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Abstract We classify path polyominoes which are level and pseudo-Gorenstein.
Moreover, we compute all level and pseudo-Gorenstein simple thin polyomi-
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1 Introduction

The ideals generated by a subset of 2-minors of an m x n matrix of inde-
terminates are an intensively-studied class of binomial ideals, due to their
applications in algebraic statistics. Among these ideals, one finds the determi-
nantal ideals, see, for instance, [2] and its references to original articles, the
ladder ideals introduced by Conca in [4], and the ideals of adjacent minors
introduced by Hogten and Sullivan in [I3]. More recently two new classes of
ideals of this kind were introduced: the binomial edge ideals by Herzog et al.
in [9], and independently by Ohtani in [I6] and polyomino ideals by Qureshi
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n [I7]. A nice survey on these ideals is the book [I0]. We recall that poly-
ominoes arise from two-dimensional objects obtained by joining edge by edge
unitary squares (see [7]). Over the last few years, algebraic properties of poly-
omino ideals have been investigated. Within them, one of the nicest result
is that simple polyominoes, roughly speaking polyominoes without holes, are
Cohen-Macaulay domains (see [11L[19]).

Moreover, under the assumption that the polyomino P is simple and thin,
namely it does not contain a square tetromino as subpolyomino, the first and
second authors, described the Hilbert-Poincaré series of S/Ip (see Section
for the definition of the ring) in terms of the rook complex defined on P (see
[20]). Thanks to this observation, they characterized the Gorenstein simple
thin polyominoes. Until now only some other cases of Gorenstein polyominoes
are known (see [TLBL6LT7LI8]).

There are two interesting generalizations of Gorenstein rings: level rings
(see [24]) and pseudo-Gorenstein rings (see [5]). Observing that a ring is Goren-
stein if and only if the canonical module is a cyclic module, and hence generated
in a single degree, the two generalizations naturally arise. In fact, if one only
requires that the generators of the canonical module are of the same degree,
then the ring is called level, and if one requires that there is only one generator
of least degree, then we call it pseudo-Gorenstein. A first study on this topic
on binomial edge ideals has been carried on by the first and third authors (see
22]).

As stated by Herzog and others (see [5]), since pseudo-Gorenstein rings
can be identified by the property that the leading coefficient of the numerator
polynomial of the Hilbert series is equal to 1, pseudo-Gorenstein rings are
much easier accessible than level rings. This assertion is in particular true for
simple thin polyominoes. In fact they can be described by the existence of
a unique configuration of non-attacking rooks of maximum cardinality (see
Lemma |1f).

Most of our paper is dedicated to the classification of level (see Theorem
and pseudo-Gorenstein (see Theorem [4]) simple polyominoes that are paths.

After giving the necessary preliminaries (see Section , in Section [3| we
give a complete description of pseudo-Gorenstein path polyominoes in terms
of the non-existence of odd stair, where a stair is a sequence of intervals of
length 2 inside the path.

To reach the next goal, that is the classification of path polyominoes that
are level, in Section [4| we prove that the socle of the ring S/Ip modulo some
linear forms is generated in the same degree. We prove that the non-attacking
rooks defined on P play a fundamental role on the description of the patho-
logical behavior of the stairs. In particular, we prove that any path polyomino
without stair is level. By some technical lemmas we describe all pathological
stairs, namely the bad stairs, whose existence in the path polyomino make it
non-level. These are the ones having length 4,6, or length greater than or equal
to 8. Thanks to bad stair we obtain the classification of path polyominoes that
are level (see Theorem [10)).
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In the last section, we focus on simple thin polyominoes. We share the
computation that has been done regarding the classification of Gorenstein,
level and pseudo-Gorenstein simple thin polyominoes. The result of the com-
putation is downloadable from [21]. Inspired by this computation and from
the results on path polyominoes, we describe the regularity of the pseudo-
Gorenstein simple thin polyominoes in relation to their rank (see Theorem
111)), and we also present a conjecture on level simple thin polyominoes.

Acknowledgment: The third author thanks the University of Messina for
the hospitality where this project has been started and the National Board for
Higher Mathematics (NBHM), Department of Atomic Energy, Government of
India, for financial support through Postdoctoral Fellowship.

2 Polyominoes and Rook complex

Let a = (i,5),b = (k,f) € N?, with i < k and j < ¢, the set [a,b] = {(r,5) €
NQ:igrSkandjgsgé} is called an interval of N2. If i < k and j < ¢,
[a,b] is called a proper interval, and the elements a, b, c,d are called corners
of [a,b], where ¢ = (i,£) and d = (k, ). In particular, a,b are called diagonal
corners and ¢, d anti-diagonal corners of [a,b]. The corner a (resp. c) is also
called the left lower (resp. upper) corner of [a,b], and d (resp. b) is the right
lower (resp. upper) corner of [a,b]. A proper interval of the form C = [a,a +
(1,1)] is called a cell. Its vertices V(C') are a,a+(1,0),a+(0,1),a+(1,1). The
sets {a,a+(1,0)},{a,a+(0,1)},{a+(1,0),a+(1,1)}, and {a+(0,1),a+(1,1)}
are called the edges of C. Let P be a finite collection of cells of N2, and let C'
and D be two cells of P. Then C and D are said to be connected if there is
a sequence of cells C' = C4,...,C,, = D of P such that C; N C;4; is an edge
of C; fori =1,...,m — 1. A collection of cells P is called a polyomino if any
two cells of P are connected. We denote by V(P) = UcepV (C) the vertex set
of P. The number of cells of P is called the rank of P, and it is denoted by
rk(P).

A polyomino @ is called a subpolyomino of a polyomino P if each cell
belonging to Q also belongs to P, and we write @ C P. A proper interval [a, b]
is called an inner interval of P if all cells of [a, b] belong to P. We say that a
polyomino P is simple if for any two cells C and D of N2 not belonging to P,
there exists a sequence of cells C = C1,...,C,, = D such that C; ¢ P for any
1=1,...,m.

We say that two vertices a,b € V(P) are diagonally opposite, or simply
opposite, if they are either diagonal or antidiagonal corners of an inner interval
of P.

A maximal inner interval [a,b] of P with a = (i,5), b = (k,¢) and either
k—i=1orf—j =1 is identified as a row or column of cells, called cell
interval. Let P be a simple polyomino. We say that a cell C of P is a leaf if
there exists an edge {u,v} of C such that {u,v} NV (P\ {C}) = @. We call
the vertices u and v leaf corners of C.
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We say that a polyomino P is thin (see [I5], [20]) if P does not contain the
square tetromino (see Figure|l]) as a subpolyomino.

Fig. 1: The square tetromino

In a thin polyomino, any maximal interval is a cell interval. For k € N,
k rooks on the cells of a polyomino P are said to be non-attacking if they
do not lie on the same row or column of cells of P, pairwise. The maximum
number of non-attacking rooks is called the rook number of P, denoted by
r(P). We identify the rooks that can be placed on P with the cells of P. The
set Rp of sets of non-attacking rooks is a simplicial complex and it is called
rook complex. Let r be the number of configurations of k-non attacking rooks.

The polynomial
r(P)

rp(t) = Z ’I“ktk
k=0
is called the rook polynomial of P. We denote by F(Rp) the set of facets of
the rook complex Rp.
We recall the following notation from [23]. Let C = {I4,...,Is} be the set
of the cell intervals of P.

Definition 1 Let P be a polyomino. A subset A C C is called a partition of
P if

1. VI,J € Awe have INJ =

2. Upen I =P.

Definition 2 An interval I = {C4,...,Cy} € C is called embedded if there
exists F = {D1,...,D,} € Rp such that for any ¢ € {1,...,m} the set
{C;, D;} is attacking.

Remark 1 Let I € C be a non-embedded interval. Then any facet F' € Rp is
such that FNI # @.

Definition 3 Let A be a partition of P. If no interval of A is embedded then
A is called super partition. Moreover we call P superpartitionable.

With the help of superpartitions one can characterize the polyominoes having
a pure rook complex Rp.

Theorem 1 ([23], Theorem 3.10) Let P be a polyomino. The following are
equivalent:
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(1) Rp is pure and has dimension r — 1;
(2) P admits a super partition A with |A| = r.

Let us recall some definitions from commutative algebra which will be used
through out the paper. Let M be a finitely generated graded S-module, where
S is a polynomial ring over an arbitrary field K. Let m be the homogeneous
maximal ideal in S. Then the socle of M is defined as Soc(M) := (0 :py m) =
{z € M | mz =0}.

Two important homological invariants, projective dimension and Castelnuovo-
Mumford regularity can be computed directly from the Betti table. Let 3; ;4 ; (M)
be the graded Betti numbers of M. Then the projective dimension of M is de-
fined as pdim(M) := max{i : f; i4,;(M) # 0 for some j} and the Castelnuovo-
Mumford regularity (or simply, regularity) of M is defined as reg(M) :=
max{j : B;i+;(M) # 0 for some i}. We now recall the definition of a level
ring which is intermediate between Cohen-Macaulay and Gorenstein.

Definition 4 Let T be a graded Cohen-Macaulay K-algebra with p = pdim(T")
and 7 = reg(T"). Then T is called level if B, ,1:(T) =0 for i < r.

Let P be a polyomino. Let K be an arbitrary field and S = K[z, : v €
V(P)]. The binomial z,x, — z.zq € S is called an inner 2-minor of P if [a, b]
is an inner interval of P, where ¢, d are the anti-diagonal corners of [a, b]. We
denote by M the set of all inner 2-minors of P. The ideal generated by M in S
is said to be the polyomino ideal of P and it is denoted by Ip. The properties
of Ip and S/Ip arise from combinatorial properties of P.

Let us consider simple thin polyominoes. In [20], the authors study simple
thin polyominoes and prove the following:

Theorem 2 (Theorem 1.1) Let P be a simple thin polyomino such that the
reduced Hilbert-Poincaré series of S/Ip is

h(t)
-7

HPg/p, (t) =

Then h(t) is the rook polynomial of P.

In the same article, the authors introduce a property that is fundamental to
characterize Gorenstein simple thin polyominoes.

Definition 5 Let P be a simple thin polyomino. A cell C of P is single if there
exists a unique maximal inner interval of P containing C'. If any maximal inner
interval of P has exactly one single cell, we say that P has the S-property.

Theorem 3 Let P be a simple thin polyomino. Then the following conditions
are equivalent:

(1) S/Ip is Gorenstein;
(2) P has the S-property.

We now give the definition of the main object of the paper.
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Definition 6 A simple polyomino P is called a path if P = {C4,...,Cy¢} such
that

1. C;NCiy1 is a common edge for all i =1,...,¢;

2. C; #Cj for all ¢ # j;

3. Forall i € {3,...,4 —2} and j ¢ {i — 2,4 — 1,i,i + 1,7 + 2}, one has
cine; =0.

We denote a path polyomino by P = C1Cy---Cy. If I1, ..., I are the maximal
intervals of P, then we denote by I the length of Iy, say Iy = |I;| for k €

{1,...,s}.

An example of path polyomino is shown in Figure [2}

Ce

C

Fig. 2: A path polyomino P

3 Pseudo-Gorenstein path polyominoes

We start this section by the following notion that is fundamental for the char-
acterization of pseudo-Gorenstein, and level, path polyominoes.

Definition 7 Let S be a path polyomino as in Definition [6] and let C =
{I1,...,Ix} be the set of its cell intervals. Then § is called a stair, if A > 3
and [; = 2 for all 1 < ¢ < A. The length of the stair is A and S has odd
(resp. even) length if A is odd (resp. even). We denote by Sy the stair with
l; =2 =1, and by S\ a stair with [; > 2 or [, > 2.

A path polyomino P has a stair S, if S is a stair subpolyomino of P, and
S is not a subpolyomino of any stair of greater length contained in P. Given
a path polyomino P, we say that P has no odd stairs if P has no stairs of odd
length.

For some examples of stairs see Figure [3| and Figure |8 The following is a
consequence of [20].

Lemma 1 Let P be a simple thin polyomino. Then S/Ip is pseudo-Gorenstein
if and only if there exists a unique configuration of non-attacking rooks of
maximum cardinality.
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Remark 2 Let P be a simple thin polyomino such that S/Ip is pseudo-Gorenstein.
Then any interval has at most one single cell. Moreover, let ' € F(Rp) be
the unique facet of maximum cardinality of the pseudo-Gorenstein ring S/Ip.
Then F contains all single cells of P. Indeed, suppose D; is a single cell con-
tained in the interval I; and let C; € F with C; € I;. Then

(F\{C:}) u{D;}
is a facet. That is C; = D;.

Theorem 4 Let P be a path polyomino with C = {I1, Is,...,Is}. Then S/Ip
is pseudo-Gorenstein if and only if either P is a cell or the following conditions

hold:

1. Lh=ls=2andly <3 forall2<k<s-—1;
2. P does not have odd stairs.

Proof The case P is a cell is obvious being a principal ideal. Hence from now
on we assume P is not a cell. We observe that if s =1 and rkP > 1, then P
is not pseudo-Gorenstein.

=) Since P is not a cell, then s > 1. Moreover, by Remark every interval
has at most one single cell, and since P is a path, then Iy = [y = 2 and
Ix < 3. That is (1) holds. Now, assume that F € F(Rp) is the unique facet
of maximal cardinality. Let Ip4+1,Int2,...,Ip1e be intervals of an odd stair,
with first interval Ij,41, last interval I, and ¢ odd. Then we may assume
that {Ch,Chi1} C Int1, {Chi2,Chis} = Inis, {Chia, Chist = Ings,. ..,
{Ch+g,1, Cthg} C Inye, and P’ = CyChyy - - - Cray is & subpath of P. By the
definition of stair, the cells C},, Cj,4¢ are single and, since F' is unique, then by
Remark 2] it follows that Cj,, Cj,4¢ are in F. Now,

G = (F\P/) U {Ch,Ch+2, .. .,C}—H,gfl}

has the same cardinality of F' and it is a facet, too. Hence F' is not unique.
That is (2) holds, too.

<) By the Lemma [I} we need to prove that there exists a unique config-
uration of non-attacking rooks of maximum cardinality. We claim that if (1)
and (2) are satisfied then P = C;---Cypne1 and the unique maximal facet
is F = {C1,C5,...,Copy1}. Suppose there are not even stairs, namely P
does not contain any stair. Then P is Gorenstein and F has only single cells:
Cy of the interval Iy = {C1,Cs}, C3 of Iy = {Cs,C5,Cy4}, and so on, end-
ing with Copy1 in Iy = {Cap, Come1}. Now, suppose that P has at least
an even stair and without loss of generality that the first even stair is in the
first ¢ intervals that is I; = {C1,Cs}, Io = {C3,C3}, and so on until the
last one that is Iy = {Cy, Cy11,Crio2} with £ even. Since F is maximal, then
Cy+1 must belong to F. Moreover, F' having maximum cardinality contains
{C1,C5,...,Cp_1,Cy41}. Using induction on the number of even stairs the
assertion easily follows.

By the proof of Theorem [4 we obtain the following
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Corollary 1 Let P be a path polyomino such that S/Ip is pseudo-Gorenstein
with P = C1Cy---Cy. Then £ = 2r(P) — 1, namely ¢ is odd, and the unique
facet of maximum cardinality is

F={C,Cs,...,C¢}.
Ezample 1 We consider the stairs Sy of Figure [3land S5 of Figure[7] The rook

number of Sy and Ss is 3. The stair Sy has the unique facet {C4, Cs3, C5}, while
the stair S5 has the two facets {C1,C3,C5} and {Cs,Cy4,Cs}.

Cs

Cs Cy

C1 Co

Fig. 3: The stair Sy

4 Grobner basis and levelness of path polyominoes

We start this section by defining a labelling that induces in a natural way an
ordering strictly related to the cell labelling C1, ..., Cy of the path. This fact,
with the choice of a linear system of parameters, gives us a natural way to
describe the socle of the polyomino ideal modulo the linear system of param-
eters.

Notation 5 Let P be a path polyomino with cells C1,Cy,...,Cy. For any
i € {1,...,£}, we call P; the subpath on the cells Cy,Cy,...,C;. Then, we
relabel the vertices of V(P) as {a,a1,b1,...,as,be,b} such that

— a,ay are leaf corners of Cy, and by is the opposite corner of a; in Cy;

— for any i € {2,...,0}, a; is leaf corner of C;—1 in P;—1, and b; is the leaf
corner of C; in P; opposite to a;.

— b is the leaf corner of Cy different from by.

Thanks to the labelling of Notation [5] we are able to define a set of linear
polynomials that we prove is a system of parameters (see Proposition .

Notation 6 Let L = (4, Ta, — Tbyy- -+, Ta, — To,, Tp) © 5. Let ¢: S — R =
Kly1, ..., ye] be the map such that ¢p(x,) = ¢(xp) = 0 and ¢p(xq,) = d(xp,) = yi
for1 <1 < L. Then it can be noted that S/(Ip+L) ~ R/Jp, where Jp = ¢(Ip).
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To prove the levelness of R/Ip we use Grobner basis techniques and for
this aim we first focus on in(Ip) induced by the labelling of Notation |5 We
consider the graded reverse lexicographic order < on S such that zy, > x,, >
ce > Tp, > Xg, > Th > Tg-

b3 a4 as ag

al a2 bs b7
as by

a b1 bo be a7 b

Fig. 4: Path labelled as in Notation

Definition 8 We say that a path polyomino P = C1Cy5 - - - Cy has a change of
direction at C; with 1 <i < €, if C;_1 N Ci11 # D.

Remark 8 From Notation [5| if there is no change of direction at C;_1, then C;
has leaf corners a;+1 and b;, and other corners a; and b;_; in the polyomino
P;. The leaf corners of C;1 are a;yo and b; 1 with the other corners either
{ai,a;41} or {a;+1,b;} or {b;—1,b;} (see Figure [j)).

Fig. 5: The labelling of the cell C;

Lemma 2 Let P be a path polyomino as in Notation[5, Then M, the set of
inner 2-minors of P forms a reduced Grébner basis of Ip.

Proof Let f,g € M be such that ged(in(f),in(g)) # 1. Let f = f* — f~ and
g=g" — g with f* =in(f) and g™ = in(g). We divide two cases :

1) ged(f7,97) # 1

2) ged(f7,97) =1

In case 1), f and g are inner 2-minors contained in the same maximal interval,
in particular the two intervals agree on an edge, and by definition, their S-
polynomial reduces to 0.

In case 2), let I; and I be the inner intervals associated to f and g respectively,
clearly u € I N Iy with ged(f*,g") = x,. We claim |I; N I3 > 1. In fact,
if I; N Is = {u}, then w is corner of a cell C; such that there is a change of
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direction at C;, and C;_; is a cell of I; and C;41 is a cell of I,. We say that
C;—1 has diagonal corners u,w and antidiagonal corners v, ¢, while C;;; has
diagonal corners u,p and antidiagonal corners z,q with v,u, z lying on the
same edge intervals, and u,t,q € C;. Let ¢ be the fourth corner of C;. We
claim that p = a; + 2. We divide two cases:

1) a; = t;

i) a; =v.

In case i), we have that z = b; because it is the corner of C; opposite to ¢,
hence ¢ = a;+1, ¢ = b1 and p = a;40.

In case ii), we have that ¢ = b; because it is the corner of C; opposite to v,
hence z = a;4+1, ¢ = biy1 and p = a;42.

In both cases, we have proved p = a;12, hence the claim follows, moreover the

latter implies that u is opposite to a;yo in I3 that is the least variable in I
and z,, fg* (See Figure[6).

v

Fig. 6: The diagonals represent the leading monomials

The claim tells us that |[I; N Iz| > 1, that is I; and Iy have an edge in
common, say {u,v}. Moreover let f = x,x; — T2, and g = z,2, — T, With
p lying on the same edge of u. Without loss of generality, we assume that u, v
are corners of the interval I1, and that {u,v} is edge of the cell C; = {u, v, p, c}
in the interval I3, and there is a change of direction at C;. We have, I\ {C;}
has associated inner 2-minor ¢’ = z,z, — z.x, and I; U {C;} has associated
inner 2-minor f’ = x,x, — T, % By taking the S-polynomial, we get

S(f, g) =TTyl — TtTpLq-

Since w,t,q, z are extremal variables and z;|in(f) and z.|in(g), then we
should identify the least variable of between z, and x,.

We divide into two cases that depend on the orientation of the polyomino:
1. {u,v} is edge of C;_1;
2. {u,v} is edge of Ci41.
In case (1), z,q is edge of some Cy with k > i, and by construction we have

q = agy1, in(S(f,9)) = z,x,24, and S(f,g) can be reduced modulo ¢’ to
obtain

/ /
ToTyToy — TtTpTq — To§ = ToTelq — T4TpTq = Tqf — 0.
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In case (2), w,t is edge of some Cj, with k > i, and by construction we have
w = apy1, in(S(f,9)) = zxpzy, and S(f,g) can be reduced modulo f’ to
obtain

TiTpTy — TyTpTyy — Tqf = TopTelqg — ToTypTy = Tyg — 0.
Lemma 3 Let P be a path polyomino as in Notation[5. Then

1. 24,24, ¢ in(Ip) for any i, j;

2. wq, 1y, €in(Ip) =i < j;

3. xp,xp; € in(Ip) with i < j = there is a change of direction at C;;

4. Let f = f* — f~ be a generator of Ip. If fT = x,xp, with either x, > xy,
oru = a;, then x4, |f~.

Proof (1). Without loss of generality assume j < i that is zq; > 2,,. Let [
be an inner interval of P having opposite corners a; and a; and u,v € V(P).
From Notation [5] we have that i > j + 2 because a; and a;4; lie on the same
edge. If I is only one cell, then i = j + 2 and {u,v} = {bj+1,a;41}. If I has
cells Dy, ..., Dy, then v and a; are leaf corners of Dy, hence u = b;_1. That
IS @y, T, > x4, and Ta;Ta, 1S MOt & leading monomial.

(2). If i > j, by similar arguments to (1), one can show that x4z, ¢ in(Ip).
(3). If @, wp,; € in(Ip) with 4 < j, since b; is opposite to both b; and a;, then
a; is on the same edge interval of b;. Since a; is the leaf corner of C;_; and
the other one is b;_1, then b; is also opposite to b;_;. By proceeding in this
way, we have that the cell C;;1 has opposite corners b; and b; 1, and v, a;4+2
for some v € V(P). By definition, b; must be a corner of C;, and from Remark
airo ¢ C;, hence b,v is an edge of C;, by definition a;41 is a leaf corner of
C;, it is opposite to b; 11 and hence is opposite to v, that is v € C;_1.

(4). By construction, b; is the leaf corner of C;. Since u and b; are opposite
corners, then a; 41 lies on the same edge intervals of u and b;, hence 4, |f~.

From now to the end of the section, let P = C;C5 - --Cy be a path poly-
omino with rk(P) = £ and C = {I3,..., I} be its set of cell intervals. Since
a path polyomino is a simple one, by [I1, Corollary 2.2], S/Ip is a Cohen-
Macaulay domain. We now study the levelness of S/Ip. To prove S/Ip level,
by [24, Chapter III, Proposition 3.2], it is enough to show that for every ho-
mogeneous system of parameters 61, ...,04 of S/Ip, all elements of the graded
vector space Soc(S/(Ip + (01,...,6;))) have the same degree. So for this,
we first find homogeneous system of parameters of S/Ip and then study the
Soc(S/(Ip + (01,...,64))).

From now on, we consider R/ Jp of Notation@ and therefore let “<” denote
the graded reverse lexicographic order in R induced by y; > --- > y,.

Proposition 1 Let P be a path polyomino as in Notation[5 Then
LayLay — Tbyy---yTay, — Thy, Th

is a linear system of parameters for S/Ip.
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Proof Let L = (4, %a; — Tbyy---,Ta, — Th,, Tp), and let R and Jp be as in
Notation [6] Let us consider the graded reverse lexicographic order “<” in R
induced by y; > -+ > y,. We claim that y? € in(Jp) for all i = 1,... L
From Notation [5] we have that for any ¢ = 1,...,¢, a; and b; are opposite
corners, and a; 1 is on the same edge intervals of both b; and «a,;. Hence, there
exists an inner 2-minor in I'p of the form z,,zy, — 4, , 2, for some v € V(P).
The image in R/Jp of such a binomial is y? — y;+1y; for some j. We have
that y? € in(Jp) which implies that in(Jp) is (yi,...,y¢)-primary and hence,
lengthp(R/in(Jp)) < co. Therefore, lengthg(S/(L+1p)) = lengthg(R/Jp) <
oo and hence the assertion follows.

Proposition 2 Let P be a path polyomino. Then the generators of Jp form
a Grobner basis. Moreover,

in(Jp) = (yiyj :dke [S},Ci,Cj € Ik).

Proof Let ' = ¢(f),g" = ¢(g) be two generators of Jp with f,g € Ip and
f=ft—f",9=g" — g, where the map ¢ is defined in Notation [6]

We have to consider S(f’,¢’) in the cases ged(in(f’),in(g")) # 1, that is
deg(ged(in(f"), in(g')) € {1,2).

If deg(ged(in(f’)in(g"))) = 2, namely in(f’) = in(¢’) = y;y; with ¢ < j, then
from Lemma (3| xy,|in(f) and 3, |in(g), that is without loss of generality we
assume that in(f) = 4,25, and in(g) = 25,25, but this cannot happen because
a; and b; are opposite corners and the polyomino is thin.

If ged(in("), in(g')) = é(ged(in(f), in(g)), then S(f’, ') = S(S(f, ) — 0.
If ged(in(f’),in(g")) # ¢(ged(in(f),in(g))) = 1, then z,,|in(f) and zp,|in(g).
That is in(f) = zq,2p, for some j > i (if j = 7 we are in the previous case)
and in(g) = z,x, with u € V(P). From Lemma [3}(4), we get that

f=%a,mp; — 200,y
for some v in V(P) with z, > x,, .. One can observe that since a; and b,
are opposite corners as well as a; and b;, then there is no change of direction
at C;, and it can not happen that u = by with k > i. Moreover, from Lemma
(1)7 also the case u = ag with k > ¢ is not possible. Hence, we can only have
u = ay, or u = by, for some k < i. From Lemma(4), we get that z,,, g~ and

g = TuTh; — TwTa;qq,

for some w in V(P). By construction, b; lies on the same edge interval of b;
as well as u lies on the same edge interval of a;, hence from j > ¢ we get that
hi = Tayyy Th; —Th; Tayyy and hg = 2,%, — TywT,, are generators of I». We have
f=wiy; — d(@o)yjr1 ¢ = O(xu)yi — ¢(Tw)yis
Wy = d(h) = yirry; — Yiyj+1, Dy = d(he) = d(au)d(z0) — d(w)y:
hence

S(f,9") = yjo(@w)yiv1 — A(xu) () yj+1

by reducing modulo h} we get

S(f,9") = viyi+10(xw) — ¢(2u)d(20)Yjs1 = yj+1hs-
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Remark 4 Let P be a path polyomino. Then y;y; € in(Jp) with j <4 if and
only if the cells C; and C; are attacking.

Corollary 2 The standard monomials in R/Jp, namely the monomials not
in in(Jp), are the squarefree monomials

U=YiyYiy *Yi with i1 <ig < - - < g,
where s'-rooks are placed in the non-attacking cells C;,,...,C;_, of P.

Proof 1f two rooks are placed in the non-attacking cells C;,, C;, with i; < iy,
then C;; and C;, do not belong to the same interval. By Remark |4} v; i, ¢
in(Jp) for 1 < j <" — 1. Therefore, u ¢ in(Jp).

Suppose two rooks are placed in the cells C;,, C;, with i; < iy so that they
can attack each other and y;,y;, divides our monomial. Then there exist m
such that ¢;,ix € I,,. Then it is reducible by

Yi;Yir, — Yi;—1Yip+15
hence our monomial is not in the standard form. Contradiction.

Now we write all the monomial generators of Jp which come from the first
cell interval and last cell interval. Let Jy and Js be the subideals of Jp gen-
erated by monomials coming from the first and last cell intervals respectively.
Then

J():(yiyjilgigjgll—i—Fl) and

Js=(yj =025 220—i— (s = 1))

We also recall that the set of configurations of pairwise non-attacking rooks
is a simplicial complex denoted by Rp. Moreover for F' € F(Rp) we set

Yr = H Yi-

C,eF
Lemma 4 Let P be a path polyomino. Then
Soc(R/in(Jp)) = (yr | F € F(Rp)).

Proof The socle of a monomial ideal is a monomial ideal. Let u be a monomial
of R\ Jp. Since y? € in(Jp), then u is squarefree and u = yp for some
F € Rp. Assume that F is not maximal, then there exists F/ € F(Rp)
such that F C F’ and let C; € F’\ F. Since C; attacks no cell in F, then
uy; ¢ in(Jp), contradicting the hypothesis.

Conversely, assume that F' € F(Rp) and u = yp. Now we prove that for all
1 €{1,...,tkP}, uy; € in(Jp). Fix i € {1,...,1kP}. Since F is maximal,
then the cell C; is attacked by a cell C; in F', hence it follows from Remark
that y;y; € in(Jp).

It is interesting to observe that the facets of maximum cardinality of F(Rp)
induces also maximum degree elements (monomials) in Soc(R/Jp), as pointed
out in Corollary [4]
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Corollary 3 Let P be a path polyomino. Then R/in(Jp) is level if and only
if Rp is pure.

Since in(Jp) level implies Jp level and thanks to the relations between Soc(S/Ip)
and Soc(R/Jp), if Rp is pure then also Ip is level.

By using Theorem|[I] we obtain the following characterization of path poly-
ominoes having R/ in(Jp) level.

Theorem 7 Let P be a path polyomino withC = {I1, I, ...,I}. Then R/in(Jp)
is level with r(P) = d if and only if the followings hold

1. s=2d—-1.
2. for any 2 < k <s—1 we have

l,>2 if ks odd

l,=2 ifk is even
Proof According to Corollary 3] R/in(Jp) is level if and only if Rp is pure,
that is if and only if P admits a super partition A. We proceed by induction
on d. We start from d = 2. A contains two intervals, since I € A, then I ¢ A
and s = 3. If I contains single cell then Iy € A, hence |I| = 2. We assume
d > 2 and the thesis holds true for d — 1. From similar arguments, one gets
that |I3] = 2 and that the polyomino P’ = P \ I; is super partitionable, with
partition A" = A\ I;. Hence s —2 = 2(d — 1) — 1, that is s = 2d — 1 and
lp >2foranodd k € {4,...,s— 1} and |j, = 2 for even k € {4,...,s — 1}.
We prove that I3 > 2. If I3 = 2, then I3 = [Ci,ci-i-l] and C;_1 € Iy, CH_Q e I;
with C;_1 (resp. Cii12) attacking C; (resp. C;11). That is I3 is an embedded
interval. Contradiction.

We now study the levelness of R/Jp with the help of the following:

Lemma 5 Let I C R be an ideal with dim(R/I) = 0. Then for any monomial
ordering <, one has

in(Soc(R/I)) C Soc(R/in(I)).

Proof Let u € in(Soc(R/I)), then there exists g with in(g) < u such that
f=u+gand fy; € [ for all 1 <i < n. Then uy; € in(I) for all 1 < i < n,
hence u € Soc(R/in([)).

Lemma 6 Let P be a path polyomino, let F' be a facet of Rp. If there exists
k such that Cy € F' and

F' = (F\{C}) U{Cr-1, Chia}
is a facet of Rp, then yrp ¢ in(Soc(R/Jp)).

Proof We consider yyr. The relation yi —yx_1yx+1 € Jp, that is yxyr reduces
to yp. By Corollary [2 yp ¢ in(Jp). Hence yp ¢ in(Soc(R/Jp)).
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Ezample 2 The stair S5 (see Fig (7)) is such that R/Jp is level but R/ in(Jp)
is not. In fact

F(Rp)) ={{C1,C5,Cs},{C1,C3,Cs},{C1,C4, Cs},{C2,Cy, Cs},{C2,C5 } }.

Hence Rp is not pure and by Corollary 3| R/in(Jp) is not level. If R/Jp is
not level there exists f € Soc(R/Jp) whose degree is strictly less than the rook
number of P. Moreover, in(f) = yr = y2ys5 (see Lemma [ and Lemma [5)). But
F' = (F\ {C2}) U{C1,C3} € F(Rp) and by Lemmal[6] yr ¢ in(Soc(R/Jp)).

Cs Cs

Cs Cy

C1 Co

Fig. 7: The stair Ss

Proposition 3 Let P be a path polyomino. If reg(S/Ip) = t, namely r(P) =
t, then n't1 C Jp, where n = (y1,...,y¢) is the homogeneous maximal ideal
n R.

Proof Since P is a simple thin polyomino, by [20, Corollary 3.16], reg(S/Ip) =
t = r(P), where r(P) is the rook number. Let u = y;, ---y;,,, € n‘T! be any
element. Therefore by Corollary [2| w is not a standard monomial in R/Jp.
This implies that there are at least two cells C;, C;, in the attacking positions
with i; < ig. If the two cells belong to the first cell interval (resp. the last cell
interval) u € Jo (resp. u € J,). Otherwise, there exists a binomial y;, s, —
Yi;—1Yip+1 € Jp, to reduce v in u;.

Moreover, since u; has degree t + 1, as u, there are two cells in attacking
position induced by the support of uy, too. Then we apply the same procedure
again on u; to get uo. We continue this process until we get u; € Jy or u; € Jg
so that u € Jp. Thus, we have ntt! C Jp.

Corollary 4 Let P be a polyomino, let F be a facet of Rp with |F| = r(P).
Then yr € Soc(R/Jp).

Corollary 5 Let P be a path polyomino with reg(S/Ip) = 2. Then S/Ip is
level.

Proof Since reg(S/Ip) = 2, P is not a cell interval. Then it follows from the
description of monomial generators Jo U Js of Jp that y1y, ¢ Jp and y? ¢ Jp
for 2 <4 < ¢ — 1. This implies that y; ¢ Soc(R/Jp) for 1 < i < ¢. By Propo-
sition [3} Soc(R/Jp) has generator of degree at most 2 and hence Soc(R/Jp)
is generated in degree 2 only. Therefore, by [24, Chapter III, Proposition 3.2,
S/Ip is level.
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Now we give another class of path polyominoes which are level.

Theorem 8 Let P be a path polyomino with l1,ls > 2, and l; > 3 for2 <1 <
s —1. Then S/Ip is level.

Proof We prove that S/Ip is level, by proving that Soc(R/Jp) is generated in
degree r(P). From Lemma 5| and Corollary [4], we have

in(Soc(R/Jp)) C Soc(R/in(Jp)),

and for any F' € F(Rp) with [F| = r(P), yr € in(Soc(Jp)). Hence it is
sufficient to show that for any F' € F(Rp) with |F| < r(P) it holds yr ¢
in(Soc(R/Jp)). By construction any interval of P has a single cell and r(P) =
s. Since |F| < r(P), then F contains a non-single cell C. Since I > 2, Cj_1
and C}41 are single cells, hence

F' = (F\{Ck}) U{Ck-1,Crs1} € F(Rp)
and from Lemma [6] the claim follows.
Now we need some technical results to classify the levelness of S/Ip.

Lemma 7 Let P be a path polyomino. Let F € F(Rp) be such that there
exists even h > 2, k, and {Cx,Cry2,Chia ..., Chin—2,Crin} C F (that is
Cky ..., Cryn lie on a stair).

1. Assume that F' = (F\{Ck, Cr1n})U{Ck_1,Ckin+1} € Rp. Then for any
jef{k,k+1,....k+h}

Y;yr = y;yrr  mod Jp.

2. Assume that F"' = (F\ {Cx}) U{Ck_1} € Rp. Then it follows

Ykt h+1YF = Yktht2yrpr mod Jp

3. Assume that F" = (F\ {Cr+n}) U{Chint1} € Rp.Then it follows

Yk—1YF = Yr—2Yp  mod Jp.

Proof Without loss of generality, we assume that F = {Cy, Cx12,...,Crin}-
(1). We proceed by induction on h. Moreover, to simplify the notation, all the
equalities are equalities modulo Jp.

Let h = 2, then F = {Cy, Cr12}. We prove that y,;yryr+2 = YjYrk—1Yk+s for
j=kEk+1k+2.

— If j =k, then Y2yrt2 = Ye—1Yk+1Yk+2 = Yo—1YkYk+3-
— If j=k+1, then yryri1Urt2 = Yr—1Ypro = Yh—1Yk+1Uk13-
— If j = k+2, then yryi o = YUk t1Yk+3 = Yb—1Yk+2Yk+3-
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Hence the assertion follows. We assume that A > 2 and the thesis holds true
for h — 2, that is the thesis holds true for any facet of h/2 cells of the form
{D¢,Di1o...,Diip—o}. We consider

F={Ck,Cry2,- -, Crin-2,Cryn}, F' ={Ck—1,Ckt2, . Crin-2,Criny1}

We prove that for any j € {k,...,k + h}, y;yr = y;yr modulo Jp. We
consider

Fy = F\{Cryn}, and F] = (F1 \ {Cx, Cryn—2}) U{Cr—1,Cryn-1},

and Fy, F| are faces because F' and F’ are faces by hypothesis. By inductive
hypothesis, we have that for any j € {k,...,k+h — 2}, yjyr, = y;yr; and
hence

B

Yk+h—

Y5YF =YY Yk+h = Y5YF]Yk+h = Yj ) Yk+h—1Yk+h =

=YjYe—1Yk+2 " Yk+h—4aYk+h—2Yk+h+1 = Y;YF’-

We are left with the cases j € {k+h —1,k+h}. If j = k+ h — 1, then
Yrt+h—1YF is equal to

YeYk+2 Y+ h—2Yk+h—1Yk+h = YkYk+2 "~ 'yz+h72yk+h+1 = (YF, Ykt h—2)Ykthi1-

We apply the inductive hypothesis and we get that yxin—2yr, = Yk+n—2Yr;,
that is

(yk+h—2yF1)yk+h+1 = Yke+h—2Yk—1Yk+2 *** Yk+h—aYk+h—1Yk+h+1 = Yk+h—1YF'-

If j = k+ h, then yr4pyr is equal to

YeYk+2 - yk+h—2yi+h = YkUk+2 " Yhth—2Ykth—1Yktht1 = (YR Ykt h—1)Yk+ht1-

We apply the inductive hypothesis and we get that yprn—1yr, = Ybtn—1Yry,
that is

Ykt h—1YF ) Ukth 1 = Ykt h—1Yk—1Yk+2 " Ykt h—aYkt h—1Yk+h il =

2
Ye—1Yk+2 Yt h—4aYkrh—1Yk+h+1 = Ye—1Yk+2 **  Ykt+h—aYk+h—2Yk+hYk+h+1 =
Yk+nYF'-

Since y;yr = y;jyr modulo Jp, the assertion follows.
(2). We proceed by induction on h. If h = 2, then F = {Cy, Ci42}. We

prove that Yk 3YkYk+2 = Yk—1Yk+2Yk+4. We have,

YkYk+2Yk+3 = YreYk+1Yk+4 = Yk—1Yk+2Yk+4-

We assume that h > 2 and that the thesis holds true for any facet of h/2 cells
of the form {Dt, Dt+2 . 7Dt+h—2}- We consider

F == {Ok, Ck+2, ceey Ok_l,.h}, F” - {Ck_l, Ck+2, .. Ck+h}
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We prove that yx4n+1Yr = Yk+ht2yr . We have

YeYk+2 " Yk+h—2Yk+hYk+h+1 = YeYk+2 ** * Yk+h—2Yk+h—1Yk+h+2

by applying the inductive hypothesis on {C, Cit2, ..., Crin—2}, we get

YeYe+2 * Yk+h—2Yk+h—1Yk+h+2 = Yk—1Yk+2 * " Yk+h—2Yk+hYk+h+2 = Ye+h+2YF",

as desired.
(3). Similarly to (2).

Lemma 8 Let P be a path polyomino. Let F € F(Rp) be such that there exists
h>20>2,Fk, and {Cr,Cry2,- -, Crpns Crxnt3, Crontss s Crpngeqs} C

F with Cy, . .., Crkyhio+3 lying on a stair and such that F' = (F\{Ck, Crtn+e+3})U
{Ci-1,Cliniotat € Rp. Then for je{k+h—+1,k+h+2}

Yi(yr — yrr) € Jp.
Proof We assume that the equalities are modulo Jp. We prove that for j €
{k+h+1,k+h+2}, yjyr = y;yr. Let j = k+h+1, we obtain that y;yp is
YkYkt2 " Yhth (Yh-+h1)Yk+h+-3Yk+ht5 * Ykt hti43-

We apply Lemma [7}(2) to get

YeYk+2 " Ye+hYk+h+1 = Ye—1Yk+2 ** * Yk+hYk+h+2,

and Lemma [7}(3) to get

Yk+h+2Yk+h+3Yk+h+5 " Y+ h+1+3 = Yk+h+1Yk+h+3Yk+h+5 ** * Yk+h+1+4-

Hence the thesis follows. The case j = k + h + 2 similarly follows by applying
Lemma [7](3) and Lemma [7](2).

Proposition 4 Let P = Sy such that A = 4,6 or A\ > 8. Then S/Ip is not
level.

Proof If P is the stair Sy, then |P| = A+ 1.
If Ais even and A > 4, then A = 2k and r(P) = k+ 1. We consider F' =
{C5,C4,...,Cr} € F(Rp) and has cardinality k. Let F' = {Cy,C4,Cs,. ..,
Cx—2,Cx41}. We prove that yp — yrr € Soc(R/Jp), namely that for any
jed{l,.... A +1}

Yi(yr — yrr) € Jp.
For j =1, A + 1, it easily follows since yf,31y2 € Jo C Jp and yayr+1,¥341 €
Jx C Jp, while for j € {2,3,..., A} this is the case of Lemma (1) Hence,
the first part of the assertion follows.

If Ais odd and A > 9, then A = 2m — 1 and r(P) = m. We first deal with
the case m odd. We consider

F = {OQ,O4}U{CQk_1 14 S k S m} and F/ = {01,05}U{02k_1 14 S k S m}
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Since m is odd, then m — 3 = [{Cax—1 : 4 < k < m}| is even and m — 3 = 2t
for some t. We further consider

F'={Co:ke{l,2,....om—t—1,m—t+1,...,m}}
F" ={C1}U{C, : k€ {2,...,m—t—2}}U
U{Cotm—t)y-1} U{Cor s ke {m —t+1,...,m}}.
We claim that for any j € {1,..., A+ 1} we have
vi(yr — yr — ypr +ypm) € Jp.

From now on we deal with the cases j = 2h — 1 for h = 1,...,m. The case
7 = 2h equivalently follows.
Claim: Let

G:{Cgk,124§k§m}.

For j = 2h — 1 with 4 < h < m, we claim that
Y2n—1YG = Y2n—1yn  mod Jp, (1)
where, given
Gp={Co% :3<k<h—-1}U{Coy—1:h+1<k<m-—h+3}U
U{Cy:m —h+4<k<m},

and ,
7o )G if he{4,...,23 + 3}
Gm-nya fhe{Z2+4,....m}

Proof of the claim: If 4 < h < m, then from Lemma (1) we have
Yoh—1YG = Yoh—1Ye mod Jp

where G’ = {Cs} U{Co,—1 : 5 < k < m— 1} U{Cs,} = G4. Moreover, if
5 < h < m—1, then we can do the same argument for {Ca;—1 : 5 < k <m—1}.
We can repeat the same argument until we get

Yoh—1Yc = Y2n—1Ya, mod Jp, (2)
where
Gh={Cop:3<k<h—1}U{Copr:h+1<k<m—h+3W

U{Cgk:m—h+4§k§m}.

This set makes sense for h € {4,...,’”773—1—3 =t+3}.Ifh e {t+4,...,m},
then ¥ =m —h+4¢€{4,...,t+ 3}, and

Y2h—1YG = Y2h—1Ya,, mod Jp.

This proves the claim.
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We want to compute y;yr, Y;¥r, Y;Yr, Y;yp for j =1,...,m. Given
j € {2h —1,2h}, for 4 < h < m we use Equation to get

YiYF = YjY2Y4YGc = YjY2Y4Ya,,

Y;Yyrr = Y ysyc = Y;Y1YsyaGy, -
We divide into three cases:

1. h<t+3;
2. h=t+3;
3. h>t+3.

(1). We have that for any h = {2,3...,m—t—1 = t+2}, from Lemmal[7 (1)
applied to the set {Co, : k € {1,2,...,m—t—1}}, we have y,;(ypr —yp») € Jp.
Hence we only should control that we have y;(yr — yr/) € Jp. Moreover from
Lemmam and Lemma for j =2,...,6, yj(yr —yp’) € Jp. Since

h<t+3 = 2h<m+3 = h<m-h+3 = h+1<m-—h+3,

then {Cor—1 :h+1 <k <m—h+3}+# &. Then C,_5 and Cap 41 have a 3
step difference, that is we are in the hypotheses of Lemma 8] and from Lemma
B we get

G

y 3
YiY2Yaya, = YiriYa—— Y2(m—h+3)-
Y2(m—h+3)—1

On the other hand, we compute

YiYr = Yi91Ysyc = Y;iY1YsyaGy, -

h—1
Since ( ygk) lya, , then we apply Lemma (3) to
k=3

h—1 h—2
95( H ka) = y4( H y2k>y2h—1
k=3 k=3

and hence
_ YGh
Yinysyag, = yjyly4y

Y2h—1-
2h—2
m—h+3 m—h+3

Since ( I y2k71>|ygh, then ( I1 y2k71)|y2h,1ygh and since j € {2h—
k=h+1 k=h

1,2h}, we apply Lemma[7 (1) to get_

m—h—+3 m—h-+2

yj< H yzk_1):yjy2h_2( H y2k—1>y2(m—h+3)a
k=h k=h+1
hence
G YaGn

Y,
YiY1Ya Y2h—1 = Y;5Y1Y4 Y2h—2Y2(m—h+3) =
Y2h—2 Y2h—2Y2(m—h+3)—-1




Level and pseudo-Gorenstein path polyominoes 21

_ Ya,
=YiY1Ys——Y2(m—h+3)-
Y2(m—h+3)—1

Hence y;(yr — yp) = 0.
(2) In the case h =t+ 3, we have m —h+4=m —¢t+ 1= h+ 1 and hence
h—1l=m—t—1and {Cok—1:h+1<k<m—h+ 3} =3. Therefore,

Gt ={C2% :3<k<m—-t—-1}U{Coy:m—t+1<k<m}

and
Yiyr = Y5j92Y4YG,—. = Y5YF7-

m—t—1

m—t—2
Similarly, from Lemma (3) we have y5 [ yor = y4( I ygk)yg(m,t),l
k=3 k=3

and

YG.
YiYF = YiYLYsYGo,_, = Y1Ys—————Yo(m—t)—1 = YjYF,
Y2(m—t)—2

That is yj(yp — Y — Y + yF”’) = 0 modulo Jp.
(3) In the case h >t + 3, we set b’ = m — h + 4, we have

Gp ={Co:3<k<h -1}U{Coyp_1:h+1<k<m-—h+3}U
U{Cok :m —h' +4 <k <m},
hence and from Lemma [7](3)

m—1 m—2

Z/j( H y2k> = yj( H yzk)me—1

k=m—h'+4 k=m—h'+4

and hence
Yiy2¥ayc,, =0

because ygm_1y2m|yjy2y4ygh,. The same can be proved for yp and since h >
m —t 4+ 1, then also for yr» and yp. This concludes the case m odd.
If m is even, then similar arguments hold, with

F={Cy,Ci} U{Co%—1:4<k<m—1} U{Con}
F' ={C1,C5} U{Cok_1:4 <k <m—1}U{Con},
and given m — 4 = [{Ca—1 : 4 < k <m — 1}| = 2¢, we have
F'"={Cy, :ke{l,2,...om—t—1,m—t+1,...,m}}
F" ={C1} U{Cor : k€ {2,...,m —t = 3}} U{Co(;n_t_2)—1}U
U{Ca, : ke{m—t,...,m}}.
Also in this case one can verify that

yi(yr — ypr — ypr +yp) € Jp.
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Let P be a stair of length A with A =4,6 or A > 8 and C = {I1,...,I,} be its
set of cell intervals. If I; = 2 = I i.e., P = Sy, then by Proposition[d, S/Ip is
not level. Next we consider the case when I; > 2 or [ > 2 i.e., P =3S8,.

Corollary 6 Let P = Sy be a stair of length X with X = 4,6 or A > 8 and
C={I,...,I\} be its set of cell intervals. Let Iy > 2 orly > 2. Then S/Ip is
not level.

PT‘OOf Let Il = {Cl, .. -7Cl1}7 Iz = {Cl1+i7270l1+i71} for 2 S 1 S A—1and
I =

{)\C>’111+A_2, Oll+)\_1, RN Cl1+x\—3+l>\}- Also let F; = {Cll s Cll+27 ceey Cl1+2i} for
1 .

Claim: YiYF;, = Yj—1Yr;, where F/ = (F\{Cl42:}) U{Cl 1241} for 2 < j <
llé;“oof of the claim: Let 2 < j < ;. Then

Yiyr, = Y5y Y42 Yn+2i = Yi—1 (Y 11y 42) - Y420
=Yj-1Y1, (yl1+3yll+4) Yl 424

=Yj—1YnYu+2 " Yn+2i-1Y042i)

=Yi-1YnYn+2 Y +2i-2Y0 +2i4+1 = Yj-1YF]-
Let us consider the stair Sy with cells {C},-1,Ci,,...,Ci42-2,Cl -1} of
length \. First we assume that A is even and A > 4. Consider F' = {C},, C}, 42, . . .
Cri+a—2} and F' = {C},—1,Cl 42, Cly 44, - .., Ciy4a—4, Gy a—1}. Then by the
proof of Proposition {4} we have that y;(yr —yp/) € Jp forall 1 +1 < j <1+
A—=3. For j =1, it is clear that y,;yr, y;yr € Jo C Jp. Let 2 < 5 <Iy. Then by
the Claim, we have y,;yr = yj_1yr~, where F” = (F\{Cj,+x—2})U{Cl 421}
Also, we have

Yiyr = (YU —1)Yn+2 " Y+ A—aYl+3—1 = Yj_1YF7-

Therefore, y;(yr — yr/) € Jp for all 1 < j < ;. Similarly, one can show that
yilyp —yp) € Jp forall i + X —2 < j < I3 + X — 3 + [5. Thus we get
yij(yr — ypr) € Jp for all j, hence yp — yp: € Soc(R/Jp).

Now assume that A is odd and A = 2m — 1 such that m is odd. We consider
as in the proof of Proposition []

F ={C,,Cl 42t U{Cl 23 : 4 < k <m},
F' ={Ci-1,Cl 43} U{Cl 4253 : 4 < k <m},
F"={C), —oyor : k € {1,2,... ., m—t—1,m—t+1,...,m}} and F""" = {C;,_1}U
{Cl—atok 1k €{2,...,m—t=2}}U{Cy, yo(m—1n)—3}U
U{Cli—g4ak ke {m—t+1,...,m}}.

Note that y1yr, y1yrr, V1yrr, Y1y € Jp. Let 2 < j <1y, Then y;y1, yi,42 =
Yj—1Y1 Y1 +3 and Yy, —1Y1, +3 = Yj— 191, Y1, +3 which further implies that y; (yr—
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yrr) € Jpfor2 < j <l . Let F{ = {Cl,—a4or : k € {1,2,...,m—t—1}} C F".
Then by Claim, for 2 < j < Iy, we have y;yp; = yj_1yry, where Fy =
(FY\ACl +2(m—t)-43) U{C1, y2(m—1) -3} Also, for Fi" = {C1, -1} U{C, —242 :
ke{2,....m—t =2} U{Cy yaim-r)-3} € F", we have y;yp; = yj_1yry-
Therefore, y;(ypr — yp) € Jp for 1 < j < 1y. Similarly, one can show that
Yi(yr —yr),yi(yrr —ypm) € Jp forall Iy + A =2 < j <y +A—3+1y. Hence,

Yi(yr —yr — yrr +ypw) € Jp V.
This completes the proof.

Definition 9 A stair P of length A with A = 4,6 or A > 8 is called a bad
stair.

Theorem 9 Let P be a path polyomino containing a bad stair. Then S/Ip is
not level.

Proof Assume that P contains a bad stair Sy or Sx. Here, we show that if P
contains Sy, then S/Ip is not level. The case when P contains S is similar.
According to Corollary |§|, Sy is not level, hence let fy € Rs /J 5, such that
fx € Soc(Rg, /Jg,) and deg(fy) < 7(Sx). The stair Sy is embedded in P
in some intervals Ixi1, Ixtio,...,Ipra with I = {Cf“, C§+1, ey C’f):;ll}
where {(I11) = 7,+1. Let Q be the collection of cells having maximal intervals
C\{Ig+1,- - Ir4r}, in particular it is the union of two path polyominoes P;
and Ps. Let yg, € Soc(Rp,/Jp,) with degya, = r(P;). We now show that

Y, YGa I € Soc(R/Ip).

Since fx € Soc(Rg, /Jg, ), then it follows from the proof of Corollary |§| that
for all C; € Sy \ {CF}, we have y; fx € Js, C Jp. Also for similar reason, we
can show the claim of Corollary@ for y; where C; = Cf“. Therefore, we can
conclude that y; f\ € Jp for all C; € Sx. This implies that Yi(Ye,ya, fr) € Jp
for all C; € Sy. Let C; € P; be any cell. Then y,yq, € Jp, C Jp for all C; € P;
and ¢ = 1,2. Therefore, y;(ye,Ya, [r) € Jp for all C; € Py U Ps, and hence
Y, YG, [ € Soc(R/Jp). Since deg(ya, ya, fr) < 7(P1)+7(P2)+7(Sy) = r(P),
by Corollary[4] Soc(R/Jp) has elements of at least two different degrees. Thus,
R/Jp is not level and hence, S/Ip is not level, too.

Proposition 5 Let P = Sy be a stair of length A. The followings are equiva-
lent:

1. S8/Ip is level;
2. A=2,3,5,T.

Proof (1) = (2) follows from Proposition 4] Even if (2) = (1) can be showed
by direct computation, we want to give a direct proof. In the case A = 2,3,
the rook number is 2, hence the assertion follows from Corollary [5| For the
case A = 5,7, we will make use of Lemmalf] In fact we have to prove that any
F € Rp with |F| = r(P) — 1 satisfies the hypothesis of Lemma [6]
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¢ | H
E F
E | F
C D
c | p
A B A B
(A) The stair Ss (B) The stair S7

Fig. 8: The stairs S5 and S;

We refer to the labellings given in Figure[§] If A = 5, then r(P) = 3 and the
unique facet of cardinality 2 is { B, E} and both B and E satisfy the hypothesis
of Lemma
If A =7, then r(P) = 4 and the facets of cardinality 3 are

{A,D,G},{B,D,G},{B,E,G},{B, E, H}.

The cells that satisfy the hypothesis of Lemma [f] are respectively D,G,B and
E.

Theorem 10 Let P be a path polyomino. The followings are equivalent:

1. S/Ip is level;
2. P does not contain bad stairs.

Proof From Theorem 9] we have that (1) = (2). We now prove (2) = (1). If P
does not contain maximal interval of length 2, then by Theorem [§] it is level.
Hence assume it contains intervals of length 2. Since P does not contain bad
stair, if P contains a stair Sy or Sy then it must be true that A € {2,3,5,7}.
It is enough to show that there is no element of degree < r(P) in Soc(R/Jp).
Let f € Soc(R/Jp) be an element of degree < r(P) with in(f) = u. Then by
Lemma 5| v € in(Soc(R/Jp)) C Soc(R/in(Jp)) which implies that u can be
written as u = yp for some F' € F(Rp) with |F| < r(P). Therefore, F contains
a non-single cell C}; in the intersection of two intervals I; and I; ;. If both
intervals have a single cell, Ci_1 and Cy1, that is I;, [; 11 is a stair 32, then we
are in the hypotheses of Lemmal6] (F\{Cy})U{Cx_1,Cr+1} € F(Rp) which is
a contradiction by Lemma@ Moreover, if one between I; or ;11 has no single
cell, say Ij 1, then I;,; belongs to a stair Sy (resp. Sx) with A € {3,5,7}. The
case A = 3 can be eliminated by the following observation: since ;41 = 2, then
lj,lj42 > 2 and in particular, the cell C;_; in I; is single, and one can take
(F\{Cr})U{Ck—1,Cr11} € F(Rp). Hence, we are left with the case A € {5,7}.
Observe that F' contains a facet F' € F(Rs,) with C € F’ and |F'| < r(S)).
Then F’ is one of the form given in the proof of Proposition [5| Therefore,
F’ contains a Cy, such that (F'\ {C,}) U{Ch-1,Cmi1} € F(Rs,). Hence,
(F\{Cn}) U{Cn-1,Cni1} € F(Rp) which is a contradiction by Lemma [6]
This completes the proof.



Level and pseudo-Gorenstein path polyominoes 25

In Figure |§|, we show an example of polyomino containing a bad stair Sy,
given by the cells Cs, ..., 9, and hence not level.

Co

Cs

Cs Cr

Cs Cy Cs

Fig. 9: A path polyomino containing a bad stair

5 Levelness and Pseudo-Gorensteinnes of simple thin polyominoes

In [14], we developed different routines to generate polyominoes and test their
primality. After a slight modification of the code provided in that paper, that
is possible to download from [21], we generated all simple thin polyominoes,
classifying them, by using Macaulay2 (see [§]), with respect to the following
properties:

(G) Gorenstein;

(PG) Pseudo-Gorenstein (not Gorenstein);
(L) Level (not Gorenstein);

(N) None of the above.

In Figure [[3] we display all the non-path simple thin polyominoes of rank 6.
We observe that they are all level, but not Gorenstein.

[ Rank [4]5]6 7] 8 9 ] 10 |
Gorenstein 0 10 0 47 0
Level

0 5 0 36 0
1 2 20 48 302

pseudo-Gorenstein
None of the above

5
3
7 | 26 | 65 | 230 | 684 | 2383
1
0

O|O| | O i~

Table 1: The partition of all simple thin polyominoes of rank less than or equal
to 10

In the website [21], it is possible to download all the simple thin polyomi-
noes, with respect to the previous partition, having rank in the set {4, ...,10}.

Remark 5 We observe that the polyominoes of rank 1, 2, and 3 are paths and
are studied in the previous sections. In particular, the single cell is Gorenstein,
the domino (the polyomino with 2 cells) is level, and there are 2 paths with
rank 3: one is level and the other is Gorenstein. By the Table [T we observe that
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the pseudo-Gorenstein simple thin polyominoes have odd rank in the interval
< 10.

Inspired by Remark [5] and Corollary [T we obtain the following

Theorem 11 Let P be a simple thin pseudo-Gorenstein polyomino. Then
kP =2r(P) — 1.

Proof We use induction on rkP. The cases rk P = 1,2,3,4 are in Remark
and Table[I} Suppose by induction hypothesis that for a fixed k and for all P
such that 1 < rkP < k the equation holds. Now focus on the case rk’ P = k+1.
We recall that any simple thin polyomino has an interval, say I, that is called
either a tail or an endcut (see Definition 3.4 of [20]): in Figure [10] the endcut
(resp. tail) is the interval I with cells C' and D. By removing I from P we
obtain the polyomino P’, in both cases.

e~ c L~ c
o | D | D D | D2 | D
P with endcut [C, D] P with tail [C, D]
l/
'\ Dq Do

The resulting polyomino P’

Fig. 10

Now, suppose P is pseudo-Gorenstein. If I has more than one single cell,
then P is not pseudo-Gorenstein, hence the length of I is 2, as in Figure[I0] Let
F be the unique configuration of non-attacking rooks of maximum cardinality
(see Lemmal 1)), we observe that C' € F. Moreover, call P’ the polyomino P\ I
(see again Figure . We observe that P’ is pseudo-Gorenstein, too. In fact,
if we have two distinct configurations of non-attacking rooks of maximum
cardinality in P’, say Fy and Fy, then Fy U {C} and Fy U {C} are distinct
configurations of non-attacking rooks of maximum cardinality in P, leading
to a contradiction. Hence, the unique configuration of non-attacking rooks of
maximum cardinality in P’ is F' = F\ {C}.

Now, suppose tk P is even, then rk P’ = rk P —2 is even, too. By induction
hypothesis P’ is not pseudo-Gorenstein. Hence P is not pseudo-Gorenstein.

Let tk’ P = k+1 be odd. Then P’ is pseudo-Gorenstein, and it has a unique
facet F' of maximum cardinality. Moreover, its cardinality is k/2. Then, there
is a unique facet of maximum cardinality k/2 4+ 1 of P, that is F' with the
single cell of 1.
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As the rook number of a simple thin polyomino P coincides with the reg-
ularity of S/Ip, we obtain the following

Corollary 7 Let P be a simple thin pseudo-Gorenstein polyomino. Then

kP +1
reg(S/Ip) = —5—.

In Figure we show an example of pseudo-Gorenstein simple thin poly-
omino. More examples can be found on the webiste [21]

Fig. 11: A pseudo-Gorenstein simple thin polyomino

Motivated by the observation that all the path polyominoes that satisfy
Theorem [8| have at least a single cell in any interval, and by computational
evidence (e.g. all of the polyominoes in Figure[I3|but (1) and (6)), the following
conjecture naturally arises.

Conjecture 1 Let P be a simple thin polyomino such that any maximal interval
has a single cell. Then S/Ip is level.

rETfent

\
\
(7)

Febl ke

(10) (11) (12) (13) (14)

Fig. 13: Simple Thin Polyominoes of Rank 6, that are not paths

In conclusion, it is of interest the following
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Question 1 Is it possible to generalize the concept of (bad) stair to characterize
level or pseudo-Gorenstein simple thin polyominoes?

Data Availability Statement The datasets generated during the current study are avail-
able in the first author’s repository, [21].
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