with those of Ln  
is equal to

	 ( , ) sup infY L y zn
y Y z Ln

d = -
! !
` j� (3)

which is called the separation (or deviation) of Y from Ln  [15]. 
Of course, the best choice for Ln  is that minimizing the corre-
sponding separation and thus providing the minimum approxi-
mation error achievable with an n-dimensional subspace. The 
separation, ,nd  of Y from such an optimal subspace is called the 
(Kolmogorov) n-width of Y [15].

Conversely, the minimum dimension needed to ensure an 
error not larger than a given value, say ,e  is

	 ( ) { : }.infn n n #f d f= � (4)

In our case, Y being a hyperellipsoid, nd  has a very sim-
ple geometrical interpretation: it is just the “length” of the 
( )n 1 th+  axis of the hyperellipsoid. Accordingly, the optimal 
orthonormal basis for representing the elements of Y is provided 
by unit vectors directed along the axes of the hyperellipsoid.1

The optimal basis { , , }e e en1 2f f  and the n-widths can be 
determined by exploiting the Hilbert–Schmidt decomposition2 
of the radiation operator:

	 A e jn n n
n 1

$ $v=
3

=

^ h / � (5)

where nv  is the nth singular value (in order of nonincreasing 
magnitude), en  and jn  are the corresponding left and right 
singular functions, respectively, and ·G H stands for the inner 
product in .L2  Note explicitly that , ,1 n n1 1v v d= =+  and that 
the right singular functions provide an orthonormal basis for the 
space of the radiating sources.

The reported results entail that, given the precision limit as 
quantified by the overall error ,e  the radiated field can be repre-
sented in terms of a minimal number of parameters (namely, its 
“coordinates” in an optimal basis) equal to ( ),n e  which can be 
identified with the NDF of the radiated field at the level ,e  say 
NDFe  [5], [16]. Of course, NDFe  also provides the effective rank 
of the radiation operator, which can be substituted with the corre-
sponding truncated version of its Hilbert–Schmidt expansion (5).

As ( ) { : },infn n n 1 #f v f= +  the behavior of NDFe  is dictat-
ed by that of the singular values of the radiation operator, which 
depends on the properties of its kernel, which, as previously 
noted, is an analytic function. Provided that the observation 

1Of course, should some axes have equal length, the optimal basis is not 
unique.
2The Hilbert–Schmidt decomposition is the generalization to compact opera-
tors in infinite-dimensional space of the well-known singular value decompo-
sition (SVD) of matrices.
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FIGURE 2. The radiation model. X is the set of the current 
distributions in D, and Y is the set of radiated fields on ;R  
operator A  maps the current distributions in the field 
distribution on the observation domain .R
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domain is also an analytic manifold, AA@  (A@  denoting the 
adjoint), whose eigenvalues are equal to n

2v , is a definite positive 
self-adjoint operator with an analytic kernel. This implies [17], 
[18] that ,n

2v  and hence ,nv  will go to zero as n goes to infinity 
more rapidly than any power.

For example, Figure 3 shows the normalized singular values 
of the radiation operator of a semispherical source of radius 
equal to five wavelengths, relative to meridian and equatorial 
circumferences, of radius equal to eight wavelengths and in the 
far field, respectively. As can be seen, the singular values exhibit 
a step-like behavior: a gentle decrease up to a critical value of the 
index, followed by the expected sharp drop. Moreover, after the 
knee, the variation of ( )n e  as we move from the near to the far 
field is negligible up to values of e  less than –100 dB. As shown 
in [5], this behavior is related to the quasi (spatial) band limita-
tion of the radiated fields (to be discussed in the section “Effec-
tive Field Bandwidth and Sampling Representation”) and is quite 
general. In the high-frequency limit, it stays valid for arbitrary 
analytical observation curves, so long as their separation from 
the source exceeds a small fraction of the source size. Therefore, 
NDFe  is scarcely dependent on e  and slightly larger than the 
critical index for (electrically) large sources and reasonable error 
levels.

The preceding theory has been outlined in the case of a 
scalar field for the sake of simplicity. The extension to vector 
fields is relatively straightforward; we substitute the scalar 
fields with the corresponding vectorial ones and the Green 
function with the Green dyadic, operating component-wise. 
Specifically, by the uniqueness theorem, the tangential field 
components on a closed surface surrounding the source 
uniquely determine the external field; thus, it follows that the 
NDF of the field at the exterior of any surface separated from 
a large source by a small fraction of the source size is slightly 
larger than twice the critical index.

From a mathematical point of view, the theory provides a 
complete answer to the problem of representing the field with a 
minimum number of elements of information. However, such an 
answer can be far from satisfactory from 
a practical point of view.

To be useful, a representation 
should satisfy two requirements. First, 
the elements of information should be 
efficiently evaluable from the source 
(in the case of radiated field evalua-
tion) or measurements performed in 
the domain R of interest (in the case 
of field measurements). Second, the 
values of the field in R should be effi-
ciently computable from the informa-
tion elements.

Let us analyze this point, leaving 
aside the computational and storage 
burden of computing the singular 
values and the singular functions. In 
the case of field evaluation, the bur-
den required to compute an element 

of information, namely the inner product in (5), is equal to that 
of evaluating a field sample from the source exploiting (1). By 
contrast, the cost of evaluating a field sample from the elements 
of information is proportional to .NDFe  Conversely, to evaluate 
a field sample from field measurements, we must first perform 
NDFe  inner products to compute the elements of information, 
namely the components of the field in the basis , , . , .e e eNDF1 2 f e  
This computation requires a number of measured field values 
larger (possibly significantly larger) than NDFe  with a corre-
sponding increase of the computational burden.

Hence, a representation adopting as elements of information 
field samples, in number not too much larger than NDFe  but 
allowing one to recover the field inside R from small subsets 
of such samples, would be more effective than that exploiting 
the Hilbert–Schmidt decomposition, particularly in the case of 
field measurements.

Now, sampling representations, whose prototype is the clas-
sical cardinal series [1], are the standard tool adopted in signal 
analysis and as such have been the subject of long and exhaus-
tive study and development. They not only enjoy all of the previ-
ously mentioned desirable characteristics, but they also exploit 
simple and universal interpolating basis functions, further 
enhancing their effectiveness. However, they require that the 
functions to represent must be band-limited. Therefore, we are 
led to the following question:

How and to what extent can radiated fields be effectively repre-
sented in terms of band-limited functions?
The approach adopted by Bucci and coworkers to answer this 
question and the main results are summarized and discussed in 
the next section.

EFFECTIVE FIELD BANDWIDTH AND SAMPLING 
REPRESENTATION
Let us first consider the case of a 1D observation domain, 
namely a closed analytic curve. The basic idea for develop-
ing an effective sampling representation [6] was to adopt 
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FIGURE 3. Singular values of the radiation operator of a semispherical source of 
radius 5 m  on meridian and equatorial circumferences having radius 8 m  and in far 
field. Inset: The geometry of the source.
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a proper parameterization of the curve, say ( ),r r p=  and 
a proper phase factor [ ( )]exp i} p  in such a way that the 
reduced field

( ) [ ( )] ( ( )) [ ( )] ( , ) ( )

( , ) ( )

exp expF j E j G J d

G J d

r r r r

r r r
D

D

p } p p } p p

p

= =

=

l l l

l l lt

#
#� (6)

can be approximated best with a band-limited function.
As ( )F p  is periodic, without loss of generality we can assume 

that the period is equal to .2r  Hence, the best band-limited 
approximations, say ,FN  are obtained by truncating its Fourier 
series to the N2 1+  harmonics of order N# , which amounts to 
(circularly) convolving F with the Dirichlet kernel:

	

( )

.
sin

sin
D

N

2
1

2

2 1
2

N
r p

p

=

+

c m

; E
� (7)

Accordingly, taking (6) into account, we have

	
( ) ( ) ( ) ( ) ( , ) ( )

( , ) ( )

F D F D G J d

G J d

r r r

r r r

N N N
D

N
D

) )p p p p p

p

= =

=

l l l

l l l

t

t

#
# �

(8)

where ) denotes convolution and ( , )G rN p lt  the band-limited 
version of the reduced Green function.

Paralleling [4], ( )G G GN NT = -t t t  can be asymptotically 
evaluated as a function of N and p  in the high-frequency limit, 
by splitting [( ) / ]sin N2 1 2p+  in (7) into exponentials and apply-
ing, in the complex plane,-p  the steepest descent method to 
the corresponding integrals. The saddle points are given by the 
condition

	
( ) ( )

( , )

N N2
1

2
1

0

r r

r

! !
2
2

2
2

; ;
p
} p b p

p
c p

+ + - - = +

+ =

l

l

` `j j6 @
�

(9)

b being the propagation constant.
For / ( / ) ( , ) ,maxN 1 2 r2 21 p c p+ p l^ h  there are at least 

a couple of real saddle (i.e., stationary phase) points. If p  is 
between them, when the integration path is deformed into 
the steepest descent one, a pole (due to the ( / )sin 2p  term in 

( ))DN p  is crossed, implying the presence of a residue equal, 
apart for a phase factor, to ( , ),G rp lt  and hence a large error. In 
the opposite case, the saddle points are complex, and the corre-
sponding contributions go asymptotically to zero faster than any 
power as N increases, as long as the adopted parameterization 
and phase function do not introduce spurious singularities on 
the real axis.

Therefore, if we want to ensure a small error whatever the 
source current distribution, we must enforce the condition

	
( , ) ( , )

.

max max max maxN

W

2
1

2
1

r r
r r2

2
2
22

p
c p

p
c p- =

- =

p p
l l

l l
c cm m

		
� (10)

Hence, the band-limitation error exhibits a step-like behav-
ior: large for N W1  and rapidly decreasing as N exceeds W. 
Accordingly, if we want to minimize the number of harmonics 
required to approximate the field, we must choose ( )} p  and 

( )rp  in such a way as to minimize the critical bandwidth W.
As shown in [6], this leads to the following expressions for }  

and :p

	 ( ) max mins
R

s
R ds2 const

s

0 r r2
2

2
2} p

b
= + +

l l
` `j j; E# � (11)

	 ( ( )) max mins W s
R

s
R ds2 constr

s

0 0 r r2
2

2
2p

b
= - +

l l
` `j j; E# � (12)

where s denotes the arc length, ( ) ,R sr r; ;= - l  and W0  is 
the corresponding minimal critical bandwidth, determined by 
enforcing that, for s equal to the curve length, p  equals .2r  It 
turns out, as detailed in the following, that W0  is proportional 
to the source size in wavelengths.

Exploiting, as in [4], the corresponding asymptotic expres-
sion of ,GNT t  it can be shown that, after the knee, the relative 
band-limitation error decreases as

	 exp expcW W
N

W
N W1

2
2 2

0
0

2
3

0
3

0 2
3

a- - = -
-c cm m= =G G� (13)

the constant a  depending only on the source and curve 
geometry. This implies that, for large sources, a small rela-
tive increase of the bandwidth with respect to ,W0  depend-
ing only logarithmically on the required precision, ensures a 
practically negligible band-limitation error. Accordingly, W0  
can be naturally identified with the (reduced) field effective 
bandwidth.

Now, while FN  can be exactly represented via a sampling 
expansion involving N2 1+  samples, we are looking for a sam-
pling representation of F, which is not exactly band-limited. 
Exploiting its samples, instead of those of ,FN  introduces an 
aliasing error. However, it can be shown [5] that this aliasing 
error is at most about 40% larger than the band-limitation one, 
so that it can be counteracted by marginally increasing N.

Therefore, we conclude that by adopting an oversampling 
ratio /N W0| =  slightly larger than one, ( ),F p  hence ( ),E p  can 
be accurately represented with a sampling expansion involving 

N2 1+  samples, uniformly spaced in .p
We must find the functions }  and p  exploiting relations 

(11) and (12) to apply the preceding results. This can be done 
in the case of rotationally symmetric sources, with reference to 
arbitrary curves lying in meridian planes [6], reducing the evalu-
ation of } and p  to that of quantities having a simple geometri-
cal meaning. It turns out that the values of } and p  at a point 
depend only on the point itself and not on the curve through 
it. Hence, in any meridian plane, the couple ( , )} p  provides a 
“natural” coordinate system, which is orthogonal.

Moreover, the variation of p  along a curve encircling the 
source is always equal to /l W0b , l being the length of the 
intersection of the meridian plane with .N  Accordingly, for 
any meridian curve, the effective bandwidth, ,W0p  is equal 
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to / / ,l l2b r m=  so that the number of samples required to 
represent F is practically constant, even in the limit of an 
unbounded curve.

Due to the rotational symmetry, the azimuthal angle z  
provides the optimal parameterization for azimuthal circles. 
They are the obvious coordinate curves to adopt to complete 
the “natural” coordinate system. The corresponding effective 
bandwidth, ,W0z  depends only on p  and is equal [6] to ,bt tp p  
being the radial coordinate of the intersection of the corre-
sponding p  coordinate line with .N

Exploiting the preceding results, we can obtain a sam-
pling representation of the field on any surface R with the 
same rotational symmetry of the source, involving samples 
lying on [ ] [ / ]W l0| | m=p  azimuthal circles uniformly spaced 
in p , each one with 2| btp6 @ uniformly spaced samples, [·] 
denoting the integer part. For large sources, the overall num-
ber of samples turns out to be nearly equal to ,N2 0|  where 

( ) / ( / )area 2N0
2mR=  [6].

Notwithstanding its relevance, this result is not enough 
because the computation of a field value with a standard car-
dinal series (with Dirichlet sampling functions), which involves 
all of the samples, is computationally demanding. We can over-
come this difficulty by exploiting a central interpolation scheme 
exploiting self-truncating sampling functions [19], [20], requiring 
an increase of the sampling rate and retaining only the samples 
in a fixed neighborhood of the output point. This leads to what 
is called optimal sampling interpolation (OSI) [21]. Using only 
near samples introduces a truncation error, which can be effec-
tively controlled by a proper choice of the sampling rate increase 
and of the number of retained near samples. Notably, the avail-
ability of an explicit sharp upper bound for the truncation error 
[21] allows optimizing such a choice.

Anyway, the increase in the overall number of required 
field samples is largely compensated by the strong reduction of 
the computational burden for field evaluation. Moreover, the 
fact that only nearby samples are required to evaluate the field 
implies that, if we are interested in evaluating the field only in a 
part of ,R  we have to compute or measure only a fraction of the 
overall samples. Last, but not least, the local nature of the inter-
polation avoids the propagation of unavoidable errors on the 
samples from high to low field values, as happens when using 
the standard cardinal expansion.

Coming back to vectorial fields, the preceding results are 
clearly valid for each field component, so the OSI representation 
can be directly applied to them, in particular to the tangential 
ones, to be exploited for evaluating the external field.

Leaving aside the increase in the sampling rate required to 
control the truncation error in the OSI, the last point to address 
is the redundancy of the cardinal sampling representation with 
respect to the optimal one, i.e., how much larger with respect 
to NDFe  is the number of samples required to achieve the 
same precision?

In the case of azimuthal circles, the answer is obvious as 
the rotational invariance implies that the optimal parameter-
ization is given by ,z  and the right singular functions are the 
normalized exponentials / ( )( ) ,exp jn1 2 !r z  so that (apart, 

possibly, for the order) singular values and band-limitation 
errors coincide.

In the case of arbitrary meridian curves, as singular values 
and band-limitation errors share the same step-like behavior, 
it is reasonable to think that the difference after the knee 
will mainly depend on the ratio between W2 0  and the criti-
cal index, say ,n0  of the singular values and on the ratio of 
the decrease rates after the knee. To check this point, it is 
convenient to report the singular values, normalized to the 
singular value at [ ],W2 0  as a function of the normalized index 

/n W W2 20 0
3o = -  appearing in the asymptotic expression 

(13) of the band-limitation error. As a typical example, we report 
in Figure 4 the graphs relative to the case of the hemisphere far 
field considered in Figure 3. Apart from the first one, all of the 
singular values are doubly degenerate, so we report only the sin-
gular values of odd index.

As can be seen, the normalized singular values relative to 
the equatorial and meridian cuts are practically parallel near 

,0o =  with a slight shift of about 1 dB. Moreover, the behavior 
of the singular values after the knee is quite similar, the dif-
ference appearing proportional to ,o  as happens for the band-
limitation error; see (13). Indeed, a shift of 1 dB and a simple 7% 
increase of the abscissa scale will bring the meridian values to fit 
the equatorial ones, as shown in the same Figure 4.

Such results, in particular the fact that n0  is nearly equal to 
,W2 0  show that, leaving aside the oversampling required to con-

trol the aliasing error, there are two main factors affecting the 
redundancy of the cardinal sampling representation. The first is 
the value of the constant a  appearing in (13), which, for meridi-
an curves, is expected to be smaller in the case of the band-limi-
tation error. The second, more subtle, factor is the occurrence of 
singularities on or near the real axis of the complex plane-p  if 
the intersection of the meridian plane with the surface N of the 
source is not analytic or has sections with strong curvature. This 
occurrence can deeply affect the asymptotic behavior of the 
band-limitation error, possibly destroying its exponential decay.

To clarify these points, let us consider a circular array of radi-
us ,5 m  consisting of / ,4 spaced-m  z-directed elementary dipoles, 
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as depicted in the inset of Figure 5, and the corresponding far 
fields in the coplanar ( )y z --  and equatorial ( )x y planes.--  
In the first case, no singularity is present in the finite complex 

plane,-p  while in the second, two singularities are present on 
the real axis for / ,2!p r=  so that the two cases represent the 
extreme possibilities.

Figure 5 reports, as a function of the bandwidth N, 
the Green function normalized band-limitation error, 

/ / ,G GNT< < < <t t  and that corresponding to SVD truncation to 
N2 1+  terms. As can be seen, in the coplanar case, after the 

knee ),(W 310 =  the band-limitation and the SVD truncation 
errors run parallel, confirming the expected equal exponential 
decay, while in the equatorial case ( ),W 200 =  they detach, the 
band-limitation one exhibiting a much slower power law decay.

The most natural and straightforward way to counteract such 
degradation is to include the array in a domain D of the same 
size and symmetry of the array but bounded by an analytic sur-
face ,N  to move the singularities outside the real axis of the cor-
responding complex .plane-p  A convenient and flexible choice 

is that of an oblate spheroid, for which an explicit expression 
of ( )rp  is available [6]. Figure 6 reports the normalized band-
limitation error of the equatorial Green function for two values 
of the minor semiaxis, namely 1m  and .2m  For comparison, we 
also report the SVD truncation error. The effect of increasing 
the spheroid thickness is evident. There is a slight increase of 
the value of ,W0  which is largely compensated by the decrease 
in the error value at the detachment of the band-limitation error 
from the exponential decay. In particular, in the case of a half 
thickness of ,2m  this happens for ,W 25=  with a band-limita-
tion error of –53 dB, 34 dB lower than the corresponding error 
of Figure 5 and just 3 dB larger than the SVD truncation one.

Moreover, we must take into account that the Green func-
tion normalized band-limitation error is the least upper bound 
for the error we made when considering an arbitrary source in 
the unit ball X, while only a subset of all possible current distri-
butions in X can be actually realized, namely that of nonsuperdi-
rective sources.

As is well known, a (linear or planar) source is called super-
directive if its directivity significantly exceeds that of a uniformly 
excited one. This implies a large superdirectivity ratio (SDR), 
namely the ratio between the total (real plus reactive) and real 
radiated power,3 which requires a strong increase of both the 
intensity of the source and the accuracy in its realization [24]. 
Accordingly, superdirectivity is limited by physical (maximum 
source power, efficiency, etc.) and realization constraints (manufac-
turing tolerances, feeding network accuracy, etc.) as well as by the 
required bandwidth. Hence, the band-limitation error of an actual 
source could be significantly lower than the least upper bound.

To analyze this point, let us consider again two extreme 
cases, namely a uniform-amplitude, random-phase excitation 
and a uniform-amplitude, constant-phase one. In the first case, 
because of the small elements separation, there is an aggressive 
exploitation of the DOF with a quite large SDR, while in the 
second case, the SDR is slightly larger than one.

Figure 7 reports the corresponding band-limitation errors for 
a spheroid half-thickness equal to 2m  as well as, for comparison, 
the SVD truncation error of the Green function. For W 25=  
in the random array case, the error is –58 dB, 5 dB lower than 
the Green function band-limitation error and also slightly lower 
than the SVD truncation one, while in the case of the uniform 
array, the error is –85 dB, a full 29 dB lower than the SVD trun-
cation one. The far-field pattern of the random array is reported 
in Figure 8, together with the band-limitation error patterns for 
W 25=  when adopting the preceding spheroidal domain or a 
flat one. The dramatic reduction of the error, particularly in the 
neighborhood of the critical points / ,2!r  is evident.

The theory reported in this section has been validated by the 
large amount of numerical and experimental studies reported in 
the following section, particularly in the areas of antenna mea-
surement and synthesis.

In conclusion, for all cases of practical interest, involving 
sources with reasonable superdirectivity and realistic required 

3The concept and the original Taylor’s definition [22] of superdirectivity can 
be easily extended to arbitrary sources and observation domains [23].

N
or

m
al

iz
ed

 E
rr

or
 (

dB
)

0 5 10 15

D

20 25 30 35
–100

–90

–80

–70

–60

–50

–40

–30

–20

–10

Bandwidth

Σ

θ

ϕ
x

y

z

Array

Truncated SVD
Ellipsoid 2×5×5
Ellipsoid 1×5×5

FIGURE 6. Band-limitation error of the array equatorial 
Green function for two values of the minor semiaxis of the 
ellipsoidal domain D. For comparison, the SVD truncation 
error is also plotted. Inset: The geometry of the problem.

N
or

m
al

iz
ed

 E
rr

or
 (

dB
)

0 5 10 15 20 25 30 35 40
–70

–60

–50

–40

–30

–20

–10

0

Bandwidth

x

y

z

Σ

θ

ϕ

Red: Coplanar Plane
Blue: Equatorial Plane
Circles: Truncated SVD
Asterix: Band-Limited

FIGURE 5. Band-limitation and SVD truncation errors for the 
array far-field Green function. Inset: The geometry of the 
problem.

Authorized licensed use limited to: Universita degli Studi di Cassino. Downloaded on July 05,2025 at 05:01:25 UTC from IEEE Xplore.  Restrictions apply. 



17IEEE ANTENNAS & PROPAGATION MAGAZINE J U N E  2 0 2 5

precision, the redundancy of the OSI representations along 
the meridians and parallels of an observation surface with the 
same rotational symmetry of the source is essentially due to the 
oversampling factors required to control the aliasing and trunca-
tion errors. Hence, the band-limitation theory provides a reli-
able estimate of ,n0  i.e., the effective rank of the corresponding 
radiation operators. However, this does not imply that the same 
happens when building a 2D OSI representation exploiting the 
coordinate curves of the natural system ( , )p z  over the observa-
tion surface. In the case of the far field of spherical or circular 
planar sources, explicit expressions for the SVD critical index n0  
in the high-frequency limit can be obtained, exploiting, respec-
tively, the spherical wave expansion of the field and the Landau 
theorem [25]. It turns out that the ratio between the number of 
samples at the Nyquist rate and n0  is equal to / ,4 r  entailing a 
corresponding increase of the OSI redundancy.

Of course, for large sources, this redundancy increase does 
not impair the effectiveness of the OSI representation, but it 
should be taken into account when estimating the NDF or the 
radiation operator effective rank.

It must be stressed that, because of its local nature, OSI can 
also be adopted to represent the field on a part of the observa-
tion curve or surface, exploiting just a few extra samples outside 
the domain of interest. Accordingly, the preceding consider-
ations and results also stay valid in this case, so that it is possible 
to estimate the NDF and the effective rank of the radiation 
operator in this case too, by just counting the samples falling 
inside this domain. This allows us to investigate, in a simple way, 
the dependence of the effective rank of the radiation operator 
describing the interaction of a source with a confined observa-
tion region on both the sizes of the source and the domain as 
well as their relative geometry.

As emphasized in the section “Introduction,” the problem 
of efficiently representing the electromagnetic field is strictly 
related to the identification of the “amount of information” 
associated to the set of the electromagnetic field configurations 
radiated by the source. Consequently, it is not surprising that 
the theory has important connections with information theory 
[26]. Indeed, the field approximation is straightforwardly related 
to the distortion theory [27], which addresses the problem of 
determining the minimum number of bits required to trans-
mit or store information subject to a certain level of distortion. 
Furthermore, even if the analysis carried out up to this point 
is focused on the problem of representing the electromagnetic 
field, it can also be extended with minimal effort to the problem 
of identifying the maximum amount of information that can be 
transmitted by electromagnetic fields. In fact, the two problems 
are closely linked.

Considering the problem of information transmission, the 
objective is to find the least upper bound of the number of field 
configurations that can be distinguishable on R in the pres-
ence of uncertainty .e  The solution requires the packing of Y by 
means of open balls. The least upper bound of the number of 
balls is the Kolmogorov capacity or metric capacity [28].

The Kolmogorov functional approach has a number of rel-
evant applications in modern MIMO communication systems. 

These systems employ space–time modulation, where inde-
pendent streams of bits are transmitted along spatially uncor-
related subchannels [29]. With reference to the functional 
representation outlined in the section “DOF of the Electromag-
netic Field,” each stream of bits is transmitted using the basis 
{ , , , }.e ek1 f f  Consequently, the number of spatial subchan-
nels that can be utilized in spatiotemporal coding is limited by 
NDFe  [9]. Optimal sampling theory not only provides a simple 
estimate of the maximum number of subchannels in MIMO 
communication systems but also offers a graphical representa-
tion of how to place the elements of the receiving antenna to 
efficiently utilize the number of potentially available spatial sub-
channels, which are given by the sampling points of the spatial 
area available to the receiving system [9].

More generally, the theory provides constraints on the 
amount of transmission of communication systems related to the 
analytical properties of the fields. The study of these constraints 
and the practical consequences in communications systems is 
the object of research of the EIT.
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APPLICATIONS
To review and briefly discuss the 
main applications of the theory and 
results reported in the preceding 
sections, it is convenient to consider 
separately “direct” and “inverse” 
electromagnetic problems.

In the case of direct problems, 
namely the evaluation or measure-
ment of the field radiated by a 
given source or scattered by a given 
scatterer, the availability of effec-
tive and nonredundant sampling 
representations allows us to mini-
mize the computational and/or the 
measurement burden. Therefore, 
the most obvious application of the 
sampling theory, which motivated its original development [30], 
[31], is the numerical evaluation of the fields radiated or scat-
tered by electrically large structures [21], [32], [33], particularly 
in the context of fast integral equation solvers [34], [35], [36], 
[37], [38], [39], [40]. Moreover DOF theory allows for the identi-
fication of blocks of moment matrices to be compressed and for 
the efficient processing of their low rank approximations [41]. 
Furthermore, the availability of a reliable estimate of the field 
NDF allows us to assess the minimal computational complexity 
of radiation or scattering problems, providing a benchmark for 
any specific algorithm [42].

As highlighted at the end of the section “DOF of the Elec-
tromagnetic Field,” sampling representations exploiting OSI 
are particularly attractive in the case of radiated field measure-
ments, in particular, antenna near-field measurements.

In near-field measurements, the field radiated by the anten-
na under test (AUT) is probed on a proper scanning surface 
placed in the near-field area and processed to obtain informa-
tion on the field configuration in far field. The procedure is 
extremely effective, but it is not free from important challenges, 
such as the time required to acquire the data in cases of electri-
cally large antennas, the presence of environmental reflections, 
and the constrained measurement zone present in some scan-
ning configurations, such as the planar and cylindrical ones [43].

Nonredundant sampling is a powerful tool for reducing these 
problems. In fact, the theory provides the optimal number of 
samples and their positions required for a fast and accurate 
reconstruction of the field on essentially arbitrary scanning sur-
faces. In such a way, the measurement time can be significantly 
reduced, while allowing a “transparent” adoption of the stan-
dard near-field-to-far-field transformation algorithms. Moreover, 
it is possible to adopt scanning geometries and/or procedures 
different from the canonical planar, cylindrical, and spherical 
ones, allowing a further reduction of the measurement time. 
Particularly interesting unconventional scanning procedures 
include large-mesh planar scanning [44], bipolar scanning [45], 
[46], helicoidal scanning [47], planar spiral [48], and plane-polar 
techniques [49]. The theory also allows identifying the optimal 
location of probes in multiprobe antenna measurement systems, 

an architectural solution particular-
ly suited for very fast measurements 
of 5G and 5GB millimeter-wave 
antenna patterns [50]. An up-to-
date and comprehensive descrip-
tion of the applications to near-field 
measurements in both canonical 
and nonconventional scanning 
geometries is provided in [51].

Notably, under fairly reason-
able conditions, it is also possible to 
exploit nonuniformly spaced field 
samples [32], [52]. Moreover, using 
mathematical techniques devel-
oped in the framework of linear 
inverse problems, sampling theory 
can also be exploited to estimate 

the field outside the physical extension of the scanning area, 
reducing the truncation errors in the far-field evaluation [53]. 
The method has been successfully applied to base station anten-
na measurement using cylindrical near-field scanning surfaces 
[54]. In this approach, the minimum redundancy of the repre-
sentation plays a crucial role, reducing the number of samples 
to be estimated, or also completely avoiding the truncation by 
identifying the positions among the ones accessible by the scan-
ning system that carry the missed information [55].

Sampling representation has also been used in near-field-to-
far-field transformation from only amplitude data, an important 
topic in millimeter-wave and sub-terahertz antennas proposed 
for the next generation of personal communication systems 
[56]. The theory has also been successfully applied to near-field 
measurements in the time domain [57], [58] and to radar cross-
section problems [59] as well as to compressed sensing, achiev-
ing a further reduction in the number of samples required for 
the representation of the field in the case of sparse sources [60].

Lastly, the nonredundant sampling theory allows us to 
improve the performance of the measurement set through 
signal processing techniques, by exploiting the extensive 
literature developed for numerical signal processing. As an 
example, all of the noise that falls outside the spatial band-
width of the AUT can be filtered out by oversampling the 
field and filtering the spatial harmonics falling outside the 
spatial bandwidth of the AUT. The procedure gives quite 
effective results. In fact, the parameterization-p  is optimized 
to reduce the bandwidth of the sources inside the volume of 
the AUT, while it tends to enlarge the spatial bandwidth of 
sources placed outside this volume. Consequently, the energy 
of spatial harmonics of the interference sources tends to be 
outside the spatial bandwidth of the AUT, making the filter-
ing process more effective [61].

Regarding inverse problems, such as antenna synthesis 
and inverse scattering, the main difficulty we must face is 
their intrinsic ill-posedness (or, at least, ill-conditioning), which 
implies high sensitivity to noise, measurement errors, and real-
ization tolerances. Therefore, the knowledge of the NDF of 
the involved fields and the exploitation of nonredundant field 

For antenna synthesis, 
it is clear that the 
overall dimension of the 
space of the excitation 
and design parameters 
should match the  
NDF of the field of  
the source (given its 
size and shape).
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representations is of paramount importance to get feasible and/
or reliable results, without unnecessarily limiting the space of 
the possible solutions.

To this end, for antenna synthesis, it is clear that the overall 
dimension of the space of the excitation and design parameters 
should match the NDF of the field of the source (given its size 
and shape), as happens in the case of classical /2 spaced-m  linear 
or planar arrays.

Particularly relevant is the fact that the band-limitation theo-
ry allows us to formulate a simple and effective necessary condi-
tion for assessing the existence of a nonsuperdirective source, of 
given size and shape, capable of radiating a power pattern lying 
in an arbitrary mask, without actually solving the synthesis prob-
lem [62]. Indeed, the fact that the squared amplitude of a band-
limited function is also band-limited, with doubled bandwidth, 
implies that the feasible patterns satisfying the constraints must 
belong to the intersection of two convex sets, namely the set 
of the real band-limited functions (of doubled bandwidth) and 
that of the nonnegative real functions lying in the mask. The 
existence of a nonvoid intersection can be ascertained by solving 
a convex problem, for which flexible and effective algorithms (as 
the alternate projections algorithm [63], [64]) are available. In 
the positive case, we get a possibly feasible power pattern, which 
can be profitably exploited for the source synthesis. In the oppo-
site case, we must relax the constraints or increase the source 
size until they can be met, thus allowing us to fit the antenna 
size to the power pattern requirements.

Notably, the feasibility criterion is also sufficient in the 1D 
case of linear or circularly symmetric sources. The power pat-
tern synthesis problem can be completely solved by exploiting 
convex optimization techniques to determine the optimal power 
pattern, followed by a polynomial factorization to find the cor-
responding (possibly not unique) source [62], [65]. The source 
so obtained can be profitably exploited to synthesize a sparse, 
equiamplitude array, of particular interest for satellite TLC [66], 
using fast deterministic procedures [67], [68], and for the syn-
thesis of plane-wave generators [69].

The field DOF and the source SDR play an even more major 
role in the case of antennas whose goal is to deliver, in a con-
trolled way, power and not information inside a given region of 
interest (ROI), as, for instance, in clinical hyperthermia [70]. The 
design of such an antenna, typically an array, must face funda-
mentally different issues and constraints in comparison to those 
of the “classic” design of arrays for telecommunications [23].

First, the ROI is a 3D domain, located in the near-field zone 
of the array, which is possibly embedded in a matching medium. 
The fact that the ROI is 3D implies that the closure of the range 
of the radiation operator is a proper subspace (of infinite codi-
mension) of L2  (ROI), thus strongly limiting the set of radiable 
fields. In particular, even accepting arbitrarily large SDRs, we 
cannot improve at will the field shaping or focusing, as happens 
in the case of TLC applications, usually dealing with far fields, 
and hence 2D ROI.

Second, the geometry of the array depends on the anatomy 
of the considered part of the body and must be conformal to it 
to improve coupling and penetration.

Finally, the ROI is electrically heterogeneous and lossy, and its 
features vary from patient to patient. Hence, to allow patient and 
treatment specificity, the exposure system must be reconfigurable 
to deal with changes in both the electrical properties of the ROI 
and the required power density distribution. Since, in practice, 
such a reconfigurability can be obtained only by exploiting the 
array excitations, the array layout, namely the number and loca-
tion of its elements, must be necessarily designed in advance, 
relying on the knowledge of the overall geometry of the ROI and 
of the array as well as of the electromagnetic parameters of the 
matching medium. Accordingly, given the operating frequency, 
the element type, and the maximum allowable SDR, the design 
goal is to maximize, exploiting such knowledge, the array recon-
figurability, i.e., the dimension of the space of the fields radiated 
in the ROI. However, because, as stressed before, the 3D recon-
figurability is limited, irrespective of the source SDR, the layout 
design must aim at minimizing the number of array elements 
while ensuring a satisfactory focusing effectiveness.

A possible design procedure is presented in [23] and applied 
to the design of a system for the hyperthermia treatment of 
breast cancer.

Once the array layout has been designed, the excitations 
required to best focus the field within the ROI can be deter-
mined by solving a relatively “standard” (even if numeri-
cally cumbersome) synthesis problem, for which numerous 
techniques are available [23] (see, f.i. references 20–27 of [23]).  

Regarding inverse scattering problems, wherein the goal is to 
recover the electromagnetic contrast4 of a scatterer from scatter-
ing measurements performed with illuminating and measuring 
probes lying on a surface surrounding the ROI, a fundamental 
question to address concerns the maximum amount of informa-
tion that can be reliably retrieved from scattering measurements 
and how it can be effectively collected.

As shown in [71], band-limitation theory and the corre-
sponding sampling representations allow us to give the following 
general answer to this question.

The maximum amount of information that can be reliably 
collected in the most general scattering experiment (double 
polarization, multisource, multiview) cannot significantly exceed 

( / ),M N2 20 0
2=  N0  being the number of /2m  spaced points on 

the boundary of the smallest rotationally symmetric domain 
containing the ROI. The information can be effectively col-
lected by positioning the illuminating and measuring probes in 
the Nyquist lattice in the canonical variables ( , )p z  correspond-
ing to the surface .N

Exploiting such information, the scattering matrix elements 
can be evaluated (within the measurement precision) for arbi-
trary positions of the illuminating and measuring probes via a 
double sampling expansion, thus ensuring that all of the col-
lectable information is captured. However, this provides only 
an upper bound to the amount of information on the scatterer 
contrast that we can retrieve. Because the inverse scattering 

4As is well known, in the usual case of nonmagnetic scatterers, the contrast is 
just the relative difference between the scatterer equivalent permittivity and 
that of the background.
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problem is ill-conditioned and the 
scattering operator, namely the 
operator relating the contrast to the 
scattering matrix, is nonlinear, so 
that the SVD machinery is unavail-
able, it is challenging to determine 
how much of the information on 
the contrast encoded in the scat-
tering matrix can be recovered and 
how this can be done.

An exception is the case of 
contrast near to zero (weak scat-
terers), for which we can linearize 
the operator by approximating the 
field inside the scatterer with the 
incident field (Born approximation), 
thus allowing us to determine the 
essential dimension, say P, of the space of the scattering matri-
ces and hence the actual amount of information on the contrast 
they encode.

In the particular case of far-field scattering, it turns out 
[71] that while in the 2D case the ratio /M P0  is larger than 
one (as expected), but independent of the ROI size, in the 
3D case this ratio increases linearly with the size. This hap-
pens because, under the Born approximation, the scattering 
matrix is a function of the sum of the incident and scatter-
ing directions and not of those directions separately, which 
induces a strong linear dependence between the elements 
of the scattering matrix and a consequent lowering of the 
retrievable information.

Assessing the amount of this reduction and its possible 
persistence when the weak scattering hypothesis is removed 
is a hard problem. By linearizing the scattering operator 
around a given contrast (distorted Born approximation) or 
exploiting a second-order Born approximation [72], [73], one 
can numerically investigate the problem in specific, possibly 
simplified, scenarios, gaining insights on the influence of the 
contrast characteristics on the achievable resolution. How-
ever, to the best of our knowledge, notwithstanding its great 
theoretical and practical interest, a general and satisfactory 
analysis is still lacking.

Finally, as noted in the section “Introduction,” the theory 
described is a powerful tool for understanding the relationships 
between information and electromagnetic fields [9], [11], [74], 
[75], [76], [77], [78], [79]. The associated research area (EIT) 
serves as a foundational basis for exploring innovative strate-
gies in wireless communications. A notable development is the 
emergence of a new research field known as electromagnetic 
signal processing and information theory (ESIT) [80]. ESIT 
includes the manipulation of the electromagnetic field within 
the communication channel through the utilization of intel-
ligent passive or active scattering devices. The band-limitation 
theory of electromagnetic fields allows us to immediately use 
the vast literature developed for signals in the time domain to 
the spatial configuration of the electromagnetic field. Appli-
cations of ESIT include the fast-growing field of reflecting 

intelligent surfaces [81], intrinsi-
cally secure communications [82], 
and in general the control of the 
communication channel [7].

The connections between 
electromagnetism and informa-
tion could appear to be only an 
exciting and intriguing academic 
field of research. However, on the 
contrary, this topic has important 
implications in modern society. As 
an example, the modern informa-
tion society is characterized by 
immense amounts of data transmit-
ted via electromagnetic phenome-
na. But the other side of the coin is 
the enormous energy consumption 

associated with data transmission. The theory of DOF and the 
approximation by band-limited functions of the fields represent 
a tool to identify solutions to transmit information with lower 
energy, opening new perspectives for more environmentally 
suitable wireless communication networks.

CONCLUSIONS
One characteristic that catches the eye when looking at the path 
that led to the development of the sampling representation of 
the electromagnetic field is certainly the rigorous and elegant 
mathematical structure underlying the theory, which was clearly 
defined from the very beginning. This theory has provided 
robust pillars for the development of analytical formulas that 
allow the estimation and control of the representation error. 
This is particularly valuable from an engineering point of view, 
making the theory a flexible and reliable tool. However, there is 
another noteworthy feature of the theory: the number of appli-
cations in which it is useful. Its pervasiveness in and outside the 
field of electromagnetism represents in itself a significant result, 
deserving of careful consideration.

Starting from the brief observations reported in the section 
“Introduction,” the representation of the electromagnetic field 
represents a “bridge” that connects the mathematical description 
of electromagnetic phenomena provided by Maxwell’s equations 
to the real world. Loosely speaking, any field representation takes 
advantage of some a priori information on the problem of interest 
to reduce the number of parameters required to represent the 
set of radiated or scattered fields. However, including complex 
a priori information has a cost in terms of the complexity of the 
representation. The band-limited representation requires a few 
pieces of easily available a priori information on the electromag-
netic source, i.e., its dimension, shape, and position in space. 
Following the analogy of the bridge, this representation is the 
equivalent of a prefabricated bridge: an economical, simple, and 
universal solution, resting on the robust pillars of a rigorous math-
ematical framework. The advantage is the same as that of a pre-
fabricated bridge in the realization of a complex communication 
infrastructure: it allows the concentration of available money and 
energy toward other parts of the infrastructure. Furthermore, 

The availability of a 
simple and universal 
“bridge” has allowed 
researchers to focus 
resources toward 
applications, leading 
to the plethora of 
solutions briefly listed 
in this work.
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given the previously recalled a priori information, the representa-
tion is almost optimal in terms of the number of samples required 
to represent the field. In other words, we would not have sig-
nificant improvements if, given the a priori conditions mentioned 
previously, we decided to design and build an ad hoc bridge—we 
would obtain only a waste of time and money.

Briefly, the availability of a simple and universal “bridge” 
has allowed researchers to focus resources toward applications, 
leading to the plethora of solutions briefly listed in this work. In 
conclusion, never underestimate the usefulness of a good bridge, 
especially if we want to leave the plain and reach the summit of 
the highest mountain.
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