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Abstract—This paper considers the user localization problem
in a single-cell system operating at millimeter wave (mmWave),
wherein the serving base station (BS) is aided by an active recon-
figurable intelligent surface (RIS). For the considered scenario,
the maximum likelihood (ML) estimator for the user position
and orientation is presented, along with two sub-optimal lower-
complexity estimation strategies. Numerical results are provided
to show the effectiveness of the proposed solutions.

Index Terms—Active reconfigurable intelligent surfaces,
mmWave, localization, position, orientation, maximum likelihood,
Cramér Rao Lower Bounds.

I. INTRODUCTION

Reconfigurable Intelligent Surfaces (RISs) are attracting a
huge interest both in industry and in academia for their ability
to alter the propagation environment [1]. Besides improving
the coverage of wireless networks, it has been recently shown
that they also play a key role in user localization. Precisely,
RISs are able to provide coverage to previously shadowed
areas and serve as virtual anchor points [2]; moreover, they
can be useful for target tracking [3], simultaneous localization
and mapping (SLAM) procedures [4], and radar based local-
ization [5] and detection [6], [7]. Controlling the RIS in such
applications is not trivial. Adaptive RIS configurations have
been explored, investigating the trade off between performance
and training overhead [5], [8].

Traditionally, RISs consist of passive or quasi-passive ele-
ments only able to reflect the incoming EM waves. However,
the multiplicative fading of the reflected signal can make
the RIS useless when a strong direct link is available. To
circumvent this issue, active RISs, able to also amplify the in-
coming wave, have been considered in both communication [9]
and and radar detection applications [10]. In active RISs the
signal amplification gain can be controlled on a per-element
basis [11] or among groups of elements [12]. Furthermore,
signal processing capabilities can be added if RF chains are
part of the active elements [13].

Starting from initial results in [14], we consider the problem
of localizing a multi-antenna mobile station (MS) based on the
signal received from a mmWave multi-antenna BS aided by an
active RIS. The MS aims to find both its position in space and
the orientation of its array. The corresponding ML estimator
and two sub-optimal lower-complexity strategies are derived,

and their performance are compared to corresponding Cramér
Rao Lower Bounds (CRLB).

Organization: This paper is organized as follows. The next
section contains the description of the considered scenario
and signals model. Section III contains the derivation of
the maximum likelihood estimator and of its sub-optimal
approximations. Numerical results are shown in Section IV,
while concluding remarks are given in Section V.

Notation: Column vectors and matrices are denoted by
lowercase and uppercase boldface letters, respectively. The
symbols (·)∗, (·)T , and (·)H denote conjugate, transpose,
and conjugate-transpose, respectively. IM is the M × M
identity matrix. ‖α‖ is the Euclidean norm of the vector α,
while vec{A} is the MN dimensional vector obtained by
concatenating the columns of the M ×N matrix A. diag{α}
is the N × N diagonal matrix with the entries of the N -
dimensional vector α on the main diagonal. rank{A} and A+

are the rank and the pseudoinverse of the matrix A. tr{A} and
det{A} are the trace and determinant of the square matrix A.
The symbol ⊗ denotes the Kronecker product, while i is the
imaginary unit.

II. SYSTEM MODEL

We consider an RIS-aided BS which is serving MSs located
in a given region M⊂ R2, as shown in Fig. 1. The BS oper-
ates at mmWave and employs an orthogonal frequency division
multiplexing (OFDM) transmission format with center carrier
frequency fo and subcarrier bandwidth Wo. We make a narrow
band assumption on each subcarrier, so that τmax � 1/Wo,
where τmax is the maximum expected propagation delay, and
employ a subset of K uniformly-spaced subcarriers, with
W being the corresponding subcarrier spacing (an integer
multiple of Wo). Also, we assume that the BS and MS
employ a uniform linear array containing Nb and Nm elements
with half-wavelength spacing, respectively, while the RIS is
a square array containing Nr reflecting elements with half-
wavelength spacing; BS, MS, and RIS are assumed to be in
the each other’s far-field [15]. Finally, we assume KW � fo,
so that the variation of the steering vectors and of the path loss
across subcarriers can be neglected; in particular, we denote
by αb(ψ) ∈ CNb , αr(ψ) ∈ CNr and αm(ψ) ∈ CNm the
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Fig. 1. Considered scenario. For simplicity, we consider a two-dimensional
geometry; angles are positive when measured anti-clockwise.

steering vectors of the BS, RIS, and MS towards the direction
ψ, respectively [15].

A. Transmit Signal

On each subcarrier, the BS emits Q orthogonal pilot signals
over L consecutive OFDM intervals (referred to as a frame),
with Q ≤ Nb and L ≥ Q. The discrete-time signal emitted on
the kth subcarrier in the `th interval is

sk[`] =
√
LPkF ∗xk[`] ∈ CNb (1)

for k = 1, . . . ,K and ` = 1, . . . , L, where F ∈ CNb×Q is
a beamforming matrix, normalized to have tr{FFH} = 1,
and xk[`] ∈ CQ is the vector of pilot symbols. Let Xk =
[xk[1], . . . ,xk[L]] ∈ CQ×L; we assume XkX

H
k = IQ, so

that Pk = 1
L

∑L
`=1 ‖sk[`]‖2 is the power radiated on the kth

subcarrier, while P =
∑K
k=1 Pk is the overall radiated power.

B. Channel Model

Assuming LOS propagation with a free-space path loss
model, the direct and indirect channel matrices between the
BS and a MS located in the region M are

Hk,bm = ρbmeiχbme−i2πτbmWk

×αm(φbm)αTb (θbm) ∈ CNm×Nb (2a)

Hk,brm = ρbrmeiχbrme−i2πτbrmWkg(θrm, φbr)

×αm(φrm)αTb (θbr) ∈ CNm×Nb (2b)

respectively, where ρ is the link attenuation, χ is a phase offset,
τ is the time of flight, θ and φ are the angles of departure and
arrival, respectively, g(θ, φ) = αHr (θ)diag(ω)αr(φ) is the RIS
array factor, and ω ∈ CNr contains the tunable magnitude and
phase responses of the RIS elements.

C. Received Signal

The single received by a MS located in the region M on
the kth subcarrier in the `th OFDM interval is

ỹk[`] = (Hk,bm +Hk,brm)sk[`] + z̃k[`] + ṽk[`] ∈ CNm (3)

for k = 1, . . . ,K and ` = 1, . . . , L, where z̃k[`] is the noise
generated by the MS receiver, while ṽk[`] accounts for the

dynamic noise generated by the RIS. The noise terms z̃k[`]
and ṽk[`] are mutually independent. Also, we assume that
they are independent across different subcarriers and symbol
intervals. The entries of z̃k[`] are modeled as independent
complex circularly-symmetric Gaussian random variables with
variance σ2

z . Moreover, following [1], we assume that

ṽk[`] = ρrmeiχrme−i2πτrmWkαTr (θrm)diag{ω}d̃k[`]︸ ︷︷ ︸
ṽk[`]

×αm(φrm) (4)

where the jth entry of d̃k[`] is the dynamic noise produced
by the jth element of the RIS on the kth subcarrier in
the `th symbol interval, ρrm is the link attenuation, χrm
is a phase offset for the RIS-MS hop, and τrm is the time
of flight. The entries of d̃k[`] are modeled as independent
complex circularly-symmetric Gaussian random variables with
variance σ2

d so that ṽk[`] is itself complex circularly-symmetric
Gaussian with variance σ2

v = ρ2
rm‖ω‖2σ2

d.
To proceed, we organize the signals received on the kth

subcarrier over L symbols intervals into a matrix. Hence,
upon defining Ỹk = [ỹk[1], . . . , ỹk[L]] ∈ CNm×L, Z̃k =
[z̃k[1], . . . , z̃k[L]] ∈ CNm×L, and Ṽk = [ṽk[1], . . . , ṽk[L]] ∈
CNm×L, we can write

Ỹk =
√
LPk(Hk,bm +Hk,brm)F ∗Xk + Z̃k + Ṽk. (5)

After post-multiplying Ỹk by XH
k , we obtain

Yk =
√
LPk(Hk,bm+Hk,brm)F ∗+Zk+Vk ∈ CNm×Q (6)

where Zk = Z̃kX
H
k and Vk = ṼkX

H
k . Finally, we or-

ganize the signals in (6) across all subcarriers into a vec-
tor. Upon defining yk = vec{Yk} ∈ CNmQ and y =
vec
{(
y1 · · ·yK

)}
∈ CKQNm , we have

y = eiχbmsbm(m, ϕ) + eiχbrmsbrm(m, ϕ) + z + v. (7)

In the above equation, the vectors

sbm(m, ϕ) = ρbmt(τbm)⊗ FHab(θbm)⊗ am(φbm) (8a)
sbrm(m, ϕ) = ρbrmg(θrm, φbr)

× t(τbrm)⊗ FHab(θbr)⊗ am(φrm) (8b)

are the signatures of signals received by the MS along the
direct and the indirect path, respectively, which are uniquely
specified by its position m and orientation ϕ, while

t(τ) =
[√
LP1e−i2πτW · · ·

√
LPKe−i2πτWK

]T ∈ CK . (9)

Finally, the noise terms z and v are defined similarly to y; in
particular, they are independent complex circularly-symmetric
Gaussian vectors with covariance matrices σ2

zIKQNm and
IKQ ⊗ σ2

vam(φrm)aHm(φrm), respectively.
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III. MAXIMUM LIKELIHOOD ESTIMATION

Assuming that xbm = eiχbm and xbrm = eiχbrm are
deterministic unknown quantities, the likelihood function of
the received signal y can be written as

f(y;x,m, ϕ) =
1

πKQNmdet{C(m, ϕ)}

exp

{
−
∥∥∥C−1/2(m, ϕ)

(
y − S(m, ϕ)x

)∥∥∥2
}

(10)

where S(m, ϕ) =
[
sbm(m, ϕ), sbrm(m, ϕ)

]
, x =

[xbm, xbrm]T , and

C(m, ϕ) = IKQ ⊗ (σ2
zINm + σ2

vam(φrm)aHm(φrm))︸ ︷︷ ︸
Cm(m,ϕ)

. (11)

Upon exploiting the structure of the noise covariance matrix,
it is easily verified that

det{C(m, ϕ)} =
((
Nmσ

2
v + σ2

z

)
σ2(Nm−1)
z

)KQ
(12a)

C−1(m, ϕ) = IKQ ⊗
1

σ2
z

(
INm −

σ2
vam(φrm)aHm(φrm)

σ2
z +Nmσ2

v

)
.

(12b)

To proceed, we first compute the ML estimate of x for a
given m and ϕ, i.e.,

x̂(m, ϕ) = arg max
x∈C2: |xbm|=|xbrm|=1

f(y;x,m, ϕ)

= arg min
x∈C2: |xbm|=|xbrm|=1

<
{
x∗bmxbrmκ(m, ϕ)

− x∗bmκbm(m, ϕ)− x∗brmκbrm(m, ϕ)
}
. (13)

where we have defined

κ(m, ϕ) = sHbm(m, ϕ)C−1(m, ϕ)sbrm(m, ϕ) (14a)

κbm(m, ϕ) = sHbm(m, ϕ)C−1(m, ϕ)y (14b)

κbrm(m, ϕ) = sHbrm(m, ϕ)C−1(m, ϕ)y. (14c)

Finally, the ML estimate of the MS position and orientation
is obtained as

[m̂, ϕ̂] = arg max
m∈M
ϕ∈Φ

f
(
y; x̂(m, ϕ),m, ϕ

)
= arg min

m∈M
ϕ∈Φ

∥∥∥C−1/2(m, ϕ)
(
y − S(m, ϕ)x̂(m, ϕ)

)∥∥∥2

(15)

where the search interval Φ ⊆ [0, 2π] is tied to the prior
uncertainty on the MS orientation.

The following remarks are now in order. The implementa-
tion of (15) requires a joint search among m, ϕ, and x, which
may entail a prohibitive computational complexity. Also, the
knowledge of both the beamforming matrix F and the RIS
response ω is required at the MS, which may entail an
additional signaling overhead. To overcome these limitations,
we propose next two sub-optimal estimators.

A. Sub-optimal estimator

We remove here the unimodular constraint on the entries of
x in (13). The corresponding relaxed problem is convex and
its minimum value is attained when

x̌(m, ϕ) =
(
C−1/2(m, ϕ)S(m, ϕ)

)+

C−1/2(m, ϕ)y.

(16)
At this point, we propose to plug the above estimate in (15)
upon normalizing its entries to have unit-modulus.

B. Sub-optimal estimator with limited information

Let y(q)
k be the qth column of the matrix Yk in (6) and let

y(q) = vec
{(
y

(q)
1 · · ·y

(q)
K

)}
∈ CKNm ; also, let

p
(q)
bm = ρbmeiχbm

[
aTb (θbm)F ∗

]
q

(17a)

p
(q)
brm = g(θrm, φbr)ρbrmeiχbrm

[
aTb (θrm)F ∗

]
q
. (17b)

Then, we have

y(q) = S̄(m, ϕ)p(q) + z(q) + v(q) (18)

where S̄(m, ϕ) =
[
t(τbm)⊗ am(φbm), t(τbrm)⊗ am(φrm)

]
and p(q) =

[
p

(q)
bm, p

(q)
brm

]T
, while the noise vectors z(q) and

v(q) are defined similarly to y(q).
Assuming at the design stage that p(q) is an unknown

deterministic parameter, then its ML estimate can be found
in closed form and is given by

p̈(q)(m, ϕ) = arg max
p(q)∈C2

f̄(y(q);p(q),m, ϕ)

=
(
C̄−1/2(m, ϕ)S̄(m, ϕ)

)+

C̄−1/2(m, ϕ)y(q)

(19)

where

f̄(y(q);p(q),m, ϕ) =
1

πKNmdet{C̄−1/2(m, ϕ)}

× exp

{
−
∥∥∥C̄−1/2(m, ϕ)

(
y(q) − S̄(m, ϕ)p(q)

)∥∥∥2
}

(20)

is the likelihood function of y(q) and C̄−1/2(m, ϕ) = IK ⊗
Cm(m, ϕ). A sub-optimal estimate of the MS position and
orientation can now be obtained as follows

[m̈, ϕ̈] = arg max
m∈M
ϕ∈Φ

Q∏
q=1

f̄
(
y(q); p̈(q)(m, ϕ),m, ϕ

)

= arg min
m∈M
ϕ∈Φ

Q∑
q=1

∥∥∥(IKNm − Π̄(m, ϕ)
)
C̄−1/2(m, ϕ)y(q)

∥∥∥2

(21)

where Π̄(m, ϕ) is the orthogonal projector onto the column
span of C̄−1/2(m, ϕ)S̄(m, ϕ). This estimator does not re-
quire knowledge of F and ω and entails the computation of
lower dimensional matrices (as compared to the former two).
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IV. PERFORMANCE ANALYSIS

A. CRLB computation

As a benchmark, we include in our analysis the
CRLBs on the position and the orientation estimations.
To this end, notice that the Fisher Information Ma-
trix (FIM), say J̄ , of the unknown parameters η =
[τbm, θbm, φbm, ρbm, τrm, θrm, φrm, ρrm, χbm, χbrm]T is

[J̄(m, ϕ)]i,j =
∂µ(m, ϕ)

∂ηi

H

C−1(m, ϕ)
∂µ(m, ϕ)

∂ηj

+
1

2
tr
{
C−1(m, ϕ)

∂C(m, ϕ)

∂ηi
C−1(m, ϕ)

∂C(m, ϕ)

∂ηj

}
.

(22)

where µ(m, ϕ) is the noise-free signal, i.e.,

µ(m, ϕ) = eiχbmsbm(m, ϕ) + eiχbrmsbrm(m, ϕ). (23)

Upon defining the transformation T = ∂η/∂ζ, where ζ =
[mx,my, ϕ]T , the FIM of ζ is J(m, ϕ) = T J̄(m,ϕ)T T .
Accordingly, the positioning error bound (PEB) and the ori-
entation error bound (OEB) are given by

PEB(m, ϕ) =
√

tr {[J(m, ϕ)−1]1:2,1:2} [m] (24a)

OEB(m, ϕ) =
√

[J(m, ϕ)−1]3,3 [rad]. (24b)

B. Simulation setup

We assume a carrier frequency of fo = 60 GHz and select
K = 16 subcarriers spaced of W = 6 MHz each. We
consider the system geometry in Fig. 1, with b = (0, 0) m,
r = (50 cos(−π/6), 50 sin(−π/6)) m, M = [22.5, 41] ×
[27.5, 46] m2, and Φ = [π/2, π]. Unless otherwise specified,
we set Nb = 64, Nr = 322, and Nm = 4. The RIS response
is designed to steer the main beam towards the center of the
inspected region, while the amplification gain of each element
is 40 dB. Finally, we assume a noise power spectral density
of −174 dBm/Hz, with a 5 dB noise figure of the receiver.

C. Numerical Results

We provide here some numerical examples to assess the
performance of the proposed estimators. The shown results
are an average over random realizations of the MS (position
and orientation) within the considered region.

Figs. 2 and 3 show the performance for the proposed
estimators versus the SNR, in terms of root mean square error
(RMSE). The figures also include the system’s CRLBs for
the cases of an active and a passive RIS and when a RIS is
not utilized. In the latter RIS-free scenario, all the available
power at the BS is directed at M (Q = 1). It is shown
that the ML estimator performance is almost identical to the
CRLBs. The positioning accuracy of strategies III.A and III.B
experience a 5 dB and 10 dB performance delay, respectively,
compared to the ML estimator. For the orientation estimation
the delay is close to 2 dB. Interestingly, sub-optimal strategy
III.A outperforms the CRLBs of the passive RIS system, while
III.B outperforms the OEB of the passive RIS system.
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Fig. 2. Position RMSE for the proposed estimators & PEB for different SNR
values.
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Fig. 3. Orientation RMSE for the proposed estimators & OEB for different
SNR values.

Next, Figs. 4 and 5 assess the effects of the RIS size and
number of antennas at the MS. Precisely, the figures show
the CRLBs for the MS location and orientation, respectively,
versus the number of antennas at the MS, for several RIS
sizes. Since the RIS gain per element is constant (40 dB),
the consumed power grows linearly with the number of RIS
elements. Results show that the performance improves as
the RIS size and the number of antenna elements increases.
It needs to be noted that increasing the number of receive
antennas reduces the OEBs more drastically.
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Fig. 4. PEB for different number of receive antennas and RIS sizes. The
solid lines represent an active RIS and the dashed lines a passive one.

5 10 15 20 25 30
10

-4

10
-3

10
-2

10
-1

O
E

B
 [

ra
d
]

Fig. 5. OEB for different number of receive antennas and RIS sizes. The
solid lines represent an active RIS and the dashed lines a passive one.

V. CONCLUSIONS

This paper has been focused on the derivation of estimation
strategies for an MS location and antenna array orientation
in a single-cell wireless network aided by an active RIS and
operating under LoS conditions at mmWave carrier frequen-
cies. The ML estimator has been first derived, under the
assumption that the RIS was set to direct the incoming path
towards the area where the mobile station was supposed to
be. Then, in order to reduce complexity, two sub-optimal
strategies have been also proposed. The performance analysis

has revealed that the proposed estimation algorithms work well
and approach the CRLB for large SNR values. Moreover,
it has been shown that the presence of a RIS improves the
localization performance with respect to the case of no RIS,
as well as that the increase of the RIS size and of the
number of antennas at the MS have a beneficial effect on
the performance. Current work in this area is devoted to
the design of adaptive RIS configuration strategies to enable
localization in multiple neighboring regions, as well as to the
investigation of additional sub-optimal estimators capable of
better approaching the performance of the ML strategy.
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