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Abstract. This paper is aimed to show the relevance of the centrodes for the
kineto-dynamic analysis of the parabolic rigid-body motion in the vertical plane.
In particular, the instant center of rotation and the acceleration pole are determined
along with their corresponding vector fields. Consequently, the fixed and moving
centrodes are achieved in order to reproduce and simulate the parabolic rigid-
body motion by means of their pure-rolling contact. The inflection circle is also
derived by kinematic properties only, since the acceleration pole coincides with
the inflection pole, which is opposite to the instant center of rotation. A suitable
algorithm has been formulated and validated by significant examples.

Keywords: kineto-dynamic analysis · vector fileds · centrodes · inflection circle

1 Introduction

The kinematic analysis of mechanical systems plays an important role in the engineering
field, enabling designers and researchers to understand, predict, and optimize the motion
of objects and systems [1–3]. A very interesting aspect is the one related to the kineto-
dynamics, which refers to understanding how forces affect themovement of objects. This
field is important for designing and analyzing everything from machines to vehicles,
helping the designers to figure out how they behave when they are in motion [4–6].
The planar kinematics of a rigid body can be traced back to the determination of the
centrodes, since bymeans of the pure rolling of themoving centrode on the fixed centrode
it is possible to obtain the exact law of motion of the body considered. Hence the
need to have analytical tools available that allow to calculate the positions assumed by
the instant center of rotation during motion [7–9]. The use of geometric loci, as the
centrodes, together with the inflection circle is essential in kinematic analysis, offering
a deeper understanding of instantaneous motion and relative motion between the bodies
that compose the whole system. They are used to analyze the motion of mechanisms,
helping engineers to design efficient and reliable mechanical systems [10–14].

This paper is aimed to show the relevance of the centrodes for the kineto-dynamic
analysis of the parabolic rigid-body motion in the vertical plane. In particular, the IC of
rotation, the acceleration pole, centrodes and inflection circle are determined. A suitable
algorithm has been formulated and validated by significant examples.
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2 Kineto-Dynamic Analysis and Centrodes

The kineto-dynamic analysis of the parabolic rigid-body motion in the vertical plane for
different input data is formulated by supposing to launch a rigid link by means of the
pendular motion of the human arm.

Thus, referring to Fig. 1, the height h of the shoulder center C of a human being in
upright position on the origin O of the fixed frame OXY and the length Rb of the human
arm are both assigned as anatomical features. The X-axis is horizontal.

Moreover, the initial conditions are also assigned in terms of angular position θ0
of the human arm, which is considered to be measured positive in counter-clockwise
direction with respect to the Y-axis, and speed v0 of themass centerG of the rigid linkAB
of length L that is supposed to be aligned with the extended arm and havingG coincident
with the hand center. Consequently, one has

x0 = Rbsinθ0 y0 = h − Rbsinθ0 (1)

v0x = v0cosθ0 v0y = v0sinθ0 ω0 = v0/Rb (2)

where x0 and y0 are the Cartesian coordinates of G at the initial position G0, while
v0x, v0y and ω0 are the components of the velocity vector v0 and the angular velocity,
respectively, at the same initial position.

The position analysis is developed by referring to the following position vectors of
points G, A and B respectively:

rG = [
v0xt + x0 v0yt − 1

2gt
2 + y0 1

] T
(3)

rA = [
xG + L

2 cos(ω0t + θ0) yG + L
2 sin(ω0t + θ0) 1

] T
(4)

rB = [
xG − L

2 cos(ω0t + θ0) yG − L
2 sin(ω0t + θ0) 1

] T
(5)

where g and t are the acceleration gravity and time, respectively.

Fig. 1. Kinematic analysis: a) velocity; b) acceleration.
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The velocity vectors ṙG , ṙA and ṙB of points G, A and B, respectively, are obtained
by developing the first time-derivative of Eqs. (3), (4) and (5), as follows

ṙG = [
v0x v0y − gt 1

] T
(6)

ṙA = [
ẋG − ω0

L
2 sin(ω0t + θ0) ẏG + ω0

L
2 cos(ω0t + θ0) 1

] T
(7)

ṙB = [
ẋG + ω0

L
2 sin(ω0t + θ0) ẏG − ω0

L
2 cos(ω0t + θ0) 1

] T
(8)

Similarly, developing the second time-derivative of Eqs. (3), (4) and (5), one has

r̈G = [
0 −g 1

] T
(9)

r̈A = [
ẍG − L

2ω2
0cos(ω0t + θ0) ÿG − L

2ω2
0sin(ω0t + θ0) 1

] T
(10)

r̈B = [
ẍG + L

2ω2
0cos(ω0t + θ0) ÿG + L

2ω2
0sin(ω0t + θ0) 1

] T
(11)

Referring to Fig. 2, the position vector rP0 of the instant center of rotation P0 is now
obtained as intersecting point according to the Chasles theorem, by the knowledge of
the velocity vectors of points A and G.

Fig. 2. Fixed λ and moving l centrodes.

Thus, it takes the form

rP0= rλ = 1

ẋGẏA − ẋAẏG

⎡

⎣
xGẋGẏA − xAẋAẏG + ẏGẏA(yG − yA)

−yAẋGẏA + yGẏAẏG + ẋGẋA(xG − xA)

1

⎤

⎦ (12)

Equation (12) expresses also the fixed centrode λ since representing the position
vector of P0 with respect to the fixed frame OXY.
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The moving centrode l is expressed with respect the moving frame Ω x y that is
attached to the rigid link AB in the following form

rl =
√

(xP0 − xG)2 + (yP0 − yG)2
[
cos δ sin δ1

]T
(13)

where δ = 270◦ − (θ − αG) with αG = tan−1(ẏG/ẋG).
In order to simulate the pure-rolling motion of the centrodes, the transformation

matrix T between the rigid link AB and the fixed frame OXY is derived as follows

T =
⎡

⎣
cos θ − sin θ x�

sin θ cos θ y�

0 0 1

⎤

⎦ (14)

The equation of the inflection circle F that passes through the inflection poleW that
coincides with the acceleration pole K, and the instant center P0, is determining by
intersecting the accelerations vectors r̈G , r̈A and r̈B of points G, A and B, respectively.

Thus, the position vector rW = rK of both points W and K is given by

rW = rK =
[
xG yA + ÿA

ẍA
(xG − xA) 1

] T
(15)

In fact, being ω0 constant, all acceleration vectors are directed toward K and, as a
consequence, the acceleration pole coincides with the inflection pole.

3 Graphical and Numerical Examples

The proposed formulation has been implemented in Matlab and validated by means of
significant examples for different input data. In particular, the graphical results of Fig. 3a,
b and c are obtained for the following input data: h = 1.5 u, Rb = 0.65 u, v0 = 5 u/s, L
= AB = 0.4 u, when θ = 45°, while the graphical results of Fig. 3d and e are obtained
for h = 1.5 u, Rb = 0.65 u, v0 = 4 u/s, L = AB = 0.4 u, when θ = 90°.

The velocity and acceleration vector fields are shown in Fig. 3a and d, along with
the fixed centrode and the inflection circle, while Fig. 3b, c and e show both fixed and
moving centrodes during their pure-rolling motion.
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a) 

b)                                                         c) 

 d)                                                             e) 

Fig. 3. Case 1 for θ = 45°: a) velocity and acceleration vector fields; b) & c) centrodes; Case 2
for θ = 90°: d) velocity and acceleration vector fields; e) centrodes.
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4 Conclusions

The relevance of the centrodes for the kineto-dynamic analysis of the parabolic rigid-
body motion in the vertical plane has been investigated and put in evidence.

In particular, the instant center of rotation, acceleration pole, centrodes and inflection
circle have been determined. A suitable algorithm has been formulated with the aim to
show and analyze this planar motion with the aid of the velocity and acceleration vector
fields and by means of the centrodes pure-rolling motion, which has been validated
through significant examples for different input data.
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