communications physics

A Nature Portfolio journal

Article

https://doi.org/10.1038/s42005-025-02219-6

On-chip microwave coherent source with
in-situ control of the photon number

distribution

M| Check for updates

P. Mastrovito ® 20, H. G. Ahmad ® '?, A. Porzio ®*, M. Esposito ® 3, D. Massarotti ® 2® & F. Tafuri®'®

Coherent photon sources are key elements in different applications, ranging from quantum sensing to
quantum computing. The possibility of designing and engineering superconducting circuits behaving
like artificial atoms supports the realization of quantum optics protocols, including microwave photons
generation. Here we propose and theoretically investigate a design that allows a tunable photon
injection directly on-chip. Our approach enables control of the emission via an external knob while
preserving, in principle, the stability and linewidth characteristics. This is achieved by replacing the
conventional capacitive link between the source and the reservoir with a tunable coupler, with the
advantage of avoiding direct dynamical manipulation of the photon source dynamics, providing
pulsed control of the emission. We validate the dynamical control of the generated state under the
effect of an external flux threading the tunable coupler and discuss the possibility of employing this

scheme also in the context of multiple bosonic reservoirs.

The generation of tailored electromagnetic radiation is the foundational
operation behind the control of quantum elements, such as natural or
artificial atoms'™. Precise control over these signals is essential for the
performance of quantum computation and sensing processes” . In
superconducting architectures, electromagnetic radiation is typically gen-
erated by room-temperature microwave electronics and delivered to the
chip via dedicated transmission lines'”"". However, this approach intro-
duces several drawbacks. Connections between the quantum components
and room-temperature electronics can introduce unwanted thermal and
electromagnetic noise, reducing the coherence of quantum elements®".
Furthermore, such setups require numerous broadband connections with
multiple stages of attenuation and filtering to mitigate noise at cryogenic
stages'®. As the number of connections scales linearly with the quantum
elements, this results in a significant thermal load, necessitating larger
refrigerators with increased cooling power'”. These limitations indicate the
need for alternative control strategies, particularly for large-scale quantum
systems'* .

Cryogenic-integrated control electronics offer a promising alternative
for addressing these challenges” . Performing most control operations
directly at the cryogenic stage eliminates the need for direct connections to
room-temperature electronics, thereby improving thermal isolation and
enhancing the coherence of controlled quantum elements. In this context,

on-chip single-atom lasers are particularly notable’ . These cryogenic-

integrated coherent sources exhibit unique features”” such as self-
quenching and a pumping threshold for population inversion determined
by circuit parameters rather than external pump power, unlike conventional
multi-atom lasers™ . Besides being interesting elements for the observation
of different quantum optics phenomena,”*****, these sources also present
exceptional performance in terms of phase noise showing linewidth close to
the standard quantum limit*"***. These features make them particularly
well-suited as reference signals for microwave operations at cryogenic
temperatures” and for driving quantum systems such as qubits and oscil-
lators in quantum computing applications™"*’. Furthermore, their narrow
linewidth enables high high-frequency resolution, making these sources
highly desirable for applications in spectroscopy, communication, and
sensing’' ™.

For practical implementation, precise control over the power and
frequency of emitted radiation is crucial. In most experimental realiza-
tions, the photon emitter is embedded in a reservoir, and its output
power is controlled by direct manipulation of the population inversion
dynamics®*****. The emission frequency is typically tuned by mod-
ulating the energy associated with the transition characterized by
population inversion®, while output power is regulated by varying the

pumping rate that drives the population inversion dynamics™*.
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An illustrative example is single-atom maser based on Josephson
junctions™>*. Here, power tunability is achieved via an external DC
voltage that determines the rate of Cooper pair breaking, which is the
mechanism responsible for population inversion’”’. However, emission
control through this approach can impact the spectral features of the
emissions”'. Fast and dynamical control of the output power is required
to implement these cryogenic sources for the control of quantum ele-
ments, like qubits or cavities. In this scenario, the direct control on the
source and the finite and sharp time shape of control pulses directly for
manipulating the inversion population dynamics can induce a broad-
ening of the emissions, resulting in a degradation of the spectral stability
and the control fidelity™.

In this work, we address these limitations by proposing a versatile
scheme based on the introduction of a tunable coupler™** between the
photon source and its output reservoir. By incorporating a tunable
coupler between the source and the reservoir, our scheme allows emis-
sion control without affecting their spectral content and the source sta-
bility. Within this scheme, the emissions are controlled by modulating
the coupling strength, which enables power control via an external knob,
without directly interfering with the photon source. Such decoupled
control allows to maintain and preserve emission stability and linewidth
of these coherent sources, which are critical figures of merit for the
successful implementation of these devices for practical applications in
different quantum platforms*'**~*’. Furthermore, assuming the photon
source itself is frequency-tunable”, the fan-out can be extended by
inserting different elements resonating at different frequencies at the
output, creating a practical microwave demultiplexer. Such a design
eliminates the need for direct connections between the quantum ele-
ments on-chip and room-temperature electronics, enhancing thermal
isolation and scalability for next-generation quantum devices.

Results and discussions

Concept and implementation

A schematic of the setup for the implementation of the proposed system is
shown in Fig. la. The system consists of N, + 2 elements, where N, cor-
responds to the number of elements on the output, here represented as
harmonic reservoirs. The latter have resonance frequencies equal to w,
where i ranges from 1 to N, and w, #w, for any i # j. The remaining two
elements correspond to the tunable photon source and the tunable coupler.
These two elements are considered as two-level systems with frequencies
ws(D,) and w(P,), respectively. Differently from the tunable coupler, the
photon source possesses an inner counter-relaxation rate I, indicated in
Fig. 1b, representative of the population inversion dynamics from which the
spontaneous emission from the source originates. By adequately engineer-
ing the system, the tunable coupler can be dispersively coupled to the other
elements, recreating an analog system of N, elements, similar to its
implementation in quantum computation for the realization of two-qubit
gates"®™. In this scenario, the effect of the coupler is to renormalize the
characteristic frequencies and coupling rates of the system by an amount
that depends on its frequency w.(®,). The ability to modulate the frequency
of the coupler defines a dynamical knob that gives control over the inter-
action between the photon source and a specific target reservoir, as depicted
in Fig. 1b.

The presented scheme can be easily implemented with typical elements
of cQED. The tunable coupler corresponds to a flux tunable super-
conducting qubit with a frequency adequately far from the other elements to
fall under the dispersive regime. The photon source can be any generic
system capable of initiating population inversion between two energy levels
in its spectra, showing the universality of the proposed scheme to any
photon source based on masing. In the following section, we review the
physics underlying the masing regime and explore feasible approaches to

Fig. 1 | Concept and implementation sketches.

a Sketch of the general setup with the corresponding
spectral characteristics of each element. The first
element from the left is the photon source. We
ignore the higher energy levels required for popu-
lation inversion and consider only the tunable
transition energy hw(®s) that is set on resonance
with the target reservoir. The middle element is the
tunable coupler with energy 7w (®,.), capacitively
linked to various reservoirs with capacitors C, i =
1...N, and to the photon source with a capacitive
coupling C,.. b Description of the dynamics under-
lying photon injection. A counter-relaxation process
represents population inversion in the system at a
rate I" from the ground state |g) to the excited state
le) of the system. The photon source is resonant with
the reservoir to populate it with several photons
depending on the external flux ®.. The tunable
effective coupling between the source and the
reservoir is labeled g
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achieve population inversion using elements of cQED. Subsequently, we
discuss the methodology to effectively engineer the proposed scheme in the
case of a single target resonator. We outline the key ingredients to build an
experimentally feasible system that enables precise control over the photon
population in the resonator via an external flux controlling the frequency of
the tunable coupler. In this framework, we discuss different strategies to
prevent detrimental effects coming from flux noise and faulty fabrication
processes. We asses all these properties through a study of the normalized
second-order correlation function denoted as g(z)(O), which we use as an
indicator of the emission performance of the photon source. We conclude
the analysis of this scheme by simulating its behavior and discussing the
extension to a scheme with multiple harmonic reservoirs, focusing on the
capability to control each reservoir while avoiding cross-population
individually.

Masing regime
Masing is a physical phenomenon that governs the dynamics of masers and
occurs when emissions prevail over absorption processes. Traditional
masers typically involve multiple atoms and operate within a regime
characterized by weak coupling™. In the realm of cQED, the strong coupling
achievable between an artificial Josephson atom and photons™ enables the
observation of the masing regime even at the level of a single artificial atom.
There have been multiple demonstrations of single atom masing in cQED,
employing a variety of techniques®~*>**>**, All these techniques leverage
on the atom-like behavior of superconducting circuits and the possibility to
engineer their spectra. The first experimental realization of masing in cCQED
involved a voltage-biased charge qubit™. In this setup, population inversion
was achieved by connecting a drain electrode to one arm of the tunnel
junction. A sufficiently high voltage bias breaks Cooper pairs, triggering
sequential single-electron tunneling events. Under proper charge offset,
these events will trigger a population inversion mechanism that can be
represented as a counter-relaxation rate I'between the first two energy levels.
The counter-relaxation rate depends on the circuit parameters of the qubit
which can be engineered according to the required output power from the
source. Other experimental validations are based on the same phenomena
but employ different circuital designs”**. A second approach consists in
employing a transmon qubit coupled to an auxiliary low-Q cavity™. In this
scheme, population inversion is initiated between the first two energy levels
of the transmon through a two-photon excitation that drives the qubit to the
second excited state. Coupling the low-Q cavity to the second transition
[f) <> le) increases its decay rate allowing it to significantly exceed the
decay rate of the |¢) — |g) transition. This creates a population inversion
between the first two energy levels with a counter-relaxation rate I' that
depends on the quality factor of the cavity and the coupling strength with the
transmon qubit. Other approaches are also based on the coupling between
the qubit and resonator but rather achieve population inversion through the
engineering of the transition rate between dressed states™ .

In all mentioned methods, the photon source can always be modeled as
a two-level system with an effective counter-relaxation rate I, as depicted in
Fig. 1b. The dynamics of a single-atom maser can thus be characterized by
studying the emission of a two-level system with a counter-relaxation rate I
capacitively coupled to a resonant harmonic reservoir with a loss rate «. The
full system dynamics is well described by the Jaynes—Cummings
Hamiltonian®:

hw
2

H = hwa'a+—6, + hg(a'6_ +4a5,), 1)

where 4" and 4 are the creation and annihilation operators for the reservoir
mode, 0, is the Pauli-Z operator, 6_ and ¢, are the lowering and raising
operators for the artificial atom, w, is the reservoir frequency, ws is the
artificial atom transition frequency and g.¢ represents the coupling strength
between the atom and the reservoir. The resonant coupling establishes a
photon-mediated interaction between the states [N, e) <> [N + 1, g>. Here,
IN, g> (IN, e)) represents the system when the resonator is populated by N

photons and the artificial atom is in the ground (excited) state. Assuming
that the counter-relaxation process in the artificial atom transition is
characterized by a rate I' > g.; the dominant transition becomes
IN,e) - [N +1, g>. This predominance is directly linked to the counter-
relaxation rate overcoming the atom-reservoir coupling strength, thus,
during the typical interaction time (~271/g.¢), the reservoir interacts with the
artificial atom in its excited state |e). Consequently, we can assume that the
artificial atom is initially in the excited state. In this hypothesis, if the
reservoir contains N photons, the coupling g.;+/N 4+ 1 induces dynamic
transitions between the states |N, e) and [N + 1, g>. Since g.g; the transition
will take the form of an incoherent process where any population that starts
to accumulate in the state |N, g> will quickly relax to the state |N, e). These
two steps complete the transition from the state |N, e) to the state [N + 1, e},
which allows to populate the reservoir. This process will inevitably stop
when the coupling strength g eﬁ\/ﬁ becomes comparable or larger than the
counter relaxation rate I'. In this last situation the transition between |N;, e}
and [N + 1, g) corresponds to the typical coherent oscillations of dressed
state systems.

The scaling of the Fock state ladder can also be limited by two other
phenomena: photon blockade’" and the quantum Zeno effect™*. The
photon blockade effect primarily arises from the proportional relationship
between the splitting of the transition energy levels A and the number of
photons in the reservoir (A oc /N). As the number of injected photons
increases, the resonant transition progressively deviates from the resonance
condition. It is worth noting that a technique proposed in”, involving an
auxiliary reservoir linked to the artificial atom, can mitigate the photon
blockade effect. Hence, we will not consider this effect in our subsequent
analysis. The quantum Zeno effect, instead, occurs for large values of I'and
results from the decoherence associated with the pumping process, which
affects the quantum behavior of the system and, in turn, the masing
regime*®”’. Considering a system where these last two phenomena can be
neglected, we study the condition for which the masing regime takes place.
Following the model used above for describing the dynamics under the
masing regime, we can define the loss rate from the reservoir to be I = Nx,
while the emission rate linked to the atom-reservoir transition will be
T, = 4Ng%; /T”. Connecting these rates, the emissions overcome the losses
when the following condition is satisfied*”:

I; I'e

re B 4geff 2

<1, )

where A corresponds to the masing ratio, a fundamental parameter that
regulates the emissions in a masing photon source. Under this condition the
interaction between the artificial atom and the reservoir leads to photon
population of the reservoir through the mechanism described before,
allowing the observation of the masing regime. Moreover, using a mean-
field approximation, it is possible also to extract an analytical expression of
the average number of steady-state photons that can be stored in the

reservoir”:

n =5 (1= 1), )

Equation (3) shows that a system characterized by well-defined values of I'
and « can attain a maximum number of photons, determined by the ratio I/
2k, when the masing ratio is far from unity (A < 1).

Control through tunable coupling
The model described above reveals that the reservoir population is strongly
dependent on the specific choices of the parameters I, k, and g, in a single-
atom maser. Consequently, the tunability of one of these parameters pro-
vides complete control over the steady-state photon population in the
reservoir.

In this study, we explore the implementation of a tunable coupler

scheme™ to manipulate the coupling strength g.; between the photon
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source and a target reservoir. The proposed configuration, depicted in
Fig. 1a, b, comprises a two-level system coupled to a superconducting
reservoir through a flux-tunable qubit. By employing a broadband coaxial
line inductively coupled to the SQUID in the tunable coupler, flux can be
delivered on-chip, enabling control over the effective coupling strength
between the photon source and the target reservoir without directly inter-
facing with either element. The circuit can also be integrated into a Single
Flux Quantum (SFQ) architecture®, in which flux is provided via dedicated
voltage-biased superconducting circuits, removing the need for a broadband
coaxial line. We model the dynamics of this system by using a Hamiltonian
that incorporates the free evolution terms of its constituent elements and the
exchange interactions until the next nearest neighbors. Taking into account
just the first two levels of the tunable coupler, the Hamiltonian takes the
following form:

HM=@¥+H+H>H¥+H—Hgyh

—Z ”+waa+grc(aa + a6} (4)

i=. S,C
+9.(675; +5,5)) +g, (65 a+7a").

Here, wj, Erjz, frj+, and &jf for j =S, ¢, represent the transition frequency and
the Z-Pauli, raising and lowering operators for the photon source and the
tunable coupler, respectively. Additionally, a and a" are the ladder operators
associated with the target resonator modes. The terms g; fori#j=s,1, ¢
represent the coupling strengths governing the interactions between dif-

ferent elements, defined in terms of the circuital parameters of the scheme:

A N
~ 1 (5)
8 ~ 3 \/—LZ V@

where Cj; fori# j =s, r, ¢ correspond to the coupling capacitor between the
different elements in the scheme, while C; for i = s, r, ¢ denote their capa-
citance to ground. The coupling strengths g, and g associated with the
interactions involving the tunable coupler can be controlled via the magnetic
flux @, which modulates the frequency of the tunable coupler w_ (®.). In
contrast, the coupling strength g, related to the next-nearest neighbor
interaction between the source and the reservoir, remains fixed. Flux
tunability of the coupling between the photon source and the reservoir can
be realized by engineering a dispersive coupling between the tunable coupler
and both the photon source and the reservoir when gj. < Ajc = wj — w for
j =s, r. Under these assumptions, the Hamiltonian in Eq. (4) can be
simplified using a Schrleffer Wolff transformatjon through the unitary
operator U = exp Dicsr A “(0j+ 0. — 0;-0.+)|. This transformation
effectively decouples the tunable coupler from the photon source and
reservoir to the second order in g,/A, and g, /A,.. This transformation
results in a Jaynes-Cummings Hamiltonian with a flux-tunable coupling
strength (further details in Methods “Hamiltonian”)

101 SLOLN Y A
a = tadlatge(olat o a). ©)

In this framework, the influence of the tunable coupler is quantitatively

expressed by the renormalization of the characteristic frequencies governing
2

the system dynamics. Specifically, o, = w + i—kk“ with k = s, r represent the

Lamb-shifted qubit and reservoir frequency, while the effective coupling g

between the source and the reservoir is defined by the following expression:

1 1
D)= — 4 — .
geff( c) 8sc8rc (A + Arc) + Ssr (7)

SC

The effective coupling g is defined by the sum of two contributions arising
from the interactions between the eigenstates |s, c,r) inside the system

spectra. The first contribution comes from the virtual interaction between
the first excited state of the coupler |g, 1, n;, ) with the states e, 0, nph2 and
g, 0, n, + 1) responsible for the photon transport from the source to the
reservoir. When the source and the reservoir are on resonance, the eigen-
states e, 0, n,, — 2 and |g,0,n,, ) are degenerate and form a pair of
dressed states split by an amount 8y = 2g,+/N. Similarly, the eigenstate
with the coupler in the excited state |g, 1, 1, ) forms a pair of dressed states
with |e, 1,ny, — 1 ). The splitting x becomies comparable to the minimal
detuning  between energy levels (A, =min[A,A])  for
N* = (Apn/ gsr) . Within the dispersive regime, this number N* always lies
outside the range of photons that can be injected before the dispersive
regime ceases to be valid. As a result, we can reasonably assume that the
virtual interaction remains independent of the number of photons in the
reservoir throughout the entire injection process (further details in Methods
“Functional dependence on the number of photons"). The second term
accounts for the nearest neighbor coupling that directly couples the two
states |e, 0, ny, and |g, O,nph}. The dependence on w. embedded
within A, and A, offers a knob to regulate the coupling strength g
between the source and the reservoir through an external flux modulating
the coupler frequency. The result is an intrinsically quantum photon source
at cryogenic temperatures, enabling on-demand control of photon flow into
a target cavity through an external flux threading the coupler.

The practical feasibility of the proposed scheme relies on several key
factors. We address them by examining the different engineering steps
required for its implementation. The first step is the selection of the counter-
relaxation rate I' and the loss rate of the target reservoir x which together
define the working point (T, ) of the scheme. According to Eq. (3), these
parameters determine whether the system can coherently inject photons for
a given value of the effective coupling g.g; as well as the maximum emission,
which equals to g™ =T /2x. Assuming that the flux-controlled effective
coupling allows the masing ratio to vary within a certain range [A,,;,, Apax
we evaluate the resulting tunability of the emission power, for given
A min> Amax- We perform this analysis by exammln% the normalized second-
order correlatlon function g®(0) = (afaaa)/(a (‘9, a common metric
for distinguishing quantum effects from classical phenomena in quantum
optical systems**”’. Within this scheme, g*(0) serves as an indicator of the
system operational regime®’, as illustrated in Fig. 2. When g®(0) = 1, the

I 1.0

0 2.0

VIk/8 v I'k/0.1
g/ 27 (MHz)

Fig. 2 | Microwave emission tunability via tunable coupling. The average number
of steady-state photons ), and the normalized second-order correlation function
g?(0) are shown in terms of the effective coupling strength g,.,,.-between the photon
source and the reservoir and in terms of the masing ratio I'x/ 4g§ff where « is the loss
rate of the reservoir. The results are obtained by simulating the steady-state
dynamics of the Hamiltonian in Eq. (6) in Qutip varying the effective coupling g
The dimension N of the Hilbert subspace associated with the harmonic reservoir in
the simulation is N = 100.
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Fig. 3 | Efficiency and robustness of the tunable scheme. a Variation of the second-
order correlation function g?(0) as a function of the counter-relaxation rate I'and
the loss rate in the reservoir « for a dynamic range of coupling strengths spanning
from g4 = /Tx/8 to g4 = 1/Tk/0.4. The area enclosed by dashed white lines
corresponds to working points where I'/2x > 100, which are not computed in this
analysis. The black line tracks working points characterized by a maximum emission
I'/2k = 50, while the white circle indicates the specific working point (T, k) =
(50,0.5) 2r MHz used in this study. The role of the flux @, tuning the coupling g.rat
this working point is depicted as a flux-dependent knob that allows transitions
between deep Masing (M) and Thermal (T) regime. This control mechanism reg-
ulates accordingly the average number of steady-state photons injected into the
reservoir. The second-order correlation function is computed using QuTip”, con-
sidering the Hamiltonian in Eq. (6). The Hilbert subspace dimension N for the
reservoir is dynamically adjusted according to the working point and always satisfies
the condition N = I/2k + 50. b Relative error in the emission range An,, for different
values of I"" and «™" up to a distance of the 20% around the reference working point
(T, x) = (50, 0.5)2mr MHz discussed in Sec. Control through tunable coupling. The
emission range An,y, is calculated as the difference in the emitted photon number
between the maximum coupling strength g i = 1/T'x/0.4 and the minimum cou-
pling strength g ¢ = +/T'x/8 associated to the white point in (a). The photon
number ny, is computed using QuTip considering the steady-state dynamics of the
system defined by the Hamiltonian in Eq. (6). The dimension N of the Hilbert
subspace changes according to the working point to satisfy the condition

N =1I/2x + 50.

photon statistics follow a Poissonian distribution® and the emissions reach a
maximum (n,;, ~ I'/2x), which denotes that the system is in the masing
regime. Reducing the coupling between the photon source and the reservoir
can suppress the masing dynamics, bringing the photon loss rate closer to
the emissions rate. In this intermediate regime, the second-order correlation
function assumes values between 1 < g(z)(O) < 2 and the photon distribution
follows a super-Poissonian statistics (more details in Methods “From
Poissonian to super-Poissonian”). When the losses dominate over the
emissions and the masing is fully suppressed, the system is in a thermal
regime g?(0) = 2% where the reservoir remains unpopulated”’.

Control over emission in the proposed scheme is achieved by mod-
ulating the external flux @, which adjusts the effective coupling and enables
a continuous transition between the deep masing regime and the thermal
regime, as shown in Fig. 2. To maximize the control offered by this scheme,

the coupling should allow a full transition from g(z)(O) =1 (deep masing) to
g(z)(O) = 2 (thermal regime). We compute the normalized second-order
correlation function with QuTip” for different working points (T, ) using
the model in Eq. (6) evaluating its variation g*(0) across a specific range of
effective coupling values. Specifically, we consider the difference in g?(0)
between scenarios where the masing ratio is set toA,,,;, = 0.1 (deep masing)
and A, =2 (suppressed masing). According to Eq. (3), these values
correspond to conditions where the system transitions from a strongly
masing regime to a partially suppressed masing regime. The results of this
analysis are reported in Fig. 3(a), which displays the expected variations in
g2(0) for different working points inside a range of experimentally reach-
able parameters of the system’>****, The red region in the colormap contains
all the points (T, k) characterized by the maximum degree of tunability
Ag®(0) = 1, allowing the system to span the full range from g®(0) = 1
(maximum emission, 71y, = I7/2x) to g(z)(O) = 2 (minimal emission, 7, = 0)
using the external flux ®... Conversely, the dark blue regions, instead, denote
working points where control via the external flux @ is not achievable
within the considered range of effective coupling. The diagonals on the
colormap denote all the working points characterized by the same emission
maximum n}* = T/2«. The dashed black line in Fig. 3a indicates a specific
case for n}™* = 50. For the considered variation range of the masing ratio,
A €[0.1,2], the scheme provides full control (Ag(z) 0) ~ 1) over the
emission for working points above an emission threshold of I'/2x > 45. For
validation, we select the working point (T, ) = (50, 0.5) 2r MHz, marked
by a white circle in the red zone of Fig. 3a. This point represents a feasible
experimental configuration within the considered range of effective
couplings™*’. Considering the chosen working point, we compute Ag®(0)
up to an emission maximum of n;** = 100 in Fig. 3a.

Even when the system is well designed to operate at an optimal working
point, it is essential to ensure robustness against fabrication errors, which
may affect the range of emissions, and against flux noise, which can degrade
control over the steady-state photon distribution. To evaluate the impact of
design errors on system performance, we consider the previous reference
working point (', x) and introduce errors of up to +20% in both parameters.
In each case, we compute the variation APy, defined as the difference in
emission between the cases where the effective coupling g is set to its
maximum and minimum values. The maximum and minimum effective
coupling values are given by g.; = 1/T'x/0.4 and g, = /I'x/8, respec-
tively, assuming the coupling is designed for the reference working point
(T, k). The results are depicted in Fig. 3b and show a fair robustness of the
system within 5% of error in both degrees of freedom. To prevent the
influence of faulty fabrication on the system feasibility, the coupling can be
engineered to work within a broader range. This expansion of the coupling
range, however, comes at the expense of an increased sensitivity of the
tunable coupler to external flux noise.

In a practical realization of the system, a trade-off must be found
between these two features. To decrease the sensitivity to external flux, we
can employ several strategies that allow us to precisely define the range of
working points. Differently from the typical tunable coupler scheme in
which the system is engineered to have an off-point value where the cou-
pling is canceled™, here we just aim at modulating it within a specific range
of couplings between a deep masing regime I'x/4g%;<1 to a suppressed
masing regime I'c/4gZ; > 1. One approach involves designing the tunable
coupler with a resonance frequency lower than that of the photon source
and the reservoir, resulting in an effective coupling strength g.g o 1/
(ws — w,). Additionally, we can use an asymmetric SQUID as the tunable
element of the coupler, which exhibits a more gradual response to external
fluxes”. These adjustments provide two significant advantages: (1) the
coupler never approaches a frequency close to those of the photon source
and the reservoir for any threaded flux, ensuring that the dispersive con-
dition is steadily met; (2) the asymmetry allows for non-zero minima in the
coupler frequency, narrowing the range of effective coupling to well-defined
maxima and minima.

Following these guidelines, the effective coupling can be engineered to
have the shape shown in Fig. 4b. In this configuration, the system passes
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Fig. 4 | Coherent photon generation through the tunable coupler scheme. a Flux
timing diagram illustrating the photon population protocol of a single reservoir with
the proposed scheme. The flux @, sets the emission frequency on resonance with the
target reservoir. At the initial time tr the counter-relaxation is switched on. After-
wards the flux @, on the tunable coupler is chosen according to the wanted steady-
state distribution of photons in the reservoir. After the time ¢, where the system has
reached its steady state, the photon source is set off resonance from the reservoir by
changing @; to avoid further interactions between the two systems. b Steady-state
photon distributions in the target reservoir under varying flux @, values threading
the coupler. These simulation results are obtained by simulating the steady-state

dynamics in Qutip with the Hamiltonian in Eq. (6) for a device engineered according
to the parameters listed at the end of Sec. Control through tunable coupling. Each
color represents the distribution of photons in the Fock basis corresponding to
specific values of the flux ®.. The dimension N of the Hilbert subspace associated
with the reservoir in the simulation is N = 100. ¢ Corresponding steady-state
reservoir normalized Wigner functions for different values of the flux ®. The radius
of the Wigner function in the phase space is proportional to the average of the
corresponding photon number distribution as in typical IQ representations of
spontaneous emission from a photon source*"**”.

from a masing regime (A = 0.1) to a suppressed masing regime (A = 2) at the
two extrema of the flux. Notably, at these extremal points, the sensitivity to
flux is suppressed (dg./0® ~ 0), making the system particularly insensitive
to flux noise in these operating regimes. The system can also be operated
exclusively at the two extremal points of the flux range, where the photon
population can be controlled by adjusting the duration of the flux pulse
applied to the tunable coupler, which switches between the points of
maximum and minimum effective coupling. Alternative approaches involve
the use of ferromagnetic elements, which enable flux tunability without the
application of static magnetic fields commonly identified as a primary
source of 1/fflux noise”. The design of the tunable coupler must also ensure
that its interaction with the other elements always satisfies the dispersive
approximation within the operational flux range of the system. To guarantee
the general validity of this condition, the tunable coupler and the capacitive
coupling to the other components must be engineered such that the number
of injected photons 7, never reach values close to the critical number of
photons n_, = (A../ Zgrc) %, The critical number of photons depends on
the detuning A, between the reservoir and the coupler, and the coupling
strength, g, between them. In scenarios where the tunable coupler is
designed to always have a frequency below the resonance frequencies of the
other elements, n., reaches its minimum at zero flux (d)c = 0) , where the
detuning is minimized. Notably, the zero flux point also corresponds to the
regime of maximum photon emission, making it the point where the dis-
persive approximation is most likely to break

The maximum number of photons nji™ = I'/2x is defined by the
working point (T, x). Therefore, the dlsperswe approximation holds if the
ratio nm /n,, = 2I'g,(0)/ KAZ (O)<<1 in any f flux point. Moreover, since
by definition n,/N* = (A,./ Amm) (g,/2¢,.)* <1, this assumption also
ensures that the splitting between dressed states can be fairly neglected for
any flux @, threading the tunable coupler. Given the typical weak anhar-

monicity a, of the transmon qubits used as tunable coupler®”, it is

important to account for the effects of higher-energy states on the virtual
interaction between the reservoir and the source within the scheme. The two
eigenstates |e, 0,n,;,) and |g, 0, n, + 1), which govern photon transport
from the source to the reservoir, can couple to higher-order states such as
g2, n,, — 1), originating from the higher excited states of the tunable
coupler. Assuming the photon source and reservoir are on resonance
(w = wy = w,), the energy separation from the second excited state of the
tunable coupler is approximately 76, , , ) 2n(w — w,.) — ha,, where
we neglect the dependence on the photon number Hph embedded in the
dressed state splitting of the eigenestates. This expression suggests that a
potential mitigation strategy is to design tunable couplers with higher
anharmonicity.

When engineering the anharmonicity of the tunable coupler, it is also
important to consider the self-Kerr effect induced by the coupler on the
reservoir dynamics. The nonlinearity of the tunable coupler introduces a
term H = K,a"4'44 in the reservoir Hamiltonian, where K, represents the
self-Kerr of the reservoir. In this scheme, the only contribution to K; arises
from the interaction with the tunable coupler and is defined by
K, = x2/4a."", where y,. = —g..la.|/A (A, — |a]) is the dispersive
shift associated to the virtual interaction between the reservoir and the
coupler”. To ensure that the Kerr term does not impact the time evolution of
the generated state in the reservoir, the ratio K,/x must satisfy K,/x < 17°.
Under this condition, the Kerr evolution is sufficiently slow to be negligible
compared to the reservoir state collapse, allowing it to be effectively treated
as harmonic. The implementation of the scheme for situations where Kerr
dynamics dominate over the loss rate is under investigation.

To demonstrate the feasibility of the proposed scheme, we consider the
dynamics of the following example scheme: a flux-tunable photon source
with a counter-relaxation rate I' = 50 MHz, self-capacity of C; = 100 {F,
and a transition frequency w,/27r = 7 GHz that is resonant with a reservoir
having a resonance frequency w, = w;, self-capacity of C, = 500 fF, and loss
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rate x/27r = 0.5 MHz. The two are connected through a tunable coupler
corresponding to an asymmetric flux-tunable qubit with Josephson energies
Ej /h=10.02GHz, Ej,/h=8532GHz, and charging energy
E¢/h = 200 MHz, resulting in a ratio E; /Ecc & 43. The coupling capa-
cities between the photon source and the reservoir with the tunable coupler
are C,. = C,. = 3.5 fF. A design with these parameters is perfectly feasible for
the state-of-the-art nanofabrication process'***** and the value of I'is near
the one used in other works™.

A viable candidate that can be used as the photon source in this scheme
is an aluminum voltage-biased charge qubit”. Designing the chip with a
Josephson junction of energy E; /h ~ 14.66GHz and a shunt resistance on
the electrode of R, = 5 M) we achieve the target I'/27 ~ 50 MHz. With the
chosen parameters, the ratio n3™ /n, (®, = 0) = 0.15 which ensures that
the system is well described by the Hamiltonian in Eq. (6) in any flux point.
The maximum value of the self-Kerr induced by the tunable coupler on the
reservoir appears at zero flux point where |[K,| ~ 0.0365 kHZ < «. The small
value of the self-Kerr K, compared to the loss rate x guarantees that Kerr
evolution is negligible over the lifetime of the generated state in the reservoir
of the proposed scheme. We analyze the system dynamics for various values
of the flux @, threading the coupler. By activating the pumping process and
exploring the system across different flux values, we obtain the results shown
in Fig. 4b. Different values of the flux threading the coupler yield distinct
values of the effective coupling g.¢, which ultimately lead to different photon
distributions within the reservoir at the steady state. Assuming typical flux
fluctuations on the order of 10 u®,'*”, the resulting variation in photon
number is negligible, with deviations of the order of ~0.1 % across the entire
flux range. Similarly, the variation in the emission linewidth converges to
~0.03 % for a Hilbert space dimension of N = 70, at a representative flux of
@ = @y/4, suggesting no significant impact on the overall system perfor-
mance (further details can be found in the Supplementary Note 1). The
Wigner functions defining the steady states of the reservoir for different
values of the effective coupling g.¢ are shown in Fig. 4c. We observe the
typical “ring" shape that characterizes coherent photon sources, where the
radius of the Wigner function is proportional to the average of the steady-
state photon distribution’""*””. After the reservoir has reached its steady
state, the pumping process can be stopped and the flux @, set to zero. At this
stage, to avoid further interactions between the photon source and the
reservoir we can change the transition frequency of the photon source
through the external flux @,

Multiple resonator generalization

Another advantage offered by the proposed scheme is the ability to address
multiple cavities by exploiting the tunability of the photon source. Under the
same assumptions as the single-reservoir case, we can extend the analysis to
an N,-reservoir system. The system is described by a Hamiltonian that
includes additional terms related to the self-energy of different reservoirs,
the coupling of each reservoir to the tunable coupler, and the second nearest
neighbor cross-couplings between each resonator. In this discussion, we
consider the simple case of a two-reservoir setup as a starting point, where
the case of N reservoirs will be a direct generalization (calculations of the
general N, case are provided in Methods “Schrieffer-Wolff transforma-
tion"). We investigate the ability to individually address each reservoir
through the external fluxes, threading the tunable coupler and assuming
that the photon source can be tuned on resonance with both resonators
separately. As in the single-reservoir case, a single coaxial line coupled to the
tunable coupler can modulate the coupler frequency, enabling controlled
emission to different target reservoirs. Assuming that both the coupler and
the photon source behave as perfect two-level systems and neglecting
second-order interactions, the Hamiltonian is written as:

HNZHS+HC+HH+PIYZ+.Z H +H,, . ®)

To remove the terms related to the coupler from the Hamiltonian and
establish a feasible and controllable scheme, the coupler must be engineered

to satisfy the conditions gj./Aj. < 1 for j =s, 11, r,. Under this assumption, we
can transform the Hamiltonian by applying the Schrieffer-Wolff transfor-
mation:

U=exp|8 (6.6, — 6, 6.)+
SC

g g )
TC At A A A T,C At A A A
+K‘C(a;rl 0. —a,0+)+ rzc(arzoc —a,0.)|-

1 2
This transformation leads to the following Hamiltonian:

H @06" . 4. - 4.

= % + o, ajl a, + wrzajzarZ

+ .Z §.(67a;+6,4) (10)

Jj=r1,0,

~ A At At A
+ grlrz(arl arz + al’l arz) N

In this expression, the renormalizations of various frequency terms are
identical to those observed in the single-reservoir case in Eq. (6), except for
the new cross-coupling term g, . between the two reservoirs. The second-
order coupling term g, is summed with another term arising from the
coupling between the reservoirs via the tunable coupler, leading to the
following expression of the effective cross-coupling strength:

g . = Ly )y (11)
grlrz_grlcgrzc A A grlrz‘

T c T)C

It is, therefore, crucial to understand how much detuning is required between
the different reservoirs at the fan-out of the system to avoid resonant
interactions that lead to cross-population between the cavities. We consider a
setup similar to the single-reservoir scheme analyzed in the previous section,
with the addition of a second reservoir at a frequency @, = @, + A and
linked to the tunable coupler with the same capacitive coupling used for the
target reservoir. We observe the system behavior for different values of A
while sweeping both the photon source and the coupler frequencies,
simulating the effect of the external fluxes @; and @, individually threading
the two elements, respectively. Assuming that both reservoirs have the same
linewidth as the reservoir considered in the previous single reservoir case
% =k, = 0.5 MHz. To avoid cross-population between the two reservoirs the
detuning A = @, — w, mustbe much higher than the spectral linewidth of
the two reservoirs (A > ). In this case, we chose a detuning of A/
27 > 5 MHz, that allows to individually address and control the steady-state
population of each resonator with the proposed scheme.

In Fig. 5a, we show the behavior of the system, where by setting the
photon source on resonance with one of the cavities, it is possible to control
their population without populating also the other resonator. For small
detuning, the effective coupling between the source and the reservoir has
approximately the same dependence on the flux, even for a fixed value of the
capacitive coupling between the reservoir and the tunable coupler. When
engineered systems are characterized by high detuning between the different
reservoirs on the output, the respective capacitive links to the tunable
coupler must be adequately designed. To optimize the device, the couplings
must be chosen to preserve the shape of g.(®.), because the effective
coupling depends on the resonance frequency of the target reservoir w,. We
thus need to take into account the variation of this frequency by changing
the coupling between the central coupler and the reservoir under con-
sideration. We use the same setup employed before, taking a reference
reservoir, with a resonance frequency w, and a capacity C, _linking the
reservoir to the central coupler. We consider a second reservoir with a
detuned resonance frequency of w, = w, + A and with a coupling capa-
citorC, . = aC, ,asdepicted in Fig. la. We assume that the self-capacity of
the reservoir does not change with its resonance frequency. If there is a
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Fig. 5 | Multiple reservoirs case. a Steady-state photon number in different cavities
with resonance frequencies w, /27 = 7 GHzand w, /27 = 7.005 GHz. The red and
blue points on the two plots represent the average number of injected photons in
each reservoir for specific choices of flux @, and frequency w/27 of the photon
source. The absence of colored points in correspondence to the frequency of the
other resonator in each colorplot shows the absence of cross-population phenom-
ena. The circuital and simulation parameters are the same as the one considered in
Figs. 2 and 4b. b The Hausdorff distance between the effective coupling strength
curve ges( D) of the reference reservoir and the second reservoir detuned by A and
coupled with a coupling capacity « times that of the reference reservoir. The dark
blue zone indicates a range of coupling capacities that maintain consistent effective
coupling dependencies while altering the resonance frequency of the reservoir
relative to the reference reservoir.

10.0

change it will result in an additional factor on the expression of the coupling
strength that can be absorbed by the factor «, allowing the same type of
analysis. Through a sweep on A and «, we study how the shape of g.s(®.)
changes by analyzing the Hausdorff distance relative to the reference curve
obtained for the reference reservoir. The results of this analysis are shown in
Fig. 5b, where we can clearly distinguish a blue region corresponding to the
optimal values of the coupling capacity. For small values of the detuning A,
the ideal coupling correction « is near unity and, in general, follows the
shape a« = \/w,/(w, + A).

We have proposed a simple and versatile scheme for an on-demand
coherent photon source on-chip. The tunability inherent to this scheme
enables precise control over the average of the steady-state photon dis-
tribution generated in a target reservoir while also facilitating the addressing
of different cavities capacitively linked to the coupler, each characterized by
distinct resonance frequencies. Initially, we consider the case of a single
resonator, where after identifying a set of parameters for a practical design
we have analyzed the system performance for various fluxes applied across
the coupler, demonstrating the capability of the proposed setup to control
the photon distribution generated in a target reservoir. Subsequently, we
extend our analysis to a setup comprising an additional reservoir, show-
casing the capability to individually address different reservoirs at different
frequencies by adequately designing the detunings and the couplings in the
system. The device acts as a tunable and finely controllable cryogenic

micromaser, which can be an important tool in many quantum archi-
tectures based on bosonic quantum systems,””*””, like continuous variable
quantum computing”, quantum memories® and quantum metrology™.
The fine degree of control over the emission also enables the implementa-
tion of this device to flip the state of superconducting qubits’**’ or to act as a
master clock for microwave operations at the cryogenic stage”. Besides
providing an external knob to control the emission from the photon source,
the circuit defining the tunable coupler can be designed to enhance the
emission linewidth***. While linewidth optimization via coupling engi-
neering falls beyond the scope of this work, it represents a promising
direction for future studies, focused on engineering the coupling between
the atom and the reservoir by incorporating non-linear elements™.
Moreover, the demultiplexing capability of the proposed scheme offers the
advantage of decoupling multiple reservoirs from direct connections to
room-temperature devices, leading to significant enhancements in terms of
scalability. The scheme is also well-suited for 3D integrated systems, further
expanding its domain of potential applications.

Methods

Hamiltonian

The photon source scheme in the most general case, with N resonators in
output, can be described by the following Hamiltonian:

HN/h = (Hs +Hc +Hsc)/h

N
+) H .+H +H
;( fn!.‘ ‘(n S}’n) (12)

N A
+ > H,

nzm=1

Assuming that the coupler is in the transmon regime and considering just
the two-level transitions on resonance with the reservoir for the photon
source and the first transition level of the coupler, the Hamiltonian terms
can be rewritten as:

H, =h “"2 = (13)

H, =hw,a;a,, (14)

H, = hg,(a,67 +afe,), (15)
H, =hg (6,67 +6,67), (16)
H,, =hg,, @8, +ata,). 17)

Schrieffer-Wolff transformation

To decouple the coupler from the other elements of the scheme we can use a
Schrieffer-Wolff transformation. Before introducing the transformation for
the general case we first consider the situation with a single reservoir. The
case with a larger fan-out will be a simple generalization of the single
reservoir case.

Single reservoir. The Schrieffer-Wolff transformation that we used in
the single reservoir case is:
U = epli@ls; ~o0))

(18)

+8=(a*o; —ac))|

where A, = w; — w.and A, = w, — w, are respectively the detuning between
the coupler with the main transition of the photon source and the reservoir.
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By applying this transformation to the single reservoir Hamiltonian we pass
from a three-body system to the following two-body system Hamiltonian:

UH\Ut _ @0° + @ata+ g, (act +ate). (19)
The characteristic frequencies of the system are renormalized:
o, = w, + g2 /A, (20)
@, =w,+g2/A,, (21)
8o =W, +8/D (22)

For this calculation, we have assumed that the coupler is always at the
ground state.

Multiple reservoirs. To decouple the coupler from the source and the
resonator on the fan-out of the scheme we can use a Schrieffer-Wolff
transformation which is defined by the sum of various single resonator
Schrieffer-Wolff transformations. We use the following unitary opera-
tor:

U =exp E‘C (ATA_ AS_&:)

sC

Zg"c(aa —a, )].

(23)

By applying this transformation to the Hamiltonian in Eq. (12) and keeping
the terms up to the second order the Hamiltonian is rewritten as follows:

UHU! 067 S .
TN “’525+ [@,a}a, + 8,67 +a,67)]
n=l (24)
+Zgnm(fz“ +a,al).
nm

As before the effect of the coupler on the whole system is to renormalize the
characteristic frequencies of the system as follows:

O, =0, + g /A, (25)
D = 0, + 8/ Dy (26)

= scdne 1 1
snzg—g(_+A_)+gns7 (27)
Nnm gncgmc ( + _) + Enm - (28)

It turns out that the coupler also mediates the interaction between the
various pairs of resonators but with respect to the interaction between the
target reservoir and the photon source, it is an off-resonance interaction that
does not lead to any cross-population phenomena if the reservoirs are
adequately detuned between each other.

From Poissonian to super-Poissonian

The tunability of the scheme on the average of the photon number dis-
tribution is achieved by passing from a deep masing regime to a thermal
regime. This continuous transition, controlled by the flux @, threading the
tunable coupler, is accompanied by a change in the photon distribution
represented by a variation of the second-order correlation function g?(0). In
the deep masing regime, where I'c/4g%; <1, the second-order correlation is
equal to g(z)(O) = 1, indicative of a coherent photon source”. In this regime,
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Fig. 6 | Photon statistics analysis. Variance of the photon distribution generated by
the circuit described in Sec. Control through tunable coupling for various average
photon numbers (orange scatter plot), compared with the variance of a Poissonian
distribution with the same average (green dashed line). The photon distributions
exhibit a super-Poissonian variance exceeding that of a Poissonian distribution for
average photon numbers (1) > 5, characteristic of a thermal regime, according to
Fig. 1c. As the average photon number approaches the maximum value (#,) ~ I'/2x,
the distributions acquire a profile closer to a Poissonian shape, demonstrating that
the device functions as a coherent photon source in the deep masing regime. The
results are obtained by simulating the steady-state dynamics of the system described
in Eq. (6) for different values of the effective coupling. In the simulation, the
dimension of the Hilbert subspace associated with the reservoir is equal to N = 100.

40 50

the generated photon distribution follows a Poissonian profile, as expected
for an ideal coherent source. As the masing ratio increases and approaches
the value of T /4g 42 = 1, the system transitions into a partially suppressed
masing regime, characterized by g®(0) > 1. In these intermediate working
points, the photon distribution deviates from Poissonian statistics and
exhibits a super-Poissonian profile with increased variance. At higher values
of the ratio Tx/4g 4 — 00, the source gets closer to a thermal regime
characterized by a second-order correlation function g®(0) = 2%. To
quantitatively assess how the photon distribution changes for different
average photon numbers 71,,p,, we consider the distributions generated by the
circuital scheme described in the main text. We compute the variance of the
photon distributions generated at different flux @, resulting in a g that
leads to a masing ratio that goes from I'x/4g%; = 0.1 to I'x/4g% = 2, as
reported in Fig. 1c. The results, displayed in Fig. 6, before reaching the
maximum power emission from the device, the variance of the photon
distribution exceeds the variance of a Poissonian profile, confirming the
super-Poissonian regime in the suppressed masing regime. As the average
photon number approaches the maximum value of n1™* = I'/2x = 50, the
shape of the distribution also approaches a Poissonian profile, indicating
that the source acts as a coherent photon source.

Functional dependence on the number of photons

The scheme proposed in the manuscript introduces stable control over
photon emission into a reservoir on resonance with a photon source defined
by a single atom maser. Photon injection occurs via the interaction between
the state |e, 0, ny, and |g, 0, n, +1)in the spectrum of the system. The
coupling strength between these states arises from a combination of virtual
coupling via the intermediate state g, 1, n,,, ) and a direct nearest-neighbor
interaction. The position of eigenstates within the system spectrum depends
on the frequencies and anharmonicities of the three elements in the scheme,
as well as the photon number inside the reservoir. The photons 7y, within
the reservoir influence the relative distance between the eigenstates and thus
impact also the coupling between them. It is thus critical to study how the
coupling strength changes throughout the population of the reservoir. The
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Fig. 7 | Dressed-state splitting versus photon number. Ratio of the dressed-state
splitting, g, ( /0, + 1+ m) , induced by the degeneracy between coupled
eigenstates, to the detuning between the reservoir/source and the coupler at zero flux,
A(0), as a function of the average photon number 7. The orange and red curves
represent the ratio for different dependencies on the photon number in the reservoir.
The inset highlights the ratio within the working range of the scheme, ny, < I'/2x, as
described in Sec. Control through tunable coupling.
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eignestates [e, 0, n,) and|g, 0, ny, + 1) directly interacting with a coupling
strength g, form a pair of dressed states with eigenenergies:

h(nph n 1>w, - \/Af, + 4g§,<nph n 1) ,

Ele,O,nph> h(”Ph + l)wf + % \/Aszr + 4gszr <nph + 1) )

where A, = w, — ws is the detuning between the source and the reservoir.
These eig;nstates virtually interact through the coupling with the eigenstate

E|g0n +1>
0 (29)

lg,1,n that with |e,1,n_, — 1) forms a pair of dressed state with
8 ph ph P
eigenenergies:
E .. ) Ay, + ho, — 5 A2 +4¢n,,
P (30)
etmet) = A0, + ho +5 /AL 4 4g2n,,

where w, is the frequency of the tunable coupler. When the source is on
resonance with the reservoir (Ay =0) <> @ = w, = w, the energy
separations between the first pair of dressed states in Eq. (29) and the second
pair of dressed states in Eq. (30) are defined:

SE() = hA- hgsr<q /Non + 1'1\/@) ; o
SEL . = hA+ hg“<‘ /ngn T 1t\/@) ,

where A = w — w.. Here, SES) for i, j = g, e represent the energy
differences between the eigenstate with the tunable coupler in the ground
state while the source is in the i) state and the eigenstate with the tunable
coupler in the excited state while the source in the [j) state. These
expressions indicate that the distances between eigenstates in the spec-
trum depend differently on the photon number #,,;,. In particular, for the
diagonal terms JE;, i (with i = g, e) the splitting decreases with the
number of photons, while in the off-diagonal terms AE;; (withi#j =g, e)
it increases as the reservoir is more populated. To evaluate the impact of
this splitting, we consider the circuit configuration described in the main
text and calculate the number of photons #,,;, required for the splitting to

become comparable to the detuning A. The results, displayed in Fig. 7,
demonstrate that in the proposed scheme, using typical circuit
parameters of circuit quantum electrodynamics, the number of photons
must reach values well above the critical number of photons imposed by
the dispersive regime to become comparable with A. In particular, within
the accessible power emission n,, <I'/2x, the splitting caused by the
degeneracy introduces a maximum correction which is less than the
2% of A to the relative distance between the eigenstates. Consequently,
it is fair to assume that the relative distances between energy
levels are independent of the number of photons in the reservoir. In
the context of the scheme, this means that the effective coupling gq (®,)
for a fixed @, remains approximately unaltered during the whole
injection process.

We follow the same approach to evaluate the influence of the eigen-
states originating from the high energy levels of the tunable coupler. In
particular, we consider the influence of the eigenstate |g, 2, n,;, — 1 ), which
is the closest to the eigenstate |g, 1, n,;, ) mediating the virtual interaction
between the source and the reservoir. The state |g, 2, n, — 1 ) is degenerate
with |e, 2, n;, — 2 ), forming a dressed pair with eigenenergies:

E|g.2,nph—l> h(nph - 1>wr - hgsr \Y4 nph -1+ fl(ZwC —+ ac) s
Ele,z.nph—2> h(”ph - 1>wr + g/ — 1+ 720, + &),

(32)

where o is the anharmonicity of the coupler. The energy separations
between these states and those in Eq. (29) are given by:

(SE(gz;/e = 2n(A—-a/2) - hgs,(\/m:u /_nph> 7
7 (33)
SED = 2n(A-a,/2) + hg5,<‘ [ F Tt /_nph) .

The dependence over the number of photons 7, is the same as the
energy distances in Eq. (31). Thus, the effect of the higher energy state on
the masing dynamics remains the same within the whole emission range
of the system. To evaluate the influence of these states on the injection
dynamics we consider the distance between the states in Eq. (33) med-
iating the virtual interaction and the higher order states in Eq. (32) which
results in:

OE® — SEV ~ A — @ . (34)
As A > 0 and a. in this scheme, the effect of higher energy state coupler

states can be mitigated by increasing A or the anharmonicity a. of the
tunable coupler.

Data availability
All the generated data supporting this study can be reproduced using the
publicly available simulation codes.

Code availability
The source codes for the numerical simulations presented in the paper are
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