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 A B S T R A C T

Elastostatics of nanoplates is addressed via an effective iterative procedure. An integral theory of elasticity 
is exploited to capture size effects in thin plates. The governing nonlocal elastic problem is represented by 
an integro-differential formulation, whose resolution is particularly demanding. Moreover, extending solution 
methodologies to general plate geometries and arbitrary boundary and loading conditions is a complex issue 
to address. To overcome these limitations, an effective iterative method is proposed. Such an algorithm relies 
solely on the solution of standard local elastostatic problems. Indeed, according to the iterative scheme, 
the nonlocal solution is obtained by solving a sequence of local problems. The presented methodology 
accommodates arbitrary nanoplate geometries and general kernels of the constitutive integral law, ensuring 
broad applicability and making it suitable for modeling a wide spectrum of nanoengineered systems.
1. Introduction

Miniaturized systems are attracting significant attention due to their 
outstanding features, including fast and highly sensitive responses, low 
power consumption and cost, and ease of integration into compact 
systems. Notably, nanoplates represent promising structural elements 
for small-scale devices (see e.g. [1–4]). Accurate modeling of small-
scale structures requires advanced methodologies able to capture scale-
dependent phenomena. In this context, nonlocal continuum mechanics 
provides a powerful tool for accounting for size effects into the mechan-
ical response of nano-structures. In fact, it is well acknowledged that 
innovative materials and structures require advanced methodologies to 
capture non-conventional behaviors [5–15].

The first theories of nonlocal continuum mechanics were intro-
duced in seminal works by Kröner [16], Krumhansl [17], Kunin [18] 
and Rogula [19,20]. An integral elasticity theory was then developed 
by Eringen [21,22], according to which the stress at a point is a spatial 
convolution driven by the elastic strain field, incorporating long-range 
interactions in nonlocal continua. However, the application of Eringen’s 
theory to structural mechanic problems revealed paradoxical results, as 
first observed by Peddieson et al. [23].

To address these issues, Challamel and Wang [24] proposed a 
modified differential model based on a strain-driven two-phase law of 
elasticity. Nevertheless, when considering the limiting case of a fully 
nonlocal response, the resulting model was shown to be ill-posed. This 
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pathological behavior was further analyzed by Benvenuti and Simone 
[25] and Khodabakhshi and Reddy [26], and finally resolved by Ro-
mano et al. [27], who demonstrated that the ill-posedness originates 
from an incompatibility between the equilibrium equations and the 
Eringen’s integral constitutive law.

The above-mentioned issues were completely bypassed by Romano 
and Barretta [28] who introduced a stress-driven nonlocal integral 
model, in which the nonlocal elastic strain is formulated as a spatial 
convolution between the stress field and an averaging kernel. This al-
ternative approach assures the well-posedness of the relevant structural 
problem while accurately accounting for long-range interactions and 
scale effects. The efficacy of the stress-driven model has been validated 
in several subsequent studies, such as the works contributed by Rezaiee-
Pajand and Rajabzadeh-Safaei [29], Zhang et al. [30], Vaccaro et al. 
[31], Barretta et al. [32], Caporale et al. [33], Jafarinezhad et al. [34], 
Lovisi [35], Wang et al. [36], Lovisi et al. [37], Indronil [38], Alotta 
et al. [39], Behnam-Rasouli et al. [40] and Challamel and Sani [41]. A 
collection of achievements on mechanics of nonlocal elastic structures 
has been provided by Barretta et al. [42].

2. Motivation and outline

The elastostatic problem of nanoplates is governed by a set of 
integro-partial differential equations, which are generally difficult to 
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solve. For a specific type of kernel and for axisymmetric nanoplates, 
the relevant problem can be conveniently converted into a set of 
differential equations equipped with constitutive boundary conditions, 
as proven by Barretta et al. [43] and Vaccaro and Sedighi [44]. Exploit-
ing the stress-driven approach, functionally graded annular nanoplates 
have been investigated by Jafarinezhad et al. [45], based on the 
Helmholtz kernel, and by Cianci et al. [46], assuming a Gaussian 
kernel. The treatment has also been extended to thick plates by Ja-
farinezhad et al. [47], still assuming an axisymmetric geometry. Fol-
lowing a similar approach, Farajpour et al. [48] obtained a differential 
formulation for nanoplates of rectangular shape, upon choice of a 
specific kernel. A simple and effective approach of general validity is 
here proposed to address elastostatic problems of nanoplates. Notably, 
the work aims to develop a theoretical formulation and computational 
procedure for nonlocal elasticity problems. The proposed solution strat-
egy is not limited to plates with particular geometries, boundary and 
loading conditions, or specific kernels.

Romano et al. [49] introduced iterative methods for solving nonlo-
cal elasticity problems; these methods are general and are not restricted 
to a specific type of structure. For example, Romano et al. [49] ap-
plied the procedure to one-dimensional structures (e.g. Bernoulli–Euler 
nanobeams), but iterative methods can also be applied to structures 
defined in higher-dimensional domains. The relevant algorithms re-
quire only solutions of standard local elastostatic problems, since the 
nonlocal solution is obtained by solving a sequence of local problems.

In this work, the iterative method proposed by Romano et al. [49] 
is implemented for Kirchhoff nanoplates. This approach circumvents 
the need to introduce constitutive boundary conditions that naturally 
arise in the analytical differential formulation. Here is the outline. The 
Kirchhoff theory for elastic plates is first recalled in Section 3 and 
then the stress-driven nonlocal model is formulated for thin plates. An 
iterative solution strategy is proposed in Section 4, where the nonlocal 
response is obtained by iteratively solving a sequence of local prob-
lems. In Section 5, the adopted finite element formulation is described 
along with the numerical integration procedure. Case studies are then 
examined and solved in Section 6 and concluding remarks are finally 
provided in Section 7.

3. Kirchhoff theory for local plates and nonlocal nanoplates

The proposed method can be applied to nanoplates of arbitrary 
geometry. For simplicity, the description refers to the parallelepiped 
plate shown in Fig.  1, with length, width, and height denoted by 𝐿𝑥, 𝐿𝑦, 
and 𝑡, respectively. The middle plane of the plate is equidistant from the 
plate surfaces with sides of length 𝐿𝑥 and 𝐿𝑦, and is colored gray in Fig. 
1. The Cartesian coordinate system has its origin at a vertex of planform 
of the plate, and the 𝑧-axis is oriented upward. The displacements along 
the 𝑥-, 𝑦- and 𝑧-axes are denoted by 𝑢, 𝑣, and 𝑤, respectively. The 
rotations around the 𝑥- and 𝑦-axes are named 𝜃𝑦 and 𝜃𝑥, respectively, 
and are such that positive values of these rotations produce negative 
components 𝑢 and 𝑣 for 𝑧 > 0.

Next, the equations of the Kirchhoff plates are briefly recalled. The 
stress-driven nonlocal integral elasticity is then introduced and applied 
to Kirchhoff nanoplates (see Tables  1 and 2 for definitions).

3.1. Kinematics

According to the geometrically linearized Kirchhoff theory of plates, 
kinematics is described by the following relations [50] 
𝑢 = −𝑧 𝜃𝑥, 𝑣 = −𝑧 𝜃𝑦, (1)

where 
𝜃𝑥 = 𝜕𝑤

𝜕𝑥
, 𝜃𝑦 =

𝜕𝑤
𝜕𝑦
. (2)
2 
Fig. 1. Geometry of the plate model. (For interpretation of the references to 
color in this figure legend, the reader is referred to the web version of this 
article.)

Table 1
Nomenclature for Sections 3, 4, and 6.
 Symbol Meaning  
 B Curvature–displacement matrix, 𝝌 = B𝑤  
 𝑪 Material stiffness matrix, 𝝈 = 𝑪 𝜺lc  
 𝝌 Total curvature, 𝝌 = 𝝌el + 𝝌 in  
 𝝌̄ Dimensionless total curvature, 𝝌̄ = 𝝌𝐿  
 𝝌el Elastic curvature, 𝝌el = 𝝌 lc in local analysis, 𝝌el = 𝝌nl in 

nonlocal analysis
 

 𝝌 in Inelastic curvature  
 𝝌 lc Elastic local curvature, 𝝌 lc = 𝑫−1𝑴  
 𝝌nl Elastic nonlocal curvature, 𝝌nl(𝑥, 𝑦) = (𝜓 ∗ 𝝌 lc)(𝑥, 𝑦)  
 𝝌̄nl Dimensionless nonlocal curvature, 𝝌̄nl = 𝝌nl𝐿  
 𝑫 Moment–curvature stiffness matrix, 𝑫 = 𝑡3 𝑪∕12  
 𝐷 Scalar stiffness, 𝐷 = 𝐸𝑡3

12(1−𝜈2 )
 

 𝐸 Young’s modulus  
 𝜺 Strain vector  
 𝐿 Maximum length of the plate, 𝐿 = 𝐿𝑥 ≥ 𝐿𝑦  
 𝐿𝑐 Length-scale parameter  
 𝐿𝑥 Length of the plate along the 𝑥-axis  
 𝐿𝑦 Length of the plate along the 𝑦-axis  
 𝜆𝑥 , 𝜆𝑦 Dimensionless length-scale parameters, 𝜆𝑥 = 𝐿𝑐∕𝐿𝑥, 𝜆𝑦 = 𝐿𝑐∕𝐿𝑦 
 𝑴 Moment vector, 𝑴 = 𝑫 𝝌 lc  
 𝑴̄ Dimensionless moment vector, 𝑴̄ = 𝑴𝐿∕𝐷  
 𝑀𝑥 ,𝑀𝑦 Bending moments  
 𝑀𝑥𝑦 Twisting moment  
 𝑛𝑥 , 𝑛𝑦 Number of finite elements along the 𝑥- and 𝑦-axes  
 𝜈 Poisson’s ratio  
 𝑃lc Local elastostatic operator  
 𝜓 Kernel function  
 𝑞 Transverse load  
 𝑞 Dimensionless transverse load, 𝑞 = 𝑞𝐿3∕𝐷  
 𝒓 Normalized residual curvature  
 𝝈 Stress vector, 𝝈 = 𝑪 𝜺lc  
 𝑡 Thickness of the plate  
 𝜃𝑥 , 𝜃𝑦 Rotations around the 𝑦- and 𝑥-axes  
 𝑢, 𝑣 Displacements along the 𝑥- and 𝑦-axes  
 𝑤 Transverse displacement (along the 𝑧-axis)  
 𝑤̄ Dimensionless transverse displacement, 𝑤̄ = 𝑤∕𝐿  
 𝑤𝑖 Transverse displacement at the 𝑖th iteration  
 𝑤0 Transverse displacement at iteration 0, i.e. the local 

displacement
 

 𝑤max Maximum transverse displacement  
 𝑤̄𝑖 , 𝑤̄0 , 𝑤̄max Dimensionless form of displacements 𝑤𝑖 , 𝑤0 , 𝑤max  
 𝑥, 𝑦, 𝑧 Cartesian coordinates  
 𝑥̄, 𝑦̄ Dimensionless Cartesian coordinates, 𝑥̄ = 𝑥∕𝐿𝑥, 𝑦̄ = 𝑦∕𝐿𝑦  

The vector collecting the non-zero components of the total tangent 
deformation is 

𝜺 =

⎧

⎪

⎨

⎪

⎩

𝜀𝑥
𝜀𝑦
𝛾𝑥𝑦

⎫

⎪

⎬

⎪

⎭

=

⎧

⎪

⎨

⎪

⎩

𝜕𝑢
𝜕𝑥
𝜕𝑣
𝜕𝑦

𝜕𝑢
𝜕𝑦 +

𝜕𝑣
𝜕𝑥

⎫

⎪

⎬

⎪

⎭

=

⎧

⎪

⎪

⎨

⎪

⎪

⎩

−𝑧 𝜕2𝑤
𝜕𝑥2

−𝑧 𝜕2𝑤
𝜕𝑦2

−2 𝑧 𝜕2𝑤
𝜕𝑥𝜕𝑦

⎫

⎪

⎪

⎬

⎪

⎪

⎭

. (3)
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Table 2
Nomenclature for Section 5.
 Symbol Meaning  
 𝐴𝑒 Area of element 𝑒  
 𝑩 Strain–displacement matrix  
 𝒇 Equivalent nodal forces for the whole structure  
 𝒇 𝑒 Equivalent nodal forces of element 𝑒  
 𝑲 Global stiffness matrix  
 𝑲𝑒 Element stiffness matrix  
 𝛬𝑒 Potential energy of external loads for element 𝑒  
 𝑵 Shape functions in the global coordinate system (𝑥, 𝑦)  
 𝑵̂ Shape functions in the natural coordinate system (𝜉, 𝜂)  
 𝛷𝑒 Strain energy in element 𝑒  
 𝛱𝑒 Total potential energy in element 𝑒  
 𝜓̂ Kernel function in the natural coordinate system (𝜉, 𝜂)  
 𝒖̃ Nodal displacements and rotations of the whole structure  
 𝒖̃𝑒 Nodal displacements and rotations of element 𝑒  
 𝑉 𝑒 Volume associated to element 𝑒  
 𝑤̃ Transverse displacement evaluated at a node of a finite element 
 𝑤𝑒 Transverse displacement of element 𝑒  
 𝑥̃𝑒𝑖 , 𝑦̃𝑒𝑖 Global coordinate of node 𝑖 of element 𝑒  

The total curvature vector is defined by 

𝝌 =

⎧

⎪

⎨

⎪

⎩

𝜒𝑥
𝜒𝑦
𝜒𝑥𝑦

⎫

⎪

⎬

⎪

⎭

=

⎧

⎪

⎪

⎨

⎪

⎪

⎩

𝜕2𝑤
𝜕𝑥2

𝜕2𝑤
𝜕𝑦2

2 𝜕2𝑤
𝜕𝑥𝜕𝑦

⎫

⎪

⎪

⎬

⎪

⎪

⎭

, (4)

or 

𝝌 = B𝑤, with B =
[

𝜕2

𝜕𝑥2
𝜕2

𝜕𝑦2
2 𝜕2

𝜕𝑥𝜕𝑦

]𝑇
. (5)

Eqs. (3) and (4) involve the following relationship: 

𝜺 = −𝑧𝝌 . (6)

3.2. Equilibrium

The normal bending moments 𝑀𝑥 and 𝑀𝑦 (for the 𝑥 and 𝑦 direc-
tions, respectively) and the twisting moment 𝑀𝑥𝑦 are grouped into the 
moment vector 𝑴 and are defined by the following static equivalence 

𝑴 =

⎧

⎪

⎨

⎪

⎩

𝑀𝑥
𝑀𝑦
𝑀𝑥𝑦

⎫

⎪

⎬

⎪

⎭

= −∫

𝑡∕2

−𝑡∕2
𝑧

⎧

⎪

⎨

⎪

⎩

𝜎𝑥
𝜎𝑦
𝜏𝑥𝑦

⎫

⎪

⎬

⎪

⎭

𝑑𝑧, (7)

where 𝑡 is the thickness of the plate; 𝜎𝑥, 𝜎𝑦 and 𝜏𝑥𝑦 are components of 
the Cauchy stress tensor. The components of 𝑴 satisfy the following 
equilibrium equation: 
𝜕2𝑀𝑥

𝜕𝑥2
+ 2

𝜕2𝑀𝑥𝑦

𝜕𝑥𝜕𝑦
+
𝜕2𝑀𝑦

𝜕𝑦2
= 𝑞, (8)

where 𝑞 is the transverse load oriented upward along the 𝑧-axis.

3.3. Elastic constitutive laws

In both local and nonlocal elasticity, the constitutive equations 
correlate the elastic curvature 𝝌el and the moment 𝑴 . In the absence of 
inelastic strains, the elastic curvature 𝝌el is equal to the total curvature 
𝝌 , otherwise 
𝝌el = 𝝌 − 𝝌 in, (9)

where 𝝌 in is the inelastic curvature. The strain–curvature relationship 
for elastic and inelastic fields is given by: 

𝜺type = −𝑧𝝌 type, (10)
3 
where type = el, in. In the following, the elastic curvature 𝝌el is denoted 
by 𝝌 lc within the local elasticity theory outlined in Section 3.3.1, 
and by 𝝌nl within the nonlocal integral elasticity theory discussed in 
Section 3.3.2.

3.3.1. Local elasticity for plates
For a homogeneous isotropic linear elastic material, the local con-

stitutive relationship between stress 𝝈 and local strain 𝜺lc is given by 

𝝈 = 𝑪 𝜺lc, (11)

where 

𝝈 =

⎧

⎪

⎨

⎪

⎩

𝜎𝑥
𝜎𝑦
𝜏𝑥𝑦

⎫

⎪

⎬

⎪

⎭

, 𝑪 = 𝐸
1 − 𝜈2

⎡

⎢

⎢

⎣

1 𝜈 0
𝜈 1 0
0 0 (1−𝜈)

2

⎤

⎥

⎥

⎦

, 𝜺lc =
⎧

⎪

⎨

⎪

⎩

𝜀lc𝑥
𝜀lc𝑦
𝛾 lc𝑥𝑦

⎫

⎪

⎬

⎪

⎭

. (12)

In Eq. (12), 𝐸 and 𝜈 are Young’s modulus and Poisson’s ratio, 
respectively. The local strain 𝜺lc can also be expressed in terms of the 
local curvature 𝝌 lc: 

𝜺lc = −𝑧

⎧

⎪

⎨

⎪

⎩

𝜒 lc𝑥
𝜒 lc𝑦
𝜒 lc𝑥𝑦

⎫

⎪

⎬

⎪

⎭

= −𝑧𝝌 lc. (13)

Taking into account the stress–strain relationship in Eq. (11) and 
the definitions in Eq. (7), the moment vector is 

𝑴 = ∫

𝑡∕2

−𝑡∕2
𝑧2 𝑪 𝝌 lc 𝑑𝑧 = 𝑫 𝝌 lc, (14)

where 

𝑫 = 𝑡3

12
𝑪 . (15)

Taking into account also Eqs. (5) and (9), the final moment–
curvature constitutive relationship is 
𝑴 = 𝑫

(

B𝑤 − 𝝌 in
)

. (16)

3.3.2. Stress-driven nonlocal integral elasticity for nanoplates
A stress-driven integral approach is adopted as proposed by Romano 

and Barretta [28], where the nonlocal curvature at a reference point 
(𝑥, 𝑦) in the nanoplate depends not only on the moment at (𝑥, 𝑦) but 
also on the moments at all other points. The curvature according to 
the nonlocal elasticity approach is denoted by 𝝌nl and is defined as the 
integral convolution of the moment vector 𝑴 : 

𝝌nl(𝑥, 𝑦) =
⎧

⎪

⎨

⎪

⎩

𝜒nl𝑥
𝜒nl𝑦
𝜒nl𝑥𝑦

⎫

⎪

⎬

⎪

⎭

= ∫𝐴
𝜓(𝑥 − 𝑥′, 𝑦 − 𝑦′, 𝜏)𝑫−1𝑴(𝑥′, 𝑦′) 𝑑𝑥′𝑑𝑦′

= (𝜓 ∗ 𝑫−1𝑴)(𝑥, 𝑦) = (𝜓 ∗ 𝝌 lc)(𝑥, 𝑦),

(17)

where 𝐴 is the middle plane area of the nanoplate, 𝜓 is a kernel 
function [22], and 𝜏 is a parameter defined in Appendix  A.

The proposed method is not limited to a particular kernel 𝜓 . There-
fore, different types of functions 𝜓 are used in Section 6 and explained 
in Appendix  A. Both 𝝌 lc and 𝝌nl are elastic curvatures with the dif-
ference that 𝝌 lc is evaluated by Eq. (14) within a local approach and 
is equal to 𝑫−1𝑴 , while 𝝌nl is the convolution of the local curvature 
𝑫−1𝑴 in the stress-driven nonlocal integral elasticity.

4. Iterative method for nonlocal elastostatic problems of
nanoplates

The mechanical behavior of nanoplates governed by the nonlocal 
constitutive law in Eq. (17) involves integro-partial differential equa-
tions that are generally difficult to solve. For axisymmetric nanoplates, 
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these equations can be reduced to a set of partial differential equations, 
as shown by Romano and Barretta [28], and applied by Barretta et al. 
[43] and Vaccaro and Sedighi [44], upon a specific choice of the kernel. 
A more general solution procedure is here developed to solve general 
problems of nanoplates, applicable to arbitrary geometries, boundary 
and loading conditions, and kernels.

Notably, an iterative method [49] is implemented for Kirchhoff 
nanoplates. To this end, a local elastostatic operator 𝑃lc is defined: this 
operator determines the transverse displacement 𝑤 of the local elastic 
plate (according to the classical plate theory described in Sections 3.1, 
3.2, and 3.3.1) subjected to the transverse distributed loading 𝑞 and the 
inelastic curvature 𝝌 in: 
𝑤 = 𝑃lc(𝑞,𝝌 in). (18)

Box 1 describes the steps of the iterative procedure adopted in this 
work.

Box 1. Iterative method for stress-driven integral elasticity:

    

Iteration 0. Evaluate the local displacement solution 𝑤0 due to the 
external transverse distributed load 𝑞: 
𝑤0 = 𝑃lc(𝑞,𝝌 in = 𝟎). (19)

a. Evaluate local curvatures and moments corresponding to 
𝑤0: 
(𝝌 lc)0 = B𝑤0,

𝑴0 = 𝑫B𝑤0.
(20)

b. Initialize the total displacement 𝑤 and the total moment 
𝑴 : 
𝑤 = 𝑤0,

𝑴 = 𝑴0.
(21)

c. Assign 𝑟 = 1 to enable the starting of the iteration 
procedure and 𝑖 = 0.

Next iterations. While 𝑟 ≥ 𝑡𝑜𝑙 do:

a. Increment the loop index: 𝑖 = 𝑖 + 1.
b. Evaluate the nonlocal curvature through Eq. (17): 

(𝝌nl)𝑖(𝑥, 𝑦) = (𝜓 ∗ (𝝌 lc)𝑖−1)(𝑥, 𝑦). (22)

c. Evaluate the residual curvature 𝝌 res at the 𝑖-th iteration: 
(𝝌 res)𝑖 = (𝝌nl)𝑖 − (𝝌 lc)𝑖−1. (23)

d. Solve the plate subjected to the inelastic curvature (𝝌 in)𝑖
equal to the residual (𝝌 res)𝑖: 
(𝝌 in)𝑖 = (𝝌 res)𝑖,

𝑤𝑖 = 𝑃lc(𝑞 = 0, (𝝌 in)𝑖).
(24)

e. Evaluate the local curvatures and moments corresponding 
to 𝑤𝑖 and (𝝌 in)𝑖: 
(𝝌 lc)𝑖 = B𝑤𝑖 − (𝝌 in)𝑖,

𝑴 𝑖 = 𝑫
[

B𝑤𝑖 − (𝝌 in)𝑖
]

.
(25)

f. Update the total displacement and moment: 
𝑤 = 𝑤 +𝑤𝑖,

𝑴 = 𝑴 +𝑴 𝑖.
(26)

g. Calculate the residual 𝑟 accordingly to Eq. (28).

The procedure reported in Box 1 is based on the sequential solution 
of linear elastic problems; therefore, the fulfillment of the congruence 
4 
and equilibrium equations is guaranteed at each iteration of the pro-
cedure. On the other hand, the nonlocal constitutive law in Eq. (17) is 
not satisfied but only approximated with a prescribed level of precision, 
after a certain number of iterations. Specifically, the iteration process 
terminates when the components of the normalized residual curvature 
𝒓 become smaller than a given convergence tolerance 𝑡𝑜𝑙 < 1. The 
residual 𝒓 is 

𝒓 =
⎧

⎪

⎨

⎪

⎩

𝑟𝑥
𝑟𝑦
𝑟𝑥𝑦

⎫

⎪

⎬

⎪

⎭

=

⎧

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎩

∫𝐴
|

|

|

(B𝑤)𝑥−𝜒nl𝑥
|

|

|

𝑑𝐴

∫𝐴||(B𝑤)𝑥||𝑑𝐴

∫𝐴
|

|

|

(B𝑤)𝑦−𝜒nl𝑦
|

|

|

𝑑𝐴

∫𝐴
|

|

|

(B𝑤)𝑦
|

|

|

𝑑𝐴

∫𝐴
|

|

|

(B𝑤)𝑥𝑦−𝜒nl𝑥𝑦
|

|

|

𝑑𝐴

∫𝐴
|

|

|

(B𝑤)𝑥𝑦
|

|

|

𝑑𝐴

⎫

⎪

⎪

⎪

⎬

⎪

⎪

⎪

⎭

. (27)

In Eq. (27), [(B𝑤)𝑥, (B𝑤)𝑦, (B𝑤)𝑥𝑦]T represents the curvature of the 
deformed nanoplate and is obtained by deriving the transverse displace-
ment 𝑤 provided by Eq. (26), i.e. 𝑤 at the end of the current iteration. 
𝝌nl is evaluated as the convolution in Eq. (17), with the moment vector 
𝑴 provided by Eq. (26), i.e., the moment at the end of the current 
iteration. The convergence criterion is 
𝑟 = max(𝑟𝑥, 𝑟𝑦, 𝑟𝑥𝑦) ≤ 𝑡𝑜𝑙. (28)

The relation in Eq. (28) guarantees that the nonlocal constitutive 
law in Eq. (17) is satisfied up to a prescribed level of precision, as 
controlled by the iterative residual norm. Alternatively, the conver-
gence can be checked using the following residual curvature provided 
by Eq. (23) in Box 1: 

𝒓 =
⎧

⎪

⎨

⎪

⎩

𝑟𝑥
𝑟𝑦
𝑟𝑥𝑦

⎫

⎪

⎬

⎪

⎭

=

⎧

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎩

∫𝐴||𝜒
res
𝑥

|

|

𝑑𝐴
∫𝐴||(B𝑤)𝑥||𝑑𝐴

∫𝐴
|

|

|

𝜒res𝑦
|

|

|

𝑑𝐴

∫𝐴
|

|

|

(B𝑤)𝑦
|

|

|

𝑑𝐴

∫𝐴
|

|

|

𝜒res𝑥𝑦
|

|

|

𝑑𝐴

∫𝐴
|

|

|

(B𝑤)𝑥𝑦
|

|

|

𝑑𝐴

⎫

⎪

⎪

⎪

⎬

⎪

⎪

⎪

⎭

. (29)

5. Finite element approximate solution

5.1. The local elastostatic operator

The local elastostatic operator 𝑃lc is defined in Eq. (18) and used 
in Box 1: this operator is given by the finite element analysis proce-
dure explained in this section. In the finite element method (FEM), 
the plate middle-plane domain is subdivided into a finite number of 
subdomains (called elements). The generic element of the mesh is a 
quadrilateral with four nodes placed at the vertices. The finite element 
approximation of the transverse displacement 𝑤 of the generic element 
𝑒 is 

𝑤𝑒(𝑥, 𝑦) =
𝑛
∑

𝑖=1
𝑁𝑖(𝑥, 𝑦) 𝑢̃𝑒𝑖 = 𝑵(𝑥, 𝑦) 𝒖̃𝑒, (30)

where 
𝑵 =

[

𝑁1, 𝑁2,… , 𝑁𝑛
]

, 𝒖̃𝑒 =
[

𝑢̃𝑒1, 𝑢̃
𝑒
2,… , 𝑢̃𝑒𝑛

]T . (31)

In Eq. (31), 𝑁𝑖 is the 𝑖th shape function and 𝑢̃𝑒𝑖  is the 𝑖th nodal 
parameter, i.e., the value that a displacement or rotation (e.g., 𝑤, 𝜃𝑥, or 
others) assumes at a node of the element. The unknowns of the problem 
are the nodal parameters grouped in the vector 𝒖̃𝑒. The shape functions 
𝑁𝑖 also depend on the element 𝑒, but the superscript 𝑒 on the symbol 𝑁𝑖
and on other objects referring to the element 𝑒 is omitted for brevity. 
Appendices  B and C present the shape functions corresponding to two 
different finite elements used in the numerical simulations of this study. 
Specifically, the Melosh–Zienkiewicz–Cheung (MZC) element is briefly 
recalled in Appendix  B, while the Bogner–Fox–Schmit (BFS) element is 
referenced in Appendix  C.
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The strain vector is 

𝜺 =

⎧

⎪

⎨

⎪

⎩

𝜀𝑥
𝜀𝑦
𝛾𝑥𝑦

⎫

⎪

⎬

⎪

⎭

= −𝑧B𝑤𝑒 = −𝑧𝑩𝒖̃𝑒, (32)

where 

𝑩 = B𝑵 =
[

B𝑁1 B𝑁2 ... B𝑁𝑛
]

=

⎡

⎢

⎢

⎢

⎢

⎢

⎣

𝜕2𝑁1
𝜕𝑥2

𝜕2𝑁2
𝜕𝑥2

... 𝜕2𝑁𝑛
𝜕𝑥2

𝜕2𝑁1
𝜕𝑦2

𝜕2𝑁2
𝜕𝑦2

... 𝜕2𝑁𝑛
𝜕𝑦2

2 𝜕
2𝑁1
𝜕𝑥𝜕𝑦 2 𝜕

2𝑁2
𝜕𝑥𝜕𝑦 ... 2 𝜕

2𝑁𝑛
𝜕𝑥𝜕𝑦

⎤

⎥

⎥

⎥

⎥

⎥

⎦

(33)

The total potential energy (TPE) of the 𝑒-element is given by 
𝛱𝑒 = 𝛷𝑒 + 𝛬𝑒, (34)

where 𝛷𝑒 is the strain energy associated with bending and twisting 
deformations 
𝛷𝑒 = 1

2 ∫𝑉𝑒

(

𝜺lc
)T 𝑪𝜺lc 𝑑𝑉 = 1

2 ∫𝑉𝑒

(

𝜺 − 𝜺in
)T 𝑪

(

𝜺 − 𝜺in
)

𝑑𝑉 , (35)

and 𝛬𝑒 is the opposite of the external work: 

𝛬𝑒 = −∫𝐴𝑒
𝑤𝑒 𝑞 𝑑𝐴 = −∫𝐴𝑒

(𝒖̃𝑒)T𝑵T𝑞 𝑑𝐴. (36)

In Eqs. (35) and (36), 𝑉𝑒 is the volume corresponding to element 𝑒
and 𝐴𝑒 is the area of element 𝑒. Taking into account Eqs. (10), (15) and 
(32), the strain energy is 

𝛷𝑒 = 1
2 ∫

𝑡∕2

−𝑡∕2
𝑧2 ∫𝐴𝑒

(

𝑩𝒖̃𝑒 − 𝝌 in
)T 𝑪

(

𝑩𝒖̃𝑒 − 𝝌 in
)

𝑑𝐴𝑑𝑧

= 1
2 ∫𝐴𝑒

[

(𝒖̃𝑒)T 𝑩T (𝑫𝑩𝒖̃𝑒 − 2𝑫𝝌 in
)

+
(

𝝌 in
)T𝑫𝝌 in

]

𝑑𝐴.
(37)

Applying the principle of minimum total potential energy provides 
the following equilibrium equation of element 𝑒: 
𝑲𝑒𝒖̃𝑒 = 𝒇 𝑒, (38)

where the element stiffness matrix 𝑲𝑒 and the equivalent nodal forces 
𝒇 𝑒 for the generic element 𝑒 are given by 

𝑲𝑒 = ∫𝐴𝑒
𝑩T𝑫𝑩 𝑑𝐴,

𝒇 𝑒 = ∫𝐴𝑒
𝑩T𝑫𝝌 in 𝑑𝐴 + ∫𝐴𝑒

𝑵T𝑞 𝑑𝐴.
(39)

The global system of equations 
𝑲𝒖̃ = 𝒇 (40)

is obtained by assembling the element stiffness matrices and equivalent 
nodal forces. The solution 𝒖̃ of Eq. (40) provides, after post-processing, 
the unknown displacement 𝑤 due to:

• the transverse load 𝑞,
• the inelastic curvature 𝝌 in.

This gives the operator 𝑃lc in Eq. (18).
The integrals in Eqs. (17) and (39) are evaluated with Gaussian 

quadrature. First, the integral over 𝐴𝑒 is converted to an integral over 
the square domain defined by −1 ⩽ 𝜉, 𝜂 ⩽ 1. To this end, the square 
element defined in the natural coordinate system (𝜉, 𝜂) is transformed 
into the element 𝑒 defined in the global coordinate system (𝑥, 𝑦) via the 
following parametric mapping 
⎧

⎪

⎪

⎨

⎪

⎪

𝑥(𝜉, 𝜂) =
4
∑

𝑖=1
𝑁̂𝑖(𝜉, 𝜂) 𝑥̃𝑒𝑖 ,

𝑦(𝜉, 𝜂) =
4
∑

𝑁̂𝑖(𝜉, 𝜂) 𝑦̃𝑒𝑖 ,

(41)
⎩ 𝑖=1

5 
where 𝑁̂1,… , 𝑁̂4 are bilinear shape functions reported in Appendix  D 
and (𝑥̃𝑒𝑖 , 𝑦̃𝑒𝑖 ) are the (𝑥, 𝑦) coordinates of node 𝑖 of element 𝑒. The integral 
of a generic function 𝑔 = 𝑔(𝑥, 𝑦) over 𝐴𝑒 is evaluated as 

∫𝐴𝑒
𝑔(𝑥, 𝑦)𝑑𝑥 𝑑𝑦 = ∫

1

−1 ∫

1

−1
𝑔̂(𝜉, 𝜂)𝐽 (𝜉, 𝜂)𝑑𝜉 𝑑𝜂

=
𝑛1
∑

𝑖=1

𝑛2
∑

𝑗=1
𝑔̂(𝜉𝑖, 𝜂𝑗 )𝐽 (𝜉𝑖, 𝜂𝑗 )𝑊𝑖𝑗 ,

(42)

where 
𝑔̂(𝜉, 𝜂) = 𝑔(𝑥(𝜉, 𝜂), 𝑦(𝜉, 𝜂)), (43)

𝐽 (𝜉, 𝜂) is the Jacobian of the transformation in Eq. (41), (𝜉𝑖, 𝜂𝑗 ) is a 
Gauss point and 𝑊𝑖𝑗 is the weight associated with the Gauss point 
(𝜉𝑖, 𝜂𝑗 ). Given a function 𝑔 = 𝑔(𝑥, 𝑦), the symbol 𝑔̂ will denote the 
composition of functions represented in Eq. (43).

5.2. Evaluating the nonlocal curvature through the FEM integral convolu-
tion

Before evaluating the nonlocal curvature (17), it is necessary to 
determine the following moment vector 𝑴̂𝑘 at the Gauss point (𝜉𝑙 , 𝜂𝑚)
of the element 𝑘

𝑴̂𝑘(𝜉𝑙 , 𝜂𝑚) = 𝑫
(

𝝌̂ lc
)𝑘

(𝜉𝑙 , 𝜂𝑚) = 𝑫
[

𝑩̂(𝜉𝑙 , 𝜂𝑚)𝒖̃𝑘 −
(

𝝌̂ in
)𝑘

(𝜉𝑙 , 𝜂𝑚)
]

. (44)

Then, the convolution in Eq. (17) is numerically evaluated using 
the Gauss quadrature, integrating over the total number 𝑛𝑒 of the mesh 
elements: the nonlocal curvature 

(

𝝌̂nl
)𝑒

 at the Gauss point (𝜉𝑖, 𝜂𝑗 ) of 
element 𝑒 is given by 
(

𝝌̂nl
)𝑒

(𝜉𝑖, 𝜂𝑗 ) =
𝑛𝑒
∑

𝑘=1

𝑛1
∑

𝑙=1

𝑛2
∑

𝑚=1
𝜓̂ 𝑫−1𝑴̂𝑘(𝜉𝑙 , 𝜂𝑚)𝐽𝑘(𝜉𝑙 , 𝜂𝑚)𝑊𝑙𝑚, (45)

where 
𝜓̂ = 𝜓̂(𝑥𝑒(𝜉𝑖, 𝜂𝑗 ) − 𝑥𝑘(𝜉𝑙 , 𝜂𝑚), 𝑦𝑒(𝜉𝑖, 𝜂𝑗 ) − 𝑦𝑘(𝜉𝑙 , 𝜂𝑚), 𝜏), (46)

and (𝑥𝑒(𝜉𝑖, 𝜂𝑗 ), 𝑦𝑒(𝜉𝑖, 𝜂𝑗 )
) are the global coordinates corresponding to the 

Gauss point with natural coordinates (𝜉𝑖, 𝜂𝑗 ) through the transformation 
in Eq. (41). The same holds for the coordinates (𝑥𝑘(𝜉𝑙 , 𝜂𝑚), 𝑦𝑘(𝜉𝑙 , 𝜂𝑚)

)

.
The most CPU time-consuming operations in the algorithms re-

ported in Box 1 are:

1. the determination of the elastostatic local solution through the 
operator 𝑃lc;

2. the evaluation of the nonlocal generalized strains 𝝌̂nl through 
Eq. (45).

6. Case studies

Next, the proposed iterative method is applied to determine the 
static state of nonlocal nanoplates with different types of boundary 
conditions. The middle plane of the nanoplates under consideration is 
rectangular and discretized using rectangular BFS finite elements. Each 
element of the mesh has side lengths 𝑎𝑥 = 𝐿𝑥∕𝑛𝑥 and 𝑎𝑦 = 𝐿𝑦∕𝑛𝑦 along 
the 𝑥- and 𝑦-axes, respectively. The parameters 𝑛𝑥 and 𝑛𝑦 denote the 
number of finite elements along the 𝑥- and 𝑦-axes, respectively, see, 
e.g., Fig.  2. BFS finite elements are adopted in the present analyses 
because of their superior performance compared to MZC elements.

The presented applications refer to the following types of
nanoplates:

• Clamped nanoplates. This type of nanoplate, denoted by the 
acronym CCCC, has all edges clamped and is characterized by the 
following boundary conditions (BCs): 
⎧

⎪

⎨

⎪

⎩

𝑤 = 𝜕𝑤
𝜕𝑦

= 0 for 𝑦 = 0, 𝐿𝑦,

𝑤 = 𝜕𝑤
𝜕𝑥

= 0 for 𝑥 = 0, 𝐿𝑥.
(47)
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Fig. 2. A finite element mesh with 𝑛𝑥 = 8 and 𝑛𝑦 = 4.

• Simply supported nanoplates. Identified by the acronym SSSS, this 
type of nanoplate exhibits simply supported edges and the BCs are 
defined as follows: 

𝑤 = 0 for
{

𝑦 = 0, 𝐿𝑦,

𝑥 = 0, 𝐿𝑥.
(48)

• Nanoplates clamped at the edges parallel to the 𝑦-axis and free at 
the other edges; this type of nanoplate, denoted by the acronym 
FCFC, is characterized by the following BCs: 

𝑤 = 𝜕𝑤
𝜕𝑥

= 0 for 𝑥 = 0, 𝐿𝑥. (49)

• Nanoplates simply supported at the edges parallel to the 𝑦-axis 
and free at the other edges; this type of nanoplate, denoted by 
the acronym FSFS, is characterized by the following BCs: 
𝑤 = 0 for 𝑥 = 0, 𝐿𝑥. (50)

The boundary conditions described above require the nodal param-
eters to satisfy specific constraints, which depend on the type of finite 
element employed. More details are provided in Appendix  E.

All considered nanoplates are subject to a uniformly distributed 
transverse load 𝑞. External moments and shear forces are not ap-
plied along the edges of the nanoplates. The results are presented in 
nondimensional form by defining the following variables: 

𝑥̄ = 𝑥
𝐿𝑥

, 𝑦̄ =
𝑦
𝐿𝑦
, 𝜆𝑥 =

𝐿𝑐
𝐿𝑥

, 𝜆𝑦 =
𝐿𝑐
𝐿𝑦
, 𝑞 =

𝑞𝐿3

𝐷
, 𝑤̄ = 𝑤

𝐿
,

𝝌̄ = 𝝌𝐿, 𝑴̄ = 𝑴𝐿
𝐷

,
(51)

where 𝐿𝑐 is a length-scale parameter defined in Appendix  A and 

𝐿 = 𝐿𝑥 ≥ 𝐿𝑦, 𝐷 = 𝐸𝑡3

12(1 − 𝜈2)
. (52)

The following numerical results show the influence of 𝜆𝑥, 𝜆𝑦, and 
the ratio 𝐿𝑦∕𝐿𝑥 on the deflection of the nanoplates.

6.1. One-dimensional case: cylindrical bending

This first example considers the cylindrical bending of nanoplates: 
the variables of the problem do not depend on 𝑦. The only non-zero 
components of 𝑴̄ and 𝝌̄ are 𝑀̄𝑥 and 𝜒̄𝑥, respectively. To this end, it is 
assumed 𝜈 = 0, to avoid the formation of curvatures 𝜒̄𝑦 and 𝜒̄𝑥𝑦, see, 
e.g., Fig.  3. The following non-dimensional nonlocal constitutive law is 
adopted: 

𝝌̄nl(𝑥̄) = 1
2𝜆𝑥 ∫

1

0
exp

(

−
|𝑥̄ − 𝑥̄′|
𝜆𝑥

)

𝑴̄(𝑥̄′) 𝑑𝑥̄′ (53)

where the one-dimensional kernel function (A.1) reported in
Appendix  A is well recognizable. The boundary conditions must also be 
6 
Fig. 3. Dimensionless transverse displacement 𝑤̄ for the FCFC nanoplate 
characterized by 𝜆𝑥 = 0.1 and 𝑞 = 1 in cylindrical bending.

independent of 𝑦. Therefore, FCFC and FSFS nanoplates are considered 
next.

Clearly, the nanostructures considered here with nonlocal curva-
ture in Eq. (53) behave like nonlocal nanobeams, for which exact 
closed-form solutions are available. However, the main objective of 
this section is not only to validate the method but also to highlight 
the distinctive features of the proposed iterative method within the 
framework of stress-driven nonlocal integral elasticity.

In Fig.  4, the dimensionless transverse displacement 𝑤̄𝑖 = 𝑤𝑖∕𝐿, 
with 𝑖 = 0, 1, 2, is plotted against 𝑥̄ for the FCFC nanoplate characterized 
by 𝜆𝑥 = 0.1 and 𝑞 = 1. In the one-dimensional case under considera-
tion, the use of 2 × 1 Gauss points is computationally more efficient; 
however, a 2 × 2 integration scheme is adopted to ensure consistency 
and ease of implementation. The number of finite elements along the 
𝑥- and 𝑦-axes is 𝑛𝑥 = 40 and 𝑛𝑦 = 1, respectively. From Box 1, 𝑤𝑖∕𝐿 is 
the dimensionless transverse displacement at the 𝑖th iteration and must 
tend to the exact dimensionless displacement 𝑤̄exact as 𝑖 tends to ∞. 
Observing the analogy between the cylindrical bending of nanoplates 
and the one-dimensional bending of nanobeams, 𝑤̄exact is the solution 
of the following sixth-order differential equation, which governs the 
nonlocal behavior of nanobeams: 
𝑑6𝑤̄
𝑑𝑥̄6

− 1
𝜆2𝑥

𝑑4𝑤̄
𝑑𝑥̄4

= −
𝑞
𝜆2𝑥
, (54)

accompanied by the following constitutive boundary conditions 
⎧

⎪

⎪

⎨

⎪

⎪

⎩

𝑑3𝑤̄
𝑑𝑥̄3

|

|

|

|𝑥̄=0
− 1
𝜆𝑥
𝑑2𝑤̄
𝑑𝑥̄2

|

|

|

|𝑥̄=0
= 0

𝑑3𝑤̄
𝑑𝑥̄3

|

|

|

|𝑥̄=1
+ 1
𝜆𝑥
𝑑2𝑤̄
𝑑𝑥̄2

|

|

|

|𝑥̄=1
= 0.

(55)

The approximate numerical solution 𝑤̄𝑖 is practically indistinguish-
able from the exact solution 𝑤̄exact for 𝑖 = 2. The same fast convergence 
is not expected to occur in the cases of Section 6.2. Surprisingly, 
the two-dimensional nanoplates of Section 6.2, characterized by a 
more complex distribution of moments and curvatures, will show fast 
convergence, again, in the presence of CCCC BCs and small 𝜆𝑥.

Increasing the number of Gauss points slightly improves the accu-
racy of the numerical solution, as shown in Fig.  5, where the solutions 
obtained using 2 × 2 and 3 × 3 Gauss quadrature schemes are com-
pared in the central region of the nanostructure, which is shown in a 
magnified view focusing exclusively on this area.

A distinctive feature of the proposed FEM-based iterative procedure 
is the dependence of the mesh density on the length-scale parameter 𝜆
𝑥



A. Caporale et al. Mechanics Research Communications 150 (2025) 104538 
Fig. 4. (a) Dimensionless transverse displacement 𝑤̄𝑖, with 𝑖 = 0, 1, 2, plotted 
against 𝑥̄ for the FCFC nanoplate characterized by 𝜆𝑥 = 0.1 and 𝑞 = 1 in 
cylindrical bending; (b) a magnified view of Fig.  4a.

(or the characteristic length 𝐿𝑐), where the mesh density is defined as 
the number of planar finite elements per unit area. The kernel function 
𝜓 introduced in Section 3.3.2 is a delta sequence, i.e. 𝜓 converges 
to the Dirac delta function as 𝐿𝑐 tends to zero, see Appendix  A. As 
a consequence, the integrand in Eq. (17) varies significantly over the 
integration domain, represented by the middle plane of the nanoplate. 
The domain of integration is divided into 𝑛𝑥 × 𝑛𝑦 subdomains, where 
each subdomain is a finite element area. In the presence of smaller 
values of 𝐿𝑐 , an accurate integration requires a smaller subdomain 
of integration, that is, smaller dimensions of finite elements. In the 
one-dimensional case considered in this section, the finite element 
dimension 𝑎𝑥 = 𝐿𝑥∕𝑛𝑥 along the 𝑥-axis should decrease as the length-
scale parameter 𝜆𝑥 = 𝐿𝑐∕𝐿 decreases, involving an inverse relationship 
between 𝑛𝑥 and 𝜆𝑥.

The influence of 𝑛𝑥 and the mesh density on the convergence of 𝑤̄𝑖
as 𝑖 → ∞ is shown in Figs.  6 and 7, where the maximum dimensionless 
displacement 𝑤̄𝑖max (given by 𝑤̄𝑖 evaluated at abscissa 𝑥̄ = 0.5) is plotted 
against the iteration index 𝑖 for different values of the number 𝑛𝑥 of 
finite elements along the 𝑥-axis. Figs.  6 and 7 refer to FCFC nanoplates 
subjected to 𝑞 = 1 with discretization characterized by 2 × 2 Gauss 
points and 𝑛 = 1. In Fig.  6, the length-scale parameter 𝜆  is equal 
𝑦 𝑥
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Fig. 5. Accuracy increasing with the number of Gauss points for the FCFC 
nanoplate characterized by 𝜆𝑥 = 0.1 and 𝑞 = 1 in cylindrical bending; only 
the central region of the nanostructure is shown in a magnified view focusing 
exclusively on this area.

Fig. 6. Maximum dimensionless displacement 𝑤̄𝑖
max = 𝑤̄𝑖(0.5) plotted against 

the iteration index 𝑖 for different values of the number 𝑛𝑥 of finite elements 
along the 𝑥-axis (FCFC nanoplate with 𝜆𝑥 = 0.1 and 𝑞 = 1 in cylindrical 
bending).

to 0.1 and the piecewise linear curve corresponding to 𝑛𝑥 = 10 is far 
from the curve referring to 𝑛𝑥 = 20, showing a mesh sensitivity for the 
adopted length-scale parameter. On the other hand, the same curves 
in Fig.  7, obtained by assuming a larger parameter 𝜆𝑥 = 0.2, are very 
close: a coarse mesh with 𝑛𝑥 = 10 almost gives the same accuracy as 
fine meshes with 𝑛𝑥 = 20, 30, 40, 100. From the examples in Figs.  6 and
7, it appears that the value 𝑛𝑥 = 2∕𝜆𝑥 provides acceptable results.

In statically determinate structures, the adopted iterative method 
converges to the exact solution after the first iteration. This is shown 
in Fig.  8, where the dimensionless displacement 𝑤̄𝑖, with 𝑖 = 0, 1, is 
plotted against 𝑥̄ for the FSFS nanoplate characterized by 𝜆𝑥 = 0.1 and 
𝑞 = 1; the mesh is defined by 𝑛𝑥 = 40 and 𝑛𝑦 = 1, with 2 × 2 Gauss 
points.

6.2. Two-dimensional analyses

In this section, the Poisson’s ratio 𝜈 is greater than zero (and taken 
equal to 0.3) so that both curvatures 𝜒̄  and 𝜒̄  are different from zero. 
𝑥 𝑦
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Fig. 7. Maximum dimensionless displacement 𝑤̄𝑖
max = 𝑤̄𝑖(0.5) plotted against 

the iteration index 𝑖 for different values of the number 𝑛𝑥 of finite elements 
along the 𝑥-axis (FCFC nanoplate with 𝜆𝑥 = 0.2 and 𝑞 = 1 in cylindrical 
bending).

Fig. 8. Dimensionless transverse displacement 𝑤̄𝑖, with 𝑖 = 0, 1, plotted against 
𝑥̄ for the FSFS nanoplate characterized by 𝜆𝑥 = 0.1 and 𝑞 = 1 in cylindrical 
bending.

Unless otherwise stated, the kernel function (A.3) in Appendix  A is 
adopted and numerical integration is carried out using a 3 × 3 Gauss 
quadrature scheme.

In nonlocal analyses, particular attention must be given to the char-
acteristics of the finite element model, such as mesh density and Gauss 
point configuration, as their influence is significantly more pronounced 
than in local analyses. This observation is supported by the data pre-
sented in Fig.  9, where the maximum dimensionless displacement 𝑤̄𝑖max
is plotted against the iteration index 𝑖 for different mesh densities. 
The figure refers to the CCCC square nanoplate with 𝜆𝑥 = 0.05 and 
𝑞 = 1. The maximum dimensionless displacement 𝑤̄𝑖max is given by 𝑤̄𝑖
evaluated at the center point (𝑥̄, 𝑦̄) = (0.5, 0.5) of the middle plane of 
the nanoplate. The mesh density can be represented by the product 
𝑛𝑥 × 𝑛𝑦, where 𝑛𝑥 and 𝑛𝑦 are the number of finite elements along the 
𝑥- and 𝑦-axes, respectively. The local solution is given by 𝑤̄0, that 
is, the dimensionless displacement 𝑤̄ at the initial iteration 0, and it 
remains unchanged regardless of the finite element mesh adopted. In 
contrast, nonlocal approximations 𝑤̄𝑖, for 𝑖 > 0, are influenced by the 
mesh density. In other words, the meshes with 𝑛 = 𝑛 = 10, 20 yield 
𝑥 𝑦
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Fig. 9. Maximum dimensionless displacement 𝑤̄𝑖
max = 𝑤̄𝑖(0.5, 0.5) plotted 

against the iteration index 𝑖 for different mesh densities (CCCC square 
nanoplate with 𝜆𝑥 = 0.05 and 𝑞 = 1).

sufficiently accurate results in the local analysis, whereas they prove 
inadequate for the nonlocal analysis due to their excessively coarse 
resolution. Fig.  9 also shows that the mesh with 𝑛𝑥 = 𝑛𝑦 = 30 provides 
quite accurate results similar to those given by the fine mesh with 
𝑛𝑥 = 𝑛𝑦 = 40.

As discussed in Section 6.1, the appropriate mesh density is influ-
enced by the length-scale parameter 𝜆𝑥 = 𝐿𝑐∕𝐿. This influence also 
holds in the two-dimensional analyses presented in this section. Given 
that the kernel function 𝜓 , introduced in Section 3.3.2, constitutes 
a delta sequence, the integrand in Eq. (17) varies significantly over 
the integration domain for smaller values of 𝜆𝑥, requiring a more 
accurate integration through mesh refinement. The influence of the 
mesh density on the convergence of 𝑤̄𝑖 as 𝑖 → ∞ can be understood by 
comparing Figs.  9 and 10. In both figures, the maximum dimensionless 
displacement 𝑤̄𝑖max is plotted against the iteration index 𝑖 for different 
mesh densities in CCCC square nanoplates subjected to 𝑞 = 1. In Fig.  9, 
the length-scale parameter 𝜆𝑥 is equal to 0.05 and the piecewise linear 
curve corresponding to 𝑛𝑥 = 𝑛𝑦 = 20 is far from the curve referring to 
𝑛𝑥 = 𝑛𝑦 = 30, showing a mesh sensitivity for the adopted length-scale 
parameter. On the other hand, the same curves in Fig.  10, obtained by 
assuming a larger parameter 𝜆𝑥 = 0.15, are very close: a coarse mesh 
with 𝑛𝑥 = 𝑛𝑦 = 20 almost gives the same accuracy as fine meshes with 
𝑛𝑥 = 𝑛𝑦 = 30, 40.

In Fig.  10, the mesh with 𝑛𝑥 = 10 deserves particular attention: ini-
tially, it provides results of acceptable accuracy; however, for iterations 
𝑖 > 20, the corresponding curve slightly deviates from the other curves. 
Apparently, the choice 𝑛𝑥 = 𝑛𝑦 = 2∕𝜆𝑥 yields satisfactory results for 
the square nanoplates examined above, consistent with the value 𝑛𝑥 =
2∕𝜆𝑥 adopted in the cylindrical bending case discussed in Section 6.1. 
In reality, the rule 𝑛𝑥 = 𝑛𝑦 = 2∕𝜆𝑥 may yield inadequate results, 
particularly observable after a large number of iterations. To avoid 
adopting an inadequate mesh, it is useful to examine the convergence 
behavior over a relatively large number of iterations.

At first glance, larger values of the parameter 𝜆𝑥 may appear to 
reduce computational costs, as coarser meshes yield results of accept-
able accuracy. However, increasing 𝜆𝑥 amplifies nonlocal effects due 
to weaker attenuation induced by the kernel function. Consequently, 
a larger number of iterations is required to meet the convergence 
criterion in Eq. (28), which ensures that the normalized residual cur-
vature falls below a prescribed tolerance. This observation arises from 
analyzing the slopes of the curves in Figs.  9 and 10. In Fig.  9 (𝜆𝑥 = 0.05), 
the slopes become nearly zero after the tenth iteration. In contrast, in 
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Fig. 10. Maximum dimensionless displacement 𝑤̄𝑖
max = 𝑤̄𝑖(0.5, 0.5) plotted 

against the iteration index 𝑖 for different mesh densities (CCCC square 
nanoplate with 𝜆𝑥 = 0.15 and 𝑞 = 1).

Fig.  10 (𝜆𝑥 = 0.15), more than twenty iterations are required before the 
slopes can be considered negligible. A higher number of iterations is 
also required to achieve convergence when the boundary constraints of 
the nanoplate are relaxed, as in the case of simply supported nanoplates 
(SSSS).

The influence of Gaussian quadrature on nonlocal solutions is more 
accentuated in coarser meshes, as illustrated in Fig.  11, which shows 
the maximum dimensionless displacement 𝑤̄𝑖max = 𝑤̄𝑖(0.5, 0.5) plotted 
against the iteration index 𝑖 for different mesh densities and two types 
of Gaussian quadrature, namely 2 × 2 and 3 × 3 Gauss point integration. 
The nanoplate under consideration is square-shaped, subject to fully 
clamped boundary conditions (CCCC), and characterized by 𝜆𝑥 = 0.05
and 𝑞 = 1. In the figure, there are two piecewise linear curves 
corresponding to the coarse mesh (𝑛𝑥 = 𝑛𝑦 = 20): one refers to 2 × 2 
Gauss point integration and the other to 3 × 3 integration. The two 
curves are quite far from each other. In contrast, the two piecewise 
linear curves corresponding to the finer mesh (𝑛𝑥 = 𝑛𝑦 = 30) are very 
close. The curve of the mesh with 𝑛𝑥 = 𝑛𝑦 = 20 and 2 × 2 Gauss points 
is observed to coincide with the curves of the finer mesh characterized 
by 𝑛𝑥 = 𝑛𝑦 = 30. This circumstance does not appear to be fortuitous: 
2 × 2 Gauss quadrature may yield better results than 3 × 3 Gauss 
quadrature when the kernel in Eq. (A.3) is used and the meshes are 
relatively coarse. However, numerical simulations based on the kernel 
in Eq. (A.2) exhibit standard behavior, with 3 × 3 Gauss quadrature 
providing greater accuracy than 2 × 2 Gauss quadrature.

In the considered analyses, the mesh density and the Gauss point 
configuration significantly influence the nonlocal results, while their 
impact on the local solution is negligible.

In Fig.  12, the normalized residual curvatures 𝑟𝑥 and 𝑟𝑥𝑦 in Eq. (27) 
are plotted against the iteration 𝑖 for the CCCC square nanoplate with 
𝜆𝑥 = 0.05, 𝑞 = 1, and mesh characterized by 𝑛𝑥 = 𝑛𝑦 = 30. It is observed 
that while the residual 𝑟𝑥𝑦 decreases with increasing iteration index 
𝑖, the residual 𝑟𝑥 remains nearly constant beyond the fifth iteration. 
This indicates that the accuracy of the iterative solution has reached 
its limit for the current discretization. A further reduction of 𝑟𝑥 can 
only be achieved by increasing the number of finite elements, with 
mesh refinement. In Fig.  12, the ratio 𝑟𝑤 = |

|

|

(

𝑤̄𝑖max − 𝑤̄
𝑖−1
max

)

∕𝑤̄0
max

|

|

|

 is 
also plotted as a function of the iteration index 𝑖. The trend of 𝑟𝑤 is 
similar to that of 𝑟𝑥. Furthermore, after the fifth iteration, the ratio 
is practically equal to zero, indicating that the dimensionless displace-
ment remains constant. In Fig.  13, the normalized residual curvatures 
are plotted against the iteration 𝑖 for the CCCC square nanoplate with 
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Fig. 11. Maximum dimensionless displacement 𝑤̄𝑖
max = 𝑤̄𝑖(0.5, 0.5) plotted 

against the iteration index 𝑖 for different mesh densities and two types of 
Gaussian quadrature (CCCC square nanoplate with 𝜆𝑥 = 0.05 and 𝑞 = 1).

Fig. 12. Normalized residual curvatures 𝑟𝑥 and 𝑟𝑥𝑦 plotted against the iteration 
index 𝑖 for the CCCC square nanoplate with 𝜆𝑥 = 0.05, 𝑞 = 1, and 𝑛𝑥 = 𝑛𝑦 = 30.

Fig. 13. Normalized residual curvatures 𝑟𝑥 and 𝑟𝑥𝑦 plotted against the iteration 
index 𝑖 for the CCCC square nanoplate with 𝜆𝑥 = 0.05, 𝑞 = 1, and 𝑛𝑥 = 𝑛𝑦 = 40.

𝜆𝑥 = 0.05, 𝑞 = 1, and 𝑛𝑥 = 𝑛𝑦 = 40. The residual curvature 𝑟𝑥 in 
Fig.  12 (mesh with 𝑛𝑥 = 𝑛𝑦 = 30) is larger than 𝑟𝑥 in Fig.  13 (mesh 
with 𝑛𝑥 = 𝑛𝑦 = 40), illustrating the reduction of 𝑟𝑥 as the number 
of finite elements increases with mesh refinement. The dimensionless 
displacements corresponding to these case studies are shown in Fig.  9.

The stress-driven integral elasticity involves a stiffening effect: non-
local nanoplates exhibit smaller displacements than those of local 
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Fig. 14. Deformed configurations of CCCC local and nonlocal square plates 
subjected to 𝑞 = 1.

Fig. 15. The ratio 𝑤max∕𝑤0
max plotted against 𝜆𝑥 = 𝐿𝑐∕𝐿𝑥 for CCCC square 

nanoplates subjected to 𝑞 = 1.

plates. This is shown in Fig.  14, where the deformed configurations of 
CCCC local and nonlocal square plates subjected to 𝑞 = 1 are compared. 
In Fig.  14, the deformed local plate and nonlocal nanoplate are the 
graphs of the dimensionless displacement 𝑤̄𝑖 = 𝑤̄𝑖(𝑥̄, 𝑦̄), with 𝑖 = 0
(initial iteration) for the local case and 𝑖 = 40 for the nonlocal case. 
A fine mesh with 𝑛𝑥 = 𝑛𝑦 = 40 is adopted and 𝜆𝑥 is equal to 0.05 for 
the nonlocal nanoplate.

More specifically, the nonlocal displacement decreases as the pa-
rameter 𝜆𝑥 increases. In Fig.  15, the ratio 𝑤max∕𝑤0

max is plotted against 
𝜆𝑥 for CCCC square nanoplates subjected to 𝑞 = 1. 𝑤max and 𝑤0

max
are the nonlocal and local displacements, respectively, evaluated at 
the center point (𝑥̄, 𝑦̄) = (0.5, 0.5) of the nanoplates. The parameter 𝜆𝑥
varies between 0.1 and 0.2: therefore, assuming the simulation-based 
rule 𝑛𝑥 ≥ 2∕𝜆𝑥, the adopted mesh is characterized by 𝑛𝑥 = 𝑛𝑦 = 20. 
Interestingly, the relationship between the ratio 𝑤max∕𝑤0

max and the 
parameter 𝜆𝑥 is perfectly linear for 𝜆𝑥 ∈ [0.1, 0.2].

The stiffening effect is also enhanced as the aspect ratio 𝐿𝑦∕𝐿𝑥
decreases, while maintaining a constant length-scale parameter 𝜆𝑥 =
𝐿𝑐∕𝐿𝑥 along the 𝑥-axis. In such cases, a reduction in 𝐿𝑦∕𝐿𝑥 leads to an 
increase in the length-scale parameter 𝜆𝑦 = 𝐿𝑐∕𝐿𝑦 along the 𝑦-axis, thus 
diminishing the attenuation effect of the kernel function. This trend 
is illustrated in Fig.  16, where the ratio 𝑤max∕𝑤0

max is plotted against 
𝐿 ∕𝐿  for CCCC rectangular nanoplates characterized by 𝜆 = 0.05 and 
𝑦 𝑥 𝑥
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Fig. 16. The ratio 𝑤max∕𝑤0
max plotted against 𝐿𝑦∕𝐿𝑥 for CCCC rectangular 

nanoplates with 𝜆𝑥 = 0.05 and 𝑞 = 1.

subjected to 𝑞 = 1. The mesh is defined by 𝑛𝑥 = 30 and 𝑛𝑦 = 𝑛𝑥𝐿𝑦∕𝐿𝑥, 
where only integer values of 𝑛𝑦 are considered.

7. Concluding remarks

A general theoretical and computational framework has been devel-
oped for modeling and analysis of nanoplates. The Kirchhoff theory for 
local elastic plates has been first recalled. Then, the nonlocal elastic 
problem has been formulated for thin nanoplates on the basis of the 
stress-driven integral law of elasticity. It has been shown that the 
governing problem is represented by a set of integro-partial differential 
equations, which are generally difficult to solve. The solution method-
ologies available in the literature refer to a specific type of kernel 
and plate geometry. Here, a general solution procedure is proposed, 
based on the iterative algorithm conceived by Romano et al. [49]. The 
presented method consists of solving the nonlocal elastic problem by 
iteratively solving a sequence of local elastic problems. This simplified 
approach accommodates arbitrary geometries, kernel types, as well as 
general boundary and loading conditions, and can thus be adopted to 
model and design two-dimensional nanostructures based on nanoplates, 
such as smart devices and nanocoatings.
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Appendix A. Kernels adopted in Section 6

The kernels adopted in this work, and reported in this appendix, are 
characterized by the following properties:

(i) they are non-negative;
(ii) their integral over the domain of integration (line or surface) 

equals one (normalization);
(iii) they are a delta sequence, i.e., they converge to the Dirac delta 

function as the internal characteristic length tends to zero.
The one-dimensional kernel adopted in Section 6.1 is 

𝜓(𝑥, 𝜏) = 1
2𝑙𝜏

exp
(

−
|𝑥|
𝑙𝜏

)

, (A.1)

where 𝜏 = 𝑒0𝑎∕𝑙, 𝑒0 is a material property, 𝑎 represents an internal char-
acteristic length, and 𝑙 is an external characteristic length. Many works 
on nonlocal structures (see, e.g., [29,34,37,39,51]) have exploited the 
kernel (A.1) proposed by Eringen [22], substituting 𝑙𝜏 with 𝐿𝑐 and 
considering 𝐿𝑐 as the length-scale parameter defining the nanostructure 
of the solid (in Section 6.1, it is assumed 𝐿𝑐 = 𝑙𝜏). For the one-
dimensional kernel, the three properties introduced at the start of this 
appendix become:

(i) Non-negativity: 𝜓(𝑥, 𝜏) ≥ 0,
(ii) Normalization: ∫ ∞

−∞ 𝜓(𝑥, 𝜏)𝑑𝑥 = 1,
(iii) Impulsivity: lim𝜏→0+ ∫ ∞

−∞ 𝑓 (𝑥′)𝜓(𝑥 − 𝑥′, 𝜏)𝑑𝑥′ = 𝑓 (𝑥).

A natural extension of the one-dimensional kernel (A.1) to two-
dimensional nanostructures is 
𝜓(𝑥, 𝑦, 𝜏) = 1

(2𝑙𝜏)2
exp

(

−
|𝑥| + |𝑦|
𝑙𝜏

)

, (A.2)

which has been proposed by Farajpour et al. [48] for the nonlocal anal-
ysis of rectangular nanoplates. For a generic two-dimensional kernel, 
the three properties stated at the beginning of this appendix become:

(i) Non-negativity: 𝜓(𝑥, 𝑦, 𝜏) ≥ 0,
(ii) Normalization: ∫ ∞

−∞ ∫ ∞
−∞ 𝜓(𝑥, 𝑦, 𝜏) 𝑑𝑥𝑑𝑦 = 1,

(iii) Impulsivity: lim𝜏→0+ ∫ ∞
−∞ ∫ ∞

−∞ 𝑓 (𝑥′, 𝑦′)𝜓(𝑥 − 𝑥′, 𝑦 − 𝑦′, 𝜏) 𝑑𝑥′𝑑𝑦′ =
𝑓 (𝑥, 𝑦).

The fraction 1∕ (2𝑙𝜏) in (A.1) is due to normalization over the 
one-dimensional line, whereas the fraction 1∕ (2𝑙𝜏)2 in (A.2) comes 
from normalization over the two-dimensional plane. Therefore, the two 
kernels (A.1) and (A.2) can be considered to be of the same nature. 
The adoption of the kernel (A.2) is justified by its derivation from 
a one-dimensional kernel widely used in the literature on nonlocal 
nanobeams. However, it has a drawback: the argument (−|𝑥|− |𝑦|)∕(𝑙𝜏)
of the exponential function is not invariant under coordinate transfor-
mations and therefore depends on the choice of coordinate system, even 
when referring to the same point (𝑥, 𝑦).

An alternative two-dimensional kernel was proposed by Eringen 
[22] and is given by 

𝜓(𝑥, 𝑦, 𝜏) = 1
𝜋𝑙2𝜏

exp
(

−
𝑥2 + 𝑦2

𝑙2𝜏

)

. (A.3)

An advantage of (A.3) is that the argument (−𝑥2 − 𝑦2)∕(𝑙2𝜏) of the 
exponential function contains the Euclidean distance of the point (𝑥, 𝑦), 
which is invariant under coordinate transformation. The numerical 
applications presented in Section 6.2 are based on the assumption that 
𝐿 = 𝑙

√

𝜏 for the kernel in Eq. (A.3).
𝑐
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Appendix B. Shape functions of the Melosh–Zienkiewicz–Cheung 
finite element

For the Melosh–Zienkiewicz–Cheung finite element, the transverse 
displacement in the square domain defined by −1 ⩽ 𝜉, 𝜂 ⩽ 1 is 
𝑤̂𝑒 (𝜉, 𝜂) = 𝑵̂ (𝜉, 𝜂) 𝒖̃𝑒, (B.1)

where 
𝑵̂ =

[

𝑁̂1, 𝑁̂2, ... 𝑁̂12
]

, (B.2)

with

𝑁̂𝑗 (𝜉, 𝜂) =
1
8
(1 + 𝜉𝑖𝜉)(1 + 𝜂𝑖𝜂)(2 + 𝜉𝑖𝜉 + 𝜂𝑖𝜂 − 𝜉2 − 𝜂2)  for 𝑗 = 3(𝑖 − 1) + 1,

𝑁̂𝑗 (𝜉, 𝜂) =
1
8
(𝜉2 − 1)(𝜉 + 𝜉𝑖)(1 + 𝜂𝑖𝜂)  for 𝑗 = 3(𝑖 − 1) + 2,

𝑁̂𝑗 (𝜉, 𝜂) =
1
8
(𝜂2 − 1)(𝜂 + 𝜂𝑖)(1 + 𝜉𝑖𝜉)  for 𝑗 = 3(𝑖 − 1) + 3,

(𝜉𝑖, 𝜂𝑖) the coordinates of the 𝑖th finite element vertex 

(𝜉1, 𝜂1) = (−1,−1), (𝜉2, 𝜂2) = (1,−1), (𝜉3, 𝜂3) = (1, 1), (𝜉4, 𝜂4) = (−1, 1),

(B.3)

and 
𝒖̃𝑒 =

[

𝒖̃𝑒1, 𝒖̃
𝑒
2, 𝒖̃

𝑒
3, 𝒖̃

𝑒
4
]T , (B.4)

with 

𝒖̃𝑒𝑖 =
[

(𝑤̃𝑒)𝑖 ,
( 𝜕𝑤̃𝑒

𝜕𝑥

)

𝑖
,
(

𝜕𝑤̃𝑒

𝜕𝑦

)

𝑖

]

. (B.5)

The vector 𝒖̃𝑒𝑖  contains the nodal parameters of displacement and ro-
tation: (𝑤̃𝑒)𝑖, (𝜕𝑤̃𝑒∕𝜕𝑥)𝑖, and (𝜕𝑤̃𝑒∕𝜕𝑦)𝑖 are, respectively, the transverse 
displacement 𝑤, the rotation 𝜃𝑥 around the 𝑦-axis, and the rotation 𝜃𝑦
around the 𝑥-axis evaluated at node 𝑖 in finite element 𝑒.

Appendix C. Shape functions of the Bogner–Fox–Schmit finite ele-
ment

The shape functions of the Bogner–Fox–Schmit (BFS) finite element 
are combinations of the Hermite interpolations. Specifically, the trans-
verse displacement in the square domain defined by −1 ⩽ 𝜉, 𝜂 ⩽ 1 is 

𝑤̂𝑒 (𝜉, 𝜂) =
4
∑

𝑖=1
𝑵̂ 𝑖 (𝜉, 𝜂) 𝒖̃𝑒𝑖 , (C.1)

where 
𝑵̂1 (𝜉, 𝜂) =

[

𝐻𝑤
1 (𝜉)𝐻𝑤

1 (𝜂), 𝐻𝜃
1 (𝜉)𝐻

𝑤
1 (𝜂), 𝐻𝑤

1 (𝜉)𝐻𝜃
1 (𝜂), 𝐻

𝜃
1 (𝜉)𝐻

𝜃
1 (𝜂)

]

,

𝑵̂2 (𝜉, 𝜂) =
[

𝐻𝑤
2 (𝜉)𝐻𝑤

1 (𝜂), 𝐻𝜃
2 (𝜉)𝐻

𝑤
1 (𝜂), 𝐻𝑤

2 (𝜉)𝐻𝜃
1 (𝜂), 𝐻

𝜃
2 (𝜉)𝐻

𝜃
1 (𝜂)

]

,

𝑵̂3 (𝜉, 𝜂) =
[

𝐻𝑤
2 (𝜉)𝐻𝑤

2 (𝜂), 𝐻𝜃
2 (𝜉)𝐻

𝑤
2 (𝜂), 𝐻𝑤

2 (𝜉)𝐻𝜃
2 (𝜂), 𝐻

𝜃
2 (𝜉)𝐻

𝜃
2 (𝜂)

]

,

𝑵̂4 (𝜉, 𝜂) =
[

𝐻𝑤
1 (𝜉)𝐻𝑤

2 (𝜂), 𝐻𝜃
1 (𝜉)𝐻

𝑤
2 (𝜂), 𝐻𝑤

1 (𝜉)𝐻𝜃
2 (𝜂), 𝐻

𝜃
1 (𝜉)𝐻

𝜃
2 (𝜂)

]

,

(C.2)

with 
𝐻𝑤

1 (𝜉) = 1
4
(

2 − 3𝜉 + 𝜉3
)

, 𝐻𝜃
1 (𝜉) =

1
4
(

1 − 𝜉 − 𝜉2 + 𝜉3
)

,

𝐻𝑤
2 (𝜉) = 1

4
(

2 + 3𝜉 − 𝜉3
)

, 𝐻𝜃
2 (𝜉) =

1
4
(

−1 − 𝜉 + 𝜉2 + 𝜉3
)

,
(C.3)

and 

𝒖̃𝑒𝑖 =
[

(𝑤̃𝑒)𝑖 ,
( 𝜕𝑤̃𝑒

𝜕𝑥

)

𝑖
,
(

𝜕𝑤̃𝑒

𝜕𝑦

)

𝑖
,
(

𝜕2𝑤̃𝑒

𝜕𝑥𝜕𝑦

)

𝑖

]T
. (C.4)

The first three components of ̃𝒖𝑒𝑖  are described at the end of Appendix  B. 
The last component (𝜕2𝑤̃𝑒∕𝜕𝑥𝜕𝑦)𝑖 is the derivative 𝜕2𝑤∕𝜕𝑥𝜕𝑦 evaluated 
at node 𝑖 in finite element 𝑒. This is one of the most accurate rectangular 
finite elements for thin plates.
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Appendix D. Bilinear shape functions for the element transforma-
tion

The shape functions in Eq. (41) are

𝑁̂𝑖 (𝜉, 𝜂) =
1
4
(

1 + 𝜉𝑖𝜉
) (

1 + 𝜂𝑖𝜂
)  for 𝑖 = 1, 2, 3, 4,

where the coordinates 𝜉𝑖 and 𝜂𝑖 are given in (B.3). In case of a mesh 
composed of rectangular finite elements, the calculations are signifi-
cantly simplified: for instance, the Jacobian of the transformation in 
Eq. (41) is constant and given by 

𝐽 = 1
4
(

𝑥̃𝑒2 − 𝑥̃
𝑒
1
) (

𝑦̃𝑒4 − 𝑦̃
𝑒
1
)

. (D.1)

Appendix E. Boundary conditions on nodal parameters

The boundary conditions described in Section 6 require the nodal 
parameters to satisfy specific constraints, which depend on the type of 
finite element used. Further details are provided in the following list:

• Clamped nanoplates (CCCC).
For the nanoplate discretized using MZC finite elements, the BCs 
given in Eq. (47) involve the following conditions on the nodal 
displacements and rotations of the finite element mesh:

⎧

⎪

⎨

⎪

⎩

𝑤̃(𝑥𝑒𝑖 , 𝑦
𝑒
𝑖 ) =

𝜕𝑤̃(𝑥, 𝑦)
𝜕𝑥

|

|

|

|

𝑥=𝑥𝑒𝑖
𝑦=𝑦𝑒𝑖

=
𝜕𝑤̃(𝑥, 𝑦)
𝜕𝑦

|

|

|

|

𝑥=𝑥𝑒𝑖
𝑦=𝑦𝑒𝑖

= 0

∀𝑒 and ∀𝑖 such that 𝑦𝑒𝑖 = 0, 𝐿𝑦 or 𝑥𝑒𝑖 = 0, 𝐿𝑥.

(E.1)

For the nanoplate discretized using BFS finite elements, the BCs 
in Eq. (47) take the form: 

⎧

⎪

⎪

⎨

⎪

⎪

⎩

𝑤̃(𝑥𝑒𝑖 , 𝑦
𝑒
𝑖 ) =

𝜕𝑤̃(𝑥, 𝑦)
𝜕𝑥

|

|

|

|

𝑥=𝑥𝑒𝑖
𝑦=𝑦𝑒𝑖

=
𝜕𝑤̃(𝑥, 𝑦)
𝜕𝑦

|

|

|

|

𝑥=𝑥𝑒𝑖
𝑦=𝑦𝑒𝑖

=
𝜕2𝑤̃(𝑥, 𝑦)
𝜕𝑥𝜕𝑦

|

|

|

|

|

𝑥=𝑥𝑒𝑖
𝑦=𝑦𝑒𝑖

= 0

∀𝑒 and ∀𝑖 such that 𝑦𝑒𝑖 = 0, 𝐿𝑦 or 𝑥𝑒𝑖 = 0, 𝐿𝑥.

(E.2)

In Eqs. (E.1) and (E.2), the functions 𝑤̃, 𝜕𝑤̃∕𝜕𝑥, and 𝜕𝑤̃∕𝜕𝑦, 
evaluated at point (𝑥𝑒𝑖 , 𝑦𝑒𝑖 ), correspond to the nodal quantities 
(𝑤̃𝑒)𝑖 , (𝜕𝑤̃𝑒∕𝜕𝑥)𝑖, and (𝜕𝑤̃𝑒∕𝜕𝑦)𝑖, respectively, as defined in
Eq.  (B.5) of Appendix  B and Eq.  (C.4) of Appendix  C. In Eq. (E.2), 
the function 𝜕2𝑤̃∕𝜕𝑥𝜕𝑦, evaluated at point (𝑥𝑒𝑖 , 𝑦𝑒𝑖 ), correspond 
to the nodal quantity (𝜕2𝑤̃𝑒∕𝜕𝑥𝜕𝑦)𝑖 as defined in Eq. (C.4) of 
Appendix  C. The conditions in Eqs. (E.1) and (E.2) enforce that 
appropriate nodal parameters in the FEM model vanish along the 
edges of the nanoplate.

• Simply supported nanoplates (SSSS).
For the nanoplate discretized using MZC or BFS finite elements, 
the BCs given in Eq. (48) involve the following conditions on the 
nodal displacements and rotations of the finite element mesh: 

⎧

⎪

⎪

⎨

⎪

⎪

⎩

𝑤̃(𝑥𝑒𝑖 , 𝑦
𝑒
𝑖 ) =

𝜕𝑤̃(𝑥, 𝑦)
𝜕𝑥

|

|

|

|

𝑥=𝑥𝑒𝑖
𝑦=𝑦𝑒𝑖

= 0 ∀𝑒 and ∀𝑖 such that 𝑦𝑒𝑖 = 0, 𝐿𝑦,

𝑤̃(𝑥𝑒𝑖 , 𝑦
𝑒
𝑖 ) =

𝜕𝑤̃(𝑥, 𝑦)
𝜕𝑦

|

|

|

|

𝑥=𝑥𝑒𝑖
𝑦=𝑦𝑒𝑖

= 0 ∀𝑒 and ∀𝑖 such that 𝑥𝑒𝑖 = 0, 𝐿𝑥.

(E.3)

The conditions in Eq. (E.3) enforce that appropriate nodal dis-
placements and rotations in the FEM model vanish along the 
edges of the nanoplate.
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• Nanoplates clamped at the edges parallel to the 𝑦-axis and free at 
the other edges (FCFC).
For the nanoplate discretized using MZC finite elements, the 
BCs in Eq. (49) involve the following conditions on the nodal 
displacements and rotations of the finite element mesh: 
⎧

⎪

⎨

⎪

⎩

𝑤̃(𝑥𝑒𝑖 , 𝑦
𝑒
𝑖 ) =

𝜕𝑤̃(𝑥, 𝑦)
𝜕𝑥

|

|

|

|

𝑥=𝑥𝑒𝑖
𝑦=𝑦𝑒𝑖

=
𝜕𝑤̃(𝑥, 𝑦)
𝜕𝑦

|

|

|

|

𝑥=𝑥𝑒𝑖
𝑦=𝑦𝑒𝑖

= 0

∀𝑒 and ∀𝑖 such that 𝑥𝑒𝑖 = 0, 𝐿𝑥.

(E.4)

For the nanoplate discretized using BFS finite elements, the BCs 
in Eq. (49) take the form: 

⎧

⎪

⎪

⎨

⎪

⎪

⎩

𝑤̃(𝑥𝑒𝑖 , 𝑦
𝑒
𝑖 ) =

𝜕𝑤̃(𝑥, 𝑦)
𝜕𝑥

|

|

|

|

𝑥=𝑥𝑒𝑖
𝑦=𝑦𝑒𝑖

=
𝜕𝑤̃(𝑥, 𝑦)
𝜕𝑦

|

|

|

|

𝑥=𝑥𝑒𝑖
𝑦=𝑦𝑒𝑖

=
𝜕2𝑤̃(𝑥, 𝑦)
𝜕𝑥𝜕𝑦

|

|

|

|

|

𝑥=𝑥𝑒𝑖
𝑦=𝑦𝑒𝑖

= 0

∀𝑒 and ∀𝑖 such that 𝑥𝑒𝑖 = 0, 𝐿𝑥.

(E.5)

• Nanoplates simply supported at the edges parallel to the 𝑦-axis 
and free at the other edges (FSFS).
For the nanoplate discretized using MZC or BFS finite elements, 
the BCs in Eq. (50) involve the following conditions on the nodal 
displacements and rotations of the finite element mesh: 

𝑤̃(𝑥𝑒𝑖 , 𝑦
𝑒
𝑖 ) =

𝜕𝑤̃(𝑥, 𝑦)
𝜕𝑦

|

|

|

|

𝑥=𝑥𝑒𝑖
𝑦=𝑦𝑒𝑖

= 0 ∀𝑒 and ∀𝑖 such that 𝑥𝑒𝑖 = 0, 𝐿𝑥.

(E.6)

Data availability

Data will be made available on request.
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