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 A B S T R A C T

Free vibrations of Kirchhoff axisymmetric nanoplates resting on elastic nano-foundations are 
investigated accounting for long range interactions through nonlocal methodologies. Size effects 
are captured by means of the stress-driven integral elasticity. The interaction between plate 
and supporting medium is modeled by a nonlocal theory according to which the foundation 
reaction is spatial convolution driven by the displacement field. This formulation represents 
an advanced methodology with respect to the Winkler (local) approach, leading to a well-
posed structure-foundation problem. The governing equation of motion for freely vibrating 
nanoplates resting on nanofoundations are derived and expressed in nondimensional form, 
leading to a high-order nonautonomous differential problem. Natural frequencies and mode 
shapes are computed numerically exploiting the Compound Matrix Method. Case studies 
involving nanoplates with simply supported and clamped edges are presented to highlight 
the influence of the characteristic length parameters on the dynamic response. The obtained 
outcomes show the significant role played by nonlocal effects in accurately predicting the 
vibrational behavior of nanoplates interacting with elastic substrates.

. Introduction

Smart small-scale systems have recently gained considerable interest due to their remarkable features, such as rapid and 
ighly sensitive responses, reduced power demand and production costs, and straightforward integration into compact electronic 
evices. Within this framework, nanoplates emerge as particularly promising structural components for small-scale applications (see 
.g. Ero ‘glu et al. (2025), Li et al. (2025), Momeni-Khabisi and Tahani (2026), Wang et al. (2025) and Yıldırım and Esen (2025)).
It is widely recognized that the design and optimization of innovative materials and advanced structural systems call for 

efined methodologies able to describe unconventional mechanical phenomena (Barchiesi et al., 2021; dell’Isola et al., 2016; 
ozhabrossadati et al., 2018; Izadi et al., 2024; Nguyen et al., 2025; Özdemir et al., 2024; Penna & Lovisi, 2025; Placidi et al., 
024, 2016, 2022; Rezaei et al., 2025). Indeed, accurate modeling of structures at the micro- and nano-scale requires sophisticated 
pproaches capable of capturing scale effects that are negligible at the macroscale. Nonlocal continuum mechanics has therefore 
ecome a valuable tool for describing mechanical behavior of nanostructures, as it explicitly incorporates size dependent behaviors 
nto the constitutive response.
The groundwork of nonlocal continuum mechanics was laid in early pioneering contributions by Kröner (1967), Krumhansl 

1968), Kunin (1968) and Rogula (1965, 1982). Subsequently, Eringen (1972, 1983) developed an integral formulation of nonlocal 
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elasticity, in which the stress at a material point is expressed by a spatial convolution of the elastic strain field, thus accounting for 
long-range interactions. Eringen’s differential constitutive law was subsequently applied by Peddieson et al. (2003) to investigate 
size effects in nanobeams, leading to paradoxical outcomes. The issue was further investigated by Benvenuti and Simone (2013), 
Fernández-Sáez et al. (2016) and Khodabakhshi and Reddy (2015) and ultimately solved by Romano, Barretta, Diaco and de Sciarra 
(2017), clarifying that the Eringen’s nonlocal integral can be equivalently reverted into a differential formulation only by satisfying 
homogeneous boundary conditions of constitutive type. As proven by Romano, Barretta, Diaco and de Sciarra (2017), ill-posedness 
of the Eringen-based structural problems stems from an intrinsic incompatibility between equilibrium conditions and constitutive 
law. These shortcomings were entirely bypassed by the stress-driven nonlocal integral model proposed by Romano and Barretta 
(2017). According to this formulation, the nonlocal elastic strain is a spatial convolution driven by the stress field by means of a 
proper averaging kernel. This approach guaranties the well-posedness of the governing structural problem while effectively capturing 
long-range interactions. The stress-driven nonlocal model has been then successfully applied in several subsequent investigations 
by Behnam-Rasouli et al. (2024), Caporale et al. (2023), Indronil (2025), Jafarinezhad et al. (2023a), Lovisi (2023), Lovisi et al. 
(2024), Rezaiee-Pajand and Rajabzadeh-Safaei (2022), Wang et al. (2023) and Zhang et al. (2022). A broad review of recent 
advancements in the nonlocal nanostructural modeling is presented by Barretta et al. (2023).

Exploiting the stress-driven approach, elastostatics of axisymmetric nanoplates has been investigated by Barretta et al. (2019) 
and Vaccaro and Sedighi (2023), where the governing problem is converted into a set of differential equations equipped with 
constitutive boundary conditions. Functionally graded annular nanoplates have been investigated by Jafarinezhad et al. (2023b), 
based on the Helmholtz attenuation function, and by Cianci et al. (2025), assuming a Gaussian kernel. Axisymmetric thick plates 
have been investigated by Jafarinezhad et al. (2024). Notably, analytical solutions of the stress-driven nonlocal elastic equilibrium 
problem of axisymmetric plates have been provided by Cianci et al. (2024) and Jafarinezhad et al. (2023b) proving that the nonlocal 
theory proposed by Barretta et al. (2019) leads to well-posed plate problems.

A further challenging aspect concerns modeling of the structure-foundation interaction (see e.g. Alnujaie et al. (2024), Chu et al. 
(2026) and Daikh et al. (2023)). Indeed, considerable attention has to be devoted to the investigation of nanoplates resting on elastic 
substrates, as they are essential for modeling support conditions in nano-electromechanical systems. Accurate modeling of scale 
effects in nanofoundations is thus needed. The simplest model of elastic medium was introduced by Winkler (1867), who proposed a 
purely local constitutive law in which the foundation reaction is proportional to the displacement field (of the structure-soil interface 
surface) through an elastic stiffness, neglecting long-range interactions. A crucial extension was later proposed by Wieghardt (1922), 
incorporating nonlocal effects through an integral formulation, where the displacement field is obtained by spatial convolution 
driven by the foundation reaction field. However, Wieghardt’s theory was shown to be ill-posed due to an incompatibility between 
constitutive and kinematic equations, as observed by Sollazzo (1966) and van Langendonck (1962) and by Wieghardt himself. 
To overcome this issue, fictitious boundary forces were introduced by Sollazzo (1966), yielding a mathematically consistent but 
physically questionable model. Alternative modeling strategies were developed within differential approaches. Notably, Pasternak 
(1954) generalized Winkler’s model by including shearing interactions among the foundation springs, while Reissner (1958) further 
extended this theory by introducing an additional internal length scale. A generalization of Wieghardt (1922) foundation for two-
dimensional continua was provided by Capurso (1967). Nevertheless, a gap still remained regarding consistency of nonlocal integral 
theory of foundations. To address this need, an integral nonlocal model of elastic media has been proposed by Vaccaro et al. (2021) 
to consistently capture long range interactions in elastic media. According to this formulation, the foundation reaction field is a 
spatial convolution driven by the local (Winkler) response. This approach is here extended to plates resting on nanofoundations.

2. Motivation and outline

By extending the contribution provided by Barretta et al. (2022) to two-dimensional nanostructures, the present work investigates 
elastodynamics of nanoplates interacting with nanofoundations. A consistent nonlocal methodology is proposed, involving a 
minimum number of parameters (i.e. plate and foundation length scale parameters), while effectively capturing both stiffening 
and softening structural responses.

In modeling of nanosystems, both the internal elasticity of the nanostructure and the external elasticity of the surrounding 
foundation can be accurately described through nonlocal continuum models, provided that the coupled structure–foundation 
problem is mathematically well-posed. Ensuring such well-posedness remains an open issue in Engineering Science. Indeed, the 
formulation of internal nonlocal elasticity proposed by Eringen (1972) leads to ill-posed structural problems due to an incompatibility 
with the equilibrium requirements (Romano, Barretta and Diaco, 2017). The nonlocal formulation proposed by Wieghardt (1922) 
to capture long range interactions in elastic foundations does not guaranty well-posedness of the relevant continuum problem due 
to a conflict with kinematic compatibility (Vaccaro et al., 2021).

The present work addresses this challenging issue by proposing an alternative nonlocal formulation to the Eringen–Wieghardt 
integral elasticity, leading to well-posed nonlocal problems of nanoplates supported by nano-scale foundations. The displacement-
driven integral approach (Vaccaro et al., 2021) adopted by Barretta et al. (2022) to investigate elastostatics of nanosystems, exploited 
by Das et al. (2025) to assess dynamics of nanobeams on nanofoundations and recently applied by Simões and Pinto da Costa (2026) 
to investigate dynamics of a beam on a nonlocal medium under a moving loading, is here extended to nanoscale plate-foundation 
dynamical problem. This work thus enables the modeling of nanosystems in which accounting for the structure-substrate interaction 
is crucial for design of nanosystems in point-of-care devices, wearable electronics and tissue engineering applications (see e.g. Bai 
et al. (2019), Batool et al. (2025), Chen et al. (2023) and Kong et al. (2024)).
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Here is the outline. In Section 3, kinematics and equilibrium of Kirchhoff axisymmetric annular plates is introduced. Then, 
nonlocal modeling of nanoplates resting on nanofoundations is provided in Section 4. In Section 5, the governing equations of 
motion along with standard and non-standard boundary conditions are derived. The free vibration nonlocal problem is formulated 
and put into a nondimensional form. Numerical analyses are finally provided in Section 6, highlighting the effects of plate and 
foundation length scale parameters on natural frequencies and mode shapes. Concluding remarks are discussed in Section 7.

3. Kirchhoff axisymmetric annular plates

A cylindrical coordinate system 𝑟, 𝜃, 𝑧 is adopted to model a thin axisymmetric plate of uniform thickness ℎ, with internal and 
external radii 𝑟𝑖 and 𝑟𝑒, respectively. The plate planform occupies the domain 𝛺 = [𝑟𝑖, 𝑟𝑒] × [0, 2𝜋] in the 𝑟𝜃 plane, where the base 
unit vectors are the radial vector e𝑟  and the circumferential vector e𝜃 . The edges at 𝑟 = 𝑟𝑖 and 𝑟 = 𝑟𝑒 are denoted by 𝜕𝛺𝑖 and 𝜕𝛺𝑒. 
Denoting with ∇ the gradient operator, the bending curvature tensor, according to the (linearized) Kirchhoff plate theory, is defined 
by 𝝌 ∶= ∇∇𝑢, where 𝑢 ∶ [𝑟𝑖, 𝑟𝑒] → R is the transverse displacement field. Exploiting the radial derivative 𝜕𝑟 and the tensor product 
⊗, the tangent curvature tensor is expressed as follows 

𝝌 = 𝜒𝑟 e𝑟 ⊗ e𝑟 + 𝜒𝜃 e𝜃 ⊗ e𝜃 , (1)

where 𝜒𝑟 ∶= 𝜕2𝑟 𝑢 is the radial curvature and 𝜒𝜃 ∶=
𝜕𝑟𝑢
𝑟

 the circumferential one.
The stress tensor is given by 𝐌 = 𝑀𝑟 e𝑟 ⊗ e𝑟 + 𝑀𝜃 e𝜃 ⊗ e𝜃 , where 𝑀𝑟 and 𝑀𝜃 are the radial and circumferential bending 

interaction fields. The principle of virtual work states that the internal virtual work ∫𝛺 𝐌 ∶ 𝝌𝛿𝑢 𝑑𝐴  equals the external virtual work 
for all admissible virtual displacements 𝛿𝑢, with 𝝌𝛿𝑢 denoting the curvature tensor field associated with 𝛿𝑢. After integration by 
parts and localization, the equilibrium differential equation takes the form 

1
𝑟

(

𝜕2𝑟 (𝑀𝑟 𝑟) − 𝜕𝑟𝑀𝜃

)

= 𝑞 , 𝑟 ∈ 𝛺 , (2)

subject to the boundary conditions 
⎧

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎩

𝑀𝑟 𝜕𝑟𝛿𝑢 = − 𝑀̄𝑖 𝜕𝑟𝛿𝑢 , 𝑟 ∈ 𝜕𝛺𝑖 ,

𝑀𝑟 𝜕𝑟𝛿𝑢 = 𝑀̄𝑒 𝜕𝑟𝛿𝑢 , 𝑟 ∈ 𝜕𝛺𝑒 ,
(

𝑀𝜃 − 𝜕𝑟(𝑀𝑟 𝑟)
)

𝛿𝑢 = −𝑄̄𝑖 𝑟 𝛿𝑢 , 𝑟 ∈ 𝜕𝛺𝑖 ,
(

𝑀𝜃 − 𝜕𝑟(𝑀𝑟 𝑟)
)

𝛿𝑢 = 𝑄̄𝑒 𝑟 𝛿𝑢 , 𝑟 ∈ 𝜕𝛺𝑒 .

(3)

The shearing interaction field is defined by 

𝑄𝑟 ∶=
𝑀𝜃 − 𝜕𝑟(𝑀𝑟, 𝑟)

𝑟
. (4)

A circular plate is obtained as the limiting case of an annular plate with a free internal edge for a vanishing internal radius, 
i.e. 𝑟𝑖 → 0.

4. Stress-driven nonlocal plates on displacement-driven nonlocal foundations

For a local isotropic elastic plate, the elastic curvature fields are related to the bending interaction fields by 
|

|

|

|

|

𝜒𝑒𝑙
𝑟

𝜒𝑒𝑙
𝜃

|

|

|

|

|

= 1
𝐷 (1 − 𝜈2)

[

1 −𝜈
−𝜈 1

]

|

|

|

|

|

𝑀𝑟
𝑀𝜃

|

|

|

|

|

(5)

where 𝜈 is the Poisson’s ratio and 𝐷 ∶= 𝐸 ℎ3

12 (1 − 𝜈2)
 is the flexural stiffness. Since no inelastic effects are present, the superscript 𝑒𝑙

will be omitted in the following.
To include size-dependent behaviors, the stress-driven nonlocal model of elasticity for axisymmetric annular nanoplates is 

exploited. By virtue of the axisymmetry, the nonlocal elastic radial curvature is expressed as spatial convolution of the local one, 
i.e. 

𝜒𝑟(𝑟) = ∫

𝑟𝑒

𝑟𝑖
𝜙𝑙𝑐 (𝑟 − 𝜉)

𝑀𝑟(𝜉) − 𝜈𝑀𝜃(𝜉)
𝐷 (1 − 𝜈2)

𝑑𝜉 (6)

where 𝜙𝑙𝑐  is the averaging kernel depending on the plate characteristic length 𝑙𝑐 . As proposed by Barretta et al. (2019), such a 
constitutive choice is consistent with the axisymmetry of the structural problem. The same physically sound methodology is exploited 
here and extended to dynamics of nanoplates interacting with nanofoundations.

To enable explicit inversion of Eq. (6), the bi-exponential Helmholtz kernel is chosen: 

𝜙𝑙 (𝑟) =
1 exp

(

−
|𝑟|

)

, (7)

𝑐 2 𝑙𝑐 𝑙𝑐

3 
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which satisfies the properties of positivity, symmetry, normalization and limit impulsivity on the real axis. As proven by Barretta 
et al. (2019), the integral Eq. (7) is equivalent to the differential constitutive law

𝜒𝑟

𝑙2𝑐
− 𝜕2𝑟𝜒𝑟 =

𝑀𝑟 − 𝜈𝑀𝜃

𝑙2𝑐 𝐷 (1 − 𝜈2)
, (8)

with constitutive boundary conditions 
⎧

⎪

⎨

⎪

⎩

𝜕𝑟𝜒𝑟(𝑟𝑖) −
1
𝑙𝑐

𝜒𝑟(𝑟𝑖) = 0 ,

𝜕𝑟𝜒𝑟(𝑟𝑒) +
1
𝑙𝑐

𝜒𝑟(𝑟𝑒) = 0 .
(9)

Thanks to the choice of the Helmholtz kernel, the nonlocal constitutive law can reverted into a differential formulation, avoiding 
integral operators.

The foundation reaction is modeled according to the nonlocal displacement-driven approach adopted by Vaccaro et al. (2021). 
This approach is here extended to plates interacting with nonlocal elastic media.

The reaction field 𝑓 is expressed by the spatial convolution between the Winkler-type response 𝑘𝑊 𝑢  and the averaging kernel 
𝜙𝑐𝑓 , i.e. 

𝑓 (𝑟) = ∫

𝑟𝑒

𝑟𝑖
𝜙𝑐𝑓 (𝑟 − 𝜉) 𝑘𝑊 𝑢(𝜉) 𝑑𝜉 , (10)

where 𝜙𝑐𝑓  is described by the foundation characteristic length 𝑐𝑓 . The integration range has been limited to the structural domain 
[𝑟𝑖, 𝑟𝑒] since it is the range within the nanobeam interacts with the nanofoundation. Indeed, the displacement field driving the spatial 
convolution in Eq. (10) denotes the transverse displacement of the interface between the structure and the elastic medium.

Again, choosing the Helmholtz kernel the following equivalent differential form can be apoted, i.e. 
𝑓
𝑐2𝑓

− 𝜕2𝑟 𝑓 =
𝑘𝑊
𝑐2𝑓

𝑢 , (11)

equipped with constitutive boundary conditions 
⎧

⎪

⎨

⎪

⎩

𝜕𝑟𝑓 (𝑟𝑖) −
1
𝑐𝑓

𝑓 (𝑟𝑖) = 0 ,

𝜕𝑟𝑓 (𝑟𝑒) +
1
𝑐𝑓

𝑓 (𝑟𝑒) = 0 .
(12)

As shown by Vaccaro et al. (2021), the constitutive boundary conditions in Eq. (12) along with the differential equation (11) 
assure that the constitutive differential problem is equivalent to the integral constitutive law in Eq. (10).

It is worth noting that the spatial convolution in Eq. (10) provides the reaction field 𝑓 (𝑟)  for 𝑟 ∈ [𝑟𝑖, 𝑟𝑒] , which corresponds to 
the structural domain of interest. Nevertheless, from a mathematical point of view, the field 𝑓 could not vanish for 𝑟 < 𝑟𝑖 and 𝑟 > 𝑟𝑒, 
even if the displacement field 𝑢 is assumed to vanish over the considered range. In particular, its functional expression is given as 
follows: 

⎧

⎪

⎪

⎨

⎪

⎪

⎩

𝑓 (𝑟) ∶= ∫

+∞

−∞
𝜙𝑐𝑓 (𝑟, 𝜉) 𝑢(𝜉) 𝑑𝜉 = ∫

𝑟𝑒

𝑟𝑖

𝑒
𝑟−𝜉
𝑐𝑓

2𝑐𝑓
𝑢(𝜉) 𝑑𝜉, 𝑟 ≤ 𝑟𝑖 ,

𝑓 (𝑟) ∶= ∫

+∞

−∞
𝜙𝑐𝑓 (𝑟, 𝜉) 𝑢(𝜉) 𝑑𝜉 = ∫

𝑟𝑒

𝑟𝑖

𝑒
− 𝑟−𝜉

𝑐𝑓

2𝑐𝑓
𝑢(𝜉) 𝑑𝜉, 𝑟 ≥ 𝑟𝑒 .

(13)

Eq. (13)1 (Eq. (13)2) evaluated for 𝑟 = 𝑟𝑖 (𝑟 = 𝑟𝑒) is equal to Eq. (10) evaluated for 𝑟 = 𝑟𝑖 (𝑟 = 𝑟𝑒). The same results can be 
achieved by computing the first derivative of Eq. (13)1 (Eq. (13)2) evaluated for 𝑟 = 𝑟𝑖 (𝑟 = 𝑟𝑒) and comparing it with the derivative 
of Eq. (10) evaluated at 𝑟 = 𝑟𝑖 (𝑟 = 𝑟𝑒). Therefore, no discontinuities arise. However, evaluation of the reaction field outside the 
structural domain has no physical meaning and can be thus disregarded without affecting in any way the structural problem solved 
for 𝑟 ∈ [𝑟𝑖, 𝑟𝑒].

5. Nonlocal free vibration problem

The differential condition of d’Alembert dynamic equilibrium for nanoplates on nanofoundations writes as 

𝜕2𝑟
(

𝑀𝑟(𝑟, 𝑡) ⋅ 𝑟
)

− 𝜕𝑟𝑀𝜃(𝑟, 𝑡) = 𝑟
(

𝑞(𝑟, 𝑡) − 𝑓 (𝑟, 𝑡) − 𝜌 ℎ 𝜕2𝑡 𝑢(𝑟, 𝑡)
)

, (14)

being 𝜌 the mass density, 𝜌 ℎ the mass per unit area and 𝑡 the time variable. The partial differential equation governing equilibrium of 
a freely vibrating nanoplate can be derived by setting 𝑞 = 0 in Eq. (14). Explicit expression of the circumferential bending interaction 
field 𝑀𝜃 is obtained by exploiting Eq. (5), i.e. 

𝑀 (𝑟, 𝑡) = 𝐷
(

𝜒 (𝑟, 𝑡) + 𝜈 𝜒 (𝑟, 𝑡)
)

, (15)
𝜃 𝜃 𝑟

4 
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while the radial bending interaction field 𝑀𝑟 is derived from the following differential equation 

𝜒𝑟(𝑟, 𝑡) − 𝑙2𝑐 𝜕
2
𝑟𝜒𝑟(𝑟, 𝑡) =

𝑀𝑟(𝑟, 𝑡) − 𝜈𝑀𝜃(𝑟, 𝑡)
𝐷 (1 − 𝜈2)

. (16)

The radial and circumferential curvature fields in Eqs. (15)–(16) are explicitly expressed by 𝜒𝑟(𝑟, 𝑡) = 𝜕2𝑟 𝑢(𝑟, 𝑡) and 𝜒𝜃(𝑟, 𝑡) =
1
𝑟
𝜕𝑟𝑢(𝑟, 𝑡). The foundation reaction field 𝑓 is then obtained from Eq. (14) and substituted into Eq. (11) to derive the governing 

partial differential equation, which can be written by separating the time and space variables 𝑢(𝑟, 𝑡) = 𝜙(𝑡)𝑤(𝑟), i.e. 
𝜙̈(𝑡)
𝜙(𝑡)

=
 (𝑤(𝑟),… , 𝑤(8)(𝑟))

ℎ 𝜌
(

𝑤(𝑟) − 𝑐2𝑓 𝑤′′(𝑟)
) = −𝜔2, (17)

with 

 (𝑤(𝑟),… , 𝑤(8)(𝑟)) ∶=
𝐷(−12𝑐2𝑓 + 𝑟2)

𝑟4
𝑤′′(𝑟) +

𝐷(9𝑐2𝑓 − 2𝑟2)

𝑟3
𝑤(3)(𝑟) −

𝐷(5𝑐2𝑓 𝑟 + 𝑟3)

𝑟3
𝑤(4)(𝑟) −

4𝑐2𝑓 𝐷 𝑙2𝑐
𝑟3

𝑤(5)(𝑟)

+
2𝑐2𝑓𝐷

𝑟
𝑤(5)(𝑟) +

2𝐷 𝑙2𝑐
𝑟

𝑤(5)(𝑟) +
4𝑐2𝑓 𝐷 𝑙2𝑐 𝜈

2

𝑟3
𝑤(5)(𝑟) −

2𝐷 𝑙2𝑐 𝜈
2

𝑟
𝑤(5)(𝑟) + 𝑐2𝑓 𝐷𝑤(6)(𝑟) +𝐷 𝑙2𝑐 𝑤

(6)(𝑟) +
4𝑐2𝑓 𝐷 𝑙2𝑐

𝑟2
𝑤(6)(𝑟)

−𝐷 𝑙2𝑐 𝜈
2 𝑤(6)(𝑟) −

4 𝑐2𝑓 𝐷 𝑙2𝑐 𝜈
2

𝑟2
𝑤(6)(𝑟) −

2𝑐2𝑓 𝐷 𝑙2𝑐
𝑟

𝑤(7)(𝑟) +
2𝑐2𝑓 𝐷 𝑙2𝑐 𝜈

2

𝑟
𝑤(7)(𝑟) − 𝑐2𝑓 𝐷 𝑙2𝑐 𝑤

(8)(𝑟) + 𝑐2𝑓 𝐷 𝑙2𝑐 𝜈
2 𝑤(8)(𝑟)

− 𝑘𝑊 𝑤(𝑟) −
𝐷(−12𝑐2𝑓 + 𝑟2)

𝑟5
𝑤′(𝑟) .

(18)

Time differentiation is indicated by an overdot, whereas derivatives with respect to the spatial coordinate 𝑟 are represented by 
primes. Higher-order derivatives are written as 𝑤(𝑛), 𝑛 ∈ {3, ... , 8}. Eq. (17) can be equivalently recast as the following system 

𝜙̈(𝑡) + 𝜔2𝜙(𝑡) = 0 , (19a)

 (𝑤(𝑟),… , 𝑤(8)(𝑟)) + 𝜔2ℎ 𝜌
(

𝑤(𝑟) − 𝑐2𝑓 𝑤′′(𝑟)
)

= 0 . (19b)

While the solution to the harmonic motion Eq. (19a) is given by 𝜙(𝑡) = 𝐴 sin(𝜔𝑡)+𝐵 cos(𝜔𝑡) , with the constants 𝐴, 𝐵 depending on 
the prescribed initial conditions and 𝜔 the natural angular frequency, Eq. (19b) requires further manipulation in order to investigate 
its solutions. To this aim, the non-dimensional radius 𝑟 = 𝑟

𝑟𝑒
 is defined along with the following nondimensional parameters 

𝜆𝑏 =
𝑙𝑐
𝑟𝑒

, 𝜆𝑓 =
𝑐𝑓
𝑟𝑒

, 𝑤̃ = 𝑤
𝑟𝑒

, 𝛺2 =
𝑟4𝑒
𝐷

ℎ𝜌𝜔2 , 𝐾𝑊 =
𝑟4𝑒
𝐷

𝑘𝑊 . (20)

Rewriting Eq. (19b) in terms of the nondimensional variables defined above, and omitting the tildes for simplicity, yields

−𝐾𝑊 𝑤(𝑟) +𝛺2𝑤(𝑟) −
𝑤′(𝑟)
𝑟3

+
12𝜆2𝑓
𝑟5

𝑤′(𝑟) +
𝑤′′(𝑟)
𝑟2

−
12𝜆2𝑓
𝑟4

𝑤′′(𝑟) − 𝜆2𝑓𝛺
2𝑤′′(𝑟) − 2

𝑟
𝑤(3)(𝑟) +

9𝜆2𝑓
𝑟3

𝑤(3)(𝑟)

−𝑤(4)(𝑟) −
5𝜆2𝑓
𝑟2

𝑤(4)(𝑟) +
2𝜆2𝑏
𝑟

𝑤(5)(𝑟) +
2𝜆2𝑓
𝑟

𝑤(5)(𝑟) −
4𝜆2𝑏𝜆

2
𝑓

𝑟3
𝑤(5)(𝑟) −

2𝜆2𝑏𝜈
2

𝑟
𝑤(5)(𝑟) +

4𝜆2𝑏𝜆
2
𝑓 𝜈

2

𝑟3
𝑤(5)(𝑟)

+ 𝜆2𝑏𝑤
(6)(𝑟) + 𝜆2𝑓𝑤

(6)(𝑟) +
4𝜆2𝑏𝜆

2
𝑓

𝑟2
𝑤(6)(𝑟) − 𝜆2𝑏𝜈

2𝑤(6)(𝑟) −
4𝜆2𝑏𝜆

2
𝑓 𝜈

2

𝑟2
𝑤(6)(𝑟) −

2𝜆2𝑏𝜆
2
𝑓

𝑟
𝑤(7)(𝑟) +

2𝜆2𝑏𝜆
2
𝑓 𝜈

2

𝑟
𝑤(7)(𝑟)

− 𝜆2𝑏𝜆
2
𝑓𝑤

(8)(𝑟) + 𝜆2𝑏𝜆
2
𝑓 𝜈

2𝑤(8)(𝑟) = 0 .

(21)

Eq. (21) is an 8th-order nonautonomous differential equation which does not admit a closed form expression for the generalized 
solution depending on suitable constants 𝑐𝑖, 𝑖 ∈ {1,… , 8}. Therefore, the standard strategy adopted to determine the first natural 
frequencies – consisting in rewriting the boundary conditions in terms of the generalized solution and thus obtaining a homogeneous 
algebraic linear system of 8 equations for the unknown constants 𝑐𝑖 and finding the values of 𝛺 satisfying the characteristic nonlinear 
equation for which the determinant of the supporting matrix vanishes – is not applicable here. In order to compute the natural 
frequencies and obtain the corresponding normalized mode shapes, we adopt the computational package Compound Matrix 
Method provided by Pearce (2025) based on the Wolfram language. This method allows to determine the eigenvalues of boundary-
value ordinary differential equations as follows. First, a transformation of the boundary-value problem into a set of first-order matrix 
equations is performed, then the Evans function is constructed and evaluated at a prescribed guess of the eigenvalue. The eigenvalues 
of the original boundary-value problem are then given by the zeros of the Evans function.

6. Case studies

In the following investigation, numerical values of the dimensional parameters are fixed as shown in Table  1, referring to a single-
layered graphene sheet (see Farajpour et al. (2021)). According to the nondimensional parameter in Eq. (20), the nondimensional 
internal and external radii are 0.125 and 1, respectively, while the nondimensional stiffness parameter is set as 𝐾 = 10.
𝑊

5 



M.S. Vaccaro et al. International Journal of Engineering Science 226 (2026) 104552 
Table 1
Parameters, descriptions, units and values set.
 Parameter Description Unit Value 
 𝑟𝑖 Internal radius nm 2.5  
 𝑟𝑒 External radius nm 20  
 ℎ Thickness nm 0.34  
 𝜈 Poisson ratio – 0.25  
 𝐸 Euler-Young modulus GPa 103  
 𝜌 Mass density kg m−3 2250  

Two case studies are investigated, namely a pinned-clamped and clamped nanoplate on nonlocal medium. In both cases, the 
nondimensional form of the four constitutive boundary conditions in Eqs. (9) and (12) is prescribed, namely 

⎧

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎩

𝜆𝑏 𝑤(3)(𝑟𝑖) −𝑤′′(𝑟𝑖) = 0 ,
𝜆𝑏 𝑤(3)(𝑟𝑒) +𝑤′′(𝑟𝑒) = 0 ,
𝑤(𝑟𝑖)
𝜆𝑓

−𝑤′(𝑟𝑖) +
1
𝛺2

(

−
3𝑤′(𝑟𝑖)

𝑟4𝑖
−

𝑤′(𝑟𝑖)
𝑟3𝑖 𝜆𝑓

+
3𝑤′′(𝑟𝑖)

𝑟3𝑖
+

𝑤′′(𝑟𝑖)
𝑟2𝑖 𝜆𝑓

−
3𝑤(3)(𝑟𝑖)

𝑟2𝑖
−

2𝑤(3)(𝑟𝑖)
𝑟𝑖𝜆𝑓

+
2𝑤(4)(𝑟𝑖)

𝑟𝑖
−

𝑤(4)(𝑟𝑖)
𝜆𝑓

+𝑤(5)(𝑟𝑖) +
2𝜆2𝑏 𝑤

(5)(𝑟𝑖)

𝑟2𝑖
+

2𝜆2𝑏 𝑤
(5)(𝑟𝑖)

𝑟𝑖𝜆𝑓
−

2𝜆2𝑏𝜈
2 𝑤(5)(𝑟𝑖)

𝑟2𝑖
−

2𝜆2𝑏𝜈
2 𝑤(5)(𝑟𝑖)
𝑟𝑖𝜆𝑓

−
2𝜆2𝑏 𝑤

(6)(𝑟𝑖)
𝑟𝑖

+
𝜆2𝑏 𝑤

(6)(𝑟𝑖)
𝜆𝑓

+
2𝜆2𝑏𝜈

2 𝑤(6)(𝑟𝑖)
𝑟𝑖

−
𝜆2𝑏𝜈

2 𝑤(6)(𝑟𝑖)
𝜆𝑓

− 𝜆2𝑏 𝑤
(7)(𝑟𝑖) + 𝜆2𝑏𝜈

2 𝑤(7)(𝑟𝑖)
)

= 0 ,

−
𝑤(𝑟𝑒)
𝜆𝑓

−𝑤′(𝑟𝑒) +
1
𝛺2

(

−
3𝑤′(𝑟𝑒)

𝑟4𝑒
+

𝑤′(𝑟𝑒)
𝑟3𝑒𝜆𝑓

+
3𝑤′′(𝑟𝑒)

𝑟3𝑒
−

𝑤′′(𝑟𝑒)
𝑟2𝑒𝜆𝑓

−
3𝑤(3)(𝑟𝑒)

𝑟2𝑒
+

2𝑤(3)(𝑟𝑒)
𝑟𝑒𝜆𝑓

+
2𝑤(4)(𝑟𝑒)

𝑟𝑒
+

𝑤(4)(𝑟𝑒)
𝜆𝑓

+𝑤(5)(𝑟𝑒) +
2𝜆2𝑏 𝑤

(5)(𝑟𝑒)

𝑟2𝑒
−

2𝜆2𝑏 𝑤
(5)(𝑟𝑒)

𝑟𝑒𝜆𝑓
−

2𝜆2𝑏𝜈
2 𝑤(5)(𝑟𝑒)

𝑟2𝑒
+

2𝜆2𝑏𝜈
2 𝑤(5)(𝑟𝑒)
𝑟𝑒𝜆𝑓

−
2𝜆2𝑏 𝑤

(6)(𝑟𝑒)
𝑟𝑒

−
𝜆2𝑏 𝑤

(6)(𝑟𝑒)
𝜆𝑓

+
2𝜆2𝑏𝜈

2 𝑤(6)(𝑟𝑒)
𝑟𝑒

+
𝜆2𝑏𝜈

2 𝑤(6)(𝑟𝑒)
𝜆𝑓

− 𝜆2𝑏 𝑤
(7)(𝑟𝑒) + 𝜆2𝑏𝜈

2 𝑤(7)(𝑟𝑒)
)

= 0 .

(22)

In addition to the constitutive boundary conditions in Eq. (22), the following essential and natural boundary conditions are 
prescribed for a plate simply supported at 𝑟 = 𝑟𝑖 and fixed at 𝑟 = 𝑟𝑒

⎧

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎩

𝑤(𝑟𝑖) = 0 ,

𝜈
𝑤′(𝑟𝑖)
𝑟𝑖

+𝑤′′(𝑟𝑖) − 𝜆2𝑏 𝑤
(4)(𝑟𝑖) + 𝜆2𝑏𝜈

2 𝑤(4)(𝑟𝑖) = 0 ,

𝑤(𝑟𝑒) = 0 ,
𝑤′(𝑟𝑒) = 0 .

(23)

For a fixed plate the following four essential boundary conditions are prescribed, in addition to the constitutive boundary 
conditions in Eq. (22), i.e. 

⎧

⎪

⎪

⎨

⎪

⎪

⎩

𝑤(𝑟𝑖) = 0 ,
𝑤′(𝑟𝑖) = 0 ,
𝑤(𝑟𝑒) = 0 ,
𝑤′(𝑟𝑒) = 0 .

(24)

The outcomes obtained using the Compound Matrix Method described in Section 5 are shown below, assuming that 𝜆𝑏 =

𝜆𝑓 = 𝜆 . The first four nondimensional natural frequencies 𝛺̄𝑖 ∶=
𝛺𝑖
𝛺𝑙𝑖

, 𝑖 ∈ {1, ..., 4} are provided for both the pinned-clamped and 
clamped plate, as summarized in Tables  2 and 3, respectively, where 𝛺𝑙𝑖  denotes the corresponding local natural frequency. It is 
worth noting that for any fixed value of 𝜆 the natural frequencies in the fixed plate case are higher than the ones obtained for the 
pinned-fixed case.

The normalized eigenfunctions Ψ𝑖, 𝑖 ∈ {1, ..., 4} are plotted as functions of the nondimensional radial variable 𝑟 in Figs.  1–2 for 
the pinned-clamped and clamped plate case, respectively. Analogously, the normalized eigenfunctions are displayed as functions of 
the two variables 𝑥 = 𝑟 cos 𝜃, 𝑦 = 𝑟 sin 𝜃 with 𝜃 ∈ [0, 𝜋] in Figs.  3–4 for the pinned-clamped and clamped plate, respectively.

7. Closing remarks

A consistent nonlocal methodology has been developed to investigate the free vibration behavior of axisymmetric nanoplates 
resting on elastic nanofoundations. The size dependent mechanical response of the nanoplate has been described exploiting the stress-
driven integral elasticity theory, while the interaction with the supporting medium has been modeled through a displacement-driven 
6 



M.S. Vaccaro et al. International Journal of Engineering Science 226 (2026) 104552 
Fig. 1. Plate with pinned and clamped edges: first four eigenfunctions for 𝜆 = 0.5.

Fig. 2. Plate with clamped edges: first four eigenfunctions for 𝜆 = 0.5.

Fig. 3. Plate with pinned and clamped edges: first four eigenfunctions as functions of 𝑥 = 𝑟 cos 𝜃, 𝑦 = 𝑟 sin 𝜃 with 𝜃 ∈ [0, 𝜋] for 𝜆 = 0.5.
7 
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Table 2
Plate with pinned and clamped edges: nondimensional natural frequencies 𝛺̄𝑖 ∶=

𝛺𝑖

𝛺𝑙𝑖
, 𝑖 ∈ {1, ..., 4}.

 𝜆 𝛺̄1 𝛺̄2 𝛺̄3 𝛺̄4  
 0.1 1.171 1.339 1.563 1.824 
 0.2 1.432 1.911 2.485 3.105 
 0.3 1.731 2.549 3.477 4.453 
 0.4 2.047 3.209 4.492 5.820 
 0.5 2.373 3.880 5.515 7.196 

Table 3
Plate with clamped edges: nondimensional natural frequencies 𝛺̄𝑖 ∶=

𝛺𝑖

𝛺𝑙𝑖
, 𝑖 ∈ {1, ..., 4}.

 𝜆 𝛺̄1 𝛺̄2 𝛺̄3 𝛺̄4  
 0.1 1.342 1.545 1.792 2.071 
 0.2 1.874 2.429 3.037 3.680 
 0.3 2.477 3.397 4.362 5.362 
 0.4 3.108 4.392 5.712 7.066 
 0.5 3.753 5.400 7.072 8.778 

Fig. 4. Plate with clamped edges: first four eigenfunctions as functions of 𝑥 = 𝑟 cos 𝜃, 𝑦 = 𝑟 sin 𝜃 with 𝜃 ∈ [0, 𝜋] for 𝜆 = 0.5.

nonlocal elastic approach. This combined methodology allows for modeling long-range interactions in both the structural element 
and the foundation, overcoming paradoxes and intrinsic difficulties associated with traditional formulations.

By adopting Helmholtz averaging kernels, the integral constitutive laws governing the plate and the foundation size dependent 
behaviors have been equivalently transformed into differential constitutive problems. This strategy leads to a high-order boundary-
value problem that accurately captures size-dependent effects. The Compound Matrix Method has been applied to numerically 
compute natural frequencies and corresponding mode shapes. The numerical investigations performed for different case studies 
have shown that both the plate and foundation characteristic length parameters significantly affect the vibrational response. The 
results confirm that the proposed formulation provides a mathematically consistent and physically meaningful tool for the dynamic 
analysis of nanoplates interacting with elastic media and can be effectively used in the modeling and design of advanced nanoscale 
structural systems.
8 
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