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Keywords: A great attention has been recently paid to sustainability and efficiency in the field of civil engineering. In this

Lafge structures context, structural optimization processes combined with shape grammar constitute an important tool to support

g“d s};ell the design phase of large scale structures. This paper proposes shape grammars for the topology optimization of
iagri

grid shells and diagrid tall buildings characterized by triangulated patterns, with the aim to minimize the
structural weight. The structural feasibility of the generated solutions is assessed through numerical analyses,
while the optimized patterns are identified by means of optimization processes based on genetic algorithm. The
results are provided in terms of optimal geometrical patterns, structural weight, stiffness/strength checks. The
approach is helpful to support the investigation of lightweight structural patterns and structurally efficient so-
lutions. The method could be expanded and improved by considering the minimization of different objective
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functions that take into account both the weight and construction aspects.

1. Introduction

In the last few decades, a great attention has been paid to sustain-
ability and efficiency in the architecture, engineering, and construction
(AEC) industry. In the field of structural engineering, design strategies
based on optimization techniques are being widely utilized by designers
[1-6] and studied by researchers [7-20]. Often, structural optimization
processes are thought to minimize the weight, the compliance, or in a
more complex way, the cost, by fixing a given amount of material and
boundary conditions, while ensuring that the constraint conditions
imposed on structural performance are respected. Structural optimiza-
tion techniques could be mainly divided into three categories, according
to the variables of the problem [21]: sizing optimization, shape opti-
mization and topology optimization. Sizing optimization assumes cross-
sectional dimensions as variables, while the geometry and the topology
are established a priori. In shape optimization the variable is the ge-
ometry of the structure, with topology set a priori. Finally, in topology
optimization the variables define the connectivity of the nodes in the
structure and/or the existence or absence of structural elements/parts
[21]. This classification of the optimization problems suggests that the
breadth of exploration, i.e. the design space, is related to the number of
solutions potentially obtainable starting from the space of the design

* Corresponding author.

variables. For this reason, it is of paramount importance to combine
structural optimization approaches with generative design processes,
able to guarantee a wide space of design exploration. Among generative
processes, an approach conceived many years ago [22], but re-evaluated
in recent years [26-31] thanks to computational advancements, is shape
grammar. A shape grammar is an algorithm composed by intertwined
rules able to define a theoretical infinite number of potential solutions,
unexpected in the phase of algorithm writing, starting from the defini-
tion of the design variables. In analogy to the grammar of language, the
variables represent the words, which, combined through simple
grammar rules, can give rise to an infinite number of sentences. This
approach has been recently applied in different fields of architecture/
engineering: Boonstra et al. [27] proposes a shape grammar-based
method for the design of steel buildings: starting from the global di-
mensions of the structure, the method selects the most appropriate
structural components (frame, truss, slab) in order to obtain the best
configuration in terms of strain deformation energy; Mandow et al. [29]
present an application of shape grammars for the generation of archi-
tectural sketches of small single-family dwellings, in order to find the
distribution of spaces and openings that optimizes the energy con-
sumption; Wang et al. [30] proposes shape grammars to support urban
planning; Yu et al. [31] implemented a shape grammar for the
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generation of Origami patterns, to be used for structural purposes.

In the field of structural engineering, the shape grammar supports
the definition of geometrical models, but it is agnostic of the structural
behaviour, which, however, is fundamental to evaluate the structural
feasibility of the generated solutions; therefore, structural models
should be created for each solution generated by the shape grammar
process, and analyses should be carried out under design loads. The
combination of shape grammar, structural analysis and optimization
processes gives rise to the so-called structural grammar [22-25], which
represents a successful approach in the search for optimal design solu-
tions. In this context, the present paper proposes structural grammars for
the generative design of triangulated mega-structures representing
paradigmatic cases where the choice of the pattern also affects geome-
try, architectural features, and constructive aspects.

The mega-structures here referred to are grid shells and diagrids,
namely long span and high rise buildings characterized by a grid, or
pattern, of structural members arranged to form triangles.

Diagrid structures have emerged in the last two decades as one of the
most popular lateral load resisting systems for tall buildings [32,33],
which has also sparked the interest of the scientific community
[9,16,34-45]. Diagrid tall buildings are constituted by a triangulated
pattern covering the whole building facades; the grid of diagonal
members is characterized by inherently high rigidity, particularly
important since tall buildings’ design is often governed by the limitation
of the lateral drift and building motion. Recent works have highlighted
the major role of the diagonal slope on the structural performances of
diagrid tall buildings, suggesting that the optimal angle value increases
with the building slenderness [7,46-48] and that design solutions with
variable angles along the elevation and/or the width are more efficient
than uniform-angle configurations for very slender buildings [46,47].
This trend turns out to be intuitive by considering the analogy between
the tall building and the vertical cantilever beam under lateral load
[3,7,9]1. However, in the case of buildings with low slenderness, the
stiffness capacity provided by the triangulated pattern may exceed the
stiffness demand, and the member sizing may be governed strength
demand [8,16]. The structural grammar proposed by the authors for
diagrid tall buildings is able to find the optimized pattern by changing
the number and slope of diagonals both along elevation and width, as
well as to take into account the different stiffness and strength demands
varying the slenderness of the building.

Grid shells structures, widely used as canopies for long-span public
buildings, are widely used for their capacity to cover large spans with
light solutions, exploiting the inherent rigidity of double-curvature
shells. The characteristic of lightness, typical of grid shells, could be
further improved through design optimization strategies. In this context,
different approaches are proposed in literature, which consider as var-
iable the topology [49,50], the shape [51,52], or the node rigidity [53];
other proposals combine some of these approaches with sizing optimi-
zation [17-20,54-57]. The actual trend to design free-form grid shells
[58-60] enhances the importance of optimizing the structural pattern,
which strongly affects the structural behaviour [61]. The structural
grammar for the design of grid shell structures presented in this paper is
able to optimize the topology of the pattern, by varying number and
position of the structural elements, for shells characterized by different
global shape.

In the following, detailed descriptions of the two structural gram-
mars are provided. The grammars are applied to tall building and grid
shell models characterized by different geometry and the optimal pat-
terns are obtained. All the results are provided in terms of structural
pattern, structural weight and stiffness/strength checks for both grid
shells and diagrids. The optimal solutions are derived for structures
characterized by different values of the aspect ratio (ratio between the
height of the structure and the base dimension), a parameter that in both
cases strongly affects the structural behaviour.
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2. Structural grammars for the generation of optimized patterns

The structural grammar proposed for the topology optimization of
grid shell structures and diagrid tall buildings is schematically described
in the flow chart of Fig. 1. In particular, the flow chart is divided into
shape grammar, devoted to the definition of the geometry (Fig. 1 - box
a), structural modeling and analysis (Fig. 1 - box b and c), and topology
optimization (Fig. 1 - box d), which drives the search of the optimal
solution. More in details, the shape grammar (box a) is able to define a
multitude of geometrical patterns starting from few parameters that
govern the distances between the intersection points of the structural
members. It is divided into two phases: the first one is devoted to the
definition of the design domain; the second one is devoted to the dis-
cretization of the design domain by defining the number and position of
structural members on the base of the parameters which govern the
distances between nodes - i.e. it defines the structural pattern. Then,
each generated solution is assembled in a structural model (Fig. 1 - box
b), which structural elements are sized with an iterative process that
confers the smallest possible cross-sections able to meet the stiffness and
strength requirements (Fig. 1 - box c); for each solution, the structural
weight and the structural performances are evaluated, and the fitness
function (the structural weight, in this specific case), is recorded. Hence,
the topology optimization process — based on genetic algorithms [62] —
analyses the fitness values of each solution, and drives the search for the
optimal one (i.e. the solution that minimizes the weight), by varying the
parameters of the shape grammar (Fig. 1 - box d). While the phases of
structural design (Fig. 1 - box c) and topology optimization (Fig. 1 - box
d) are almost the same for grid shells and diagrids, the shape grammar
for the two structural systems is different: in subsequent sections, all
phases of the structural grammar are described in details highlighting
similarities and differences.

The structural grammar has been developed within the Grasshopper
environment [63,64], a Rhinoceros [64] plug-in for the algorithmic-
aided design based on visual scripting. The structural analyses are car-
ried out through Karamba [65,66], a Grasshopper plug-in for finite
element analyses [63,64].

3. The shape grammar

The shape grammar consists of three types of rules: rules for the

definition and subdivision of
design domain

discretization of design
domain with shape gramma a
T

| structural modeling | b

A4
/structural analysis /

sizing of the cross-sections
of the members

optimal solution

Fig. 1. Flowchart of the structural grammar.
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definition of the design domain, rules for the discretization of the design
domain, and rules for the definition of the pattern. The design domain
identifies the volume occupied by the model, which mainly depends on
the structural geometry, namely the plan width B and the height H of the
grid shell or the diagrid facade (Fig. 2). The discretization of the design
domain is based on the definition of a “structural unit” that is repeated
several times to build the pattern. In the grid shell, the structural unit is
the shell sector shown in Fig. 2a, i.e. the structural portion corre-
sponding to the one eight slice of shell that, mirrored seven times, gives
rise to the entire grid shell. For the building diagrid, instead, the
structural unit is a quarter of a module (Fig. 2b); the module, in turn, is
the horizontal fascia covering the full width of the building facade and
spanning multiple floors. The diagrid’s facade is conceived by sub-
dividing its elevation into three macro-modules, each consisting of a
certain number of modules with the same geometrical characteristics.
The quarter of module (i.e., the structural unit) is mirrored three times
to obtain the whole module and replicated along elevation until
covering the height of the macro-module.

3.1. Rules for the definition of the design domain

The Rules type 1 concerns the definition of the design domain
(Fig. 3), i.e. the volume occupied by the structural model, for both grid
shell and diagrid.

For the grid shell, the footprint in plan is characterized by a
quadrangular shape with dimensions B x B set a priori, on which nine
control points are defined, eight along the perimeter and one in the
middle of the square (point c(H) in Fig. 3). The Rule 1.1 defines the
height H of the control point c(H) and the Rule 1.2 defines the three-
dimensional shape of the model by the construction of a NURBS (Non
Uniform Rational Basis Splines) surface that passes through the nine
control points. In this study, different surfaces are generated and ana-
lysed by varying the height H, thus giving rise to models characterized
by different rise - span ratios H/B.

Analogously, for the diagrid the footprint in plan is defined by a
quadrangular base surface — Rule 1.1 — with dimensions B x B. The Rule
1.2 replicates the quadrangular surface along elevation, until covering
the height of the building. Differently from the grid shell, in addition to
the width B and the height H of the building’s facade, other geometrical
parameters are introduced for subdividing the design domain along
elevation, namely: inter-storey height, hg; number of macro-modules,
ny; number of modules for each macro-module, ny,; with j =1, ..., ny;

(@
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total number of modules in the pattern, ny, = Zj ny;. In this study, the
width B and the inter-story height hs are fixed a priori, while the number
of macro-modules ny;, of modules in each macro-module ny;, and, in
turn, of the total modules ny,, vary to generate building models char-
acterized by different slenderness ratios H/B.

3.2. Rules for the discretization of the design domain

For both grid shell and diagrid, the discretization of the domain is
obtained by applying the Rules type 2 (Fig. 4), starting from the defi-
nition of the distances between the nodes of the structural unit (i.e. the
sector for the grid shell and one quarter of module for the diagrid, see
Fig. 2), which control the structure’s topology. The main difference in
the formulation of the rules for the grid shell and the diagrid concerns
the nodes’ range of movement, since for the grid shell’s sector it is along
both x and y directions while for the diagrid’s one quarter of module
movement is only allowed along x direction.

3.2.1. Grid shell discretization

Considering the grid shell, the Rule 2.1 identifies the plan projection
of one sector of the NURBS surface in normalized local coordinates (x,
y), whose origin is defined with respect to the global coordinate system
X, Y), as:

x:x+% _

Y
B °°B

@

The Rule 2.2 defines the position of the starting nodes Pg ;(Xst,i, Yst,i)
(withi=1, ..., n,, with n, the number of the sector nodes) of the sector,
initially spaced at 0.1 of the normalized dimension of the domain in both
directions, i.e. 0.1B. Considering that the two catheti of the triangular
sector are both equal to 0.5B and the starting nodes are placed at 0.1B,
the number of the starting nodes n, is equal to 21. The Rule 2.3 creates
lines between points, thus defining the node connectivity. The Rule 2.4
defines the range of movement of the sector’s nodes by means of sliders
that control the distance along the directions x, ay;, and y, ayj, with
respect to the position of the relevant starting node Py j(Xst,i, ¥st,i), Where
the parameters ay; and ay; are given by:

-0.1= Ax min < Ay i < Ax max = 0.1-0.1= Ay min < Ay < Ay max = 0.1

@

with minimum and maximum values respectively equal to ax min, ax,max,
Ay min, and Ay max-
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Fig. 2. Global geometry and structural unit: (a) grid shell, (b) diagrid.
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Fig. 4. Rules for the discretization of the design domain.

In particular, each node reaches the optimal position at the point
Popt,1 (Xopt,i» Yopt,i) Of coordinates defined as:

Xopti = Xsti T Axi

YOpt.i = YSt,i + Ay

3)

Further rules are defined for the variables ay; and ay ; to ensure that
the edge points remain along the sector’s perimeter after the optimiza-
tion process. These rules are defined as:

a; =0If xq; =0andy,; #0

C)
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ay; = 0If xq; #0and y,; =0 5)

a; =ay; =0If (Xsm =0,y4; = 0) or (xsl,i =05,y = 0) or (Xsm
=0,y,; =0.5) (6)

i = — Ay If Xsti T Yoi = 0.5 and Xst.i # O&Y>t_i # 0 (7)

Taking into account the right-angle triangle formed by the plan
projection of the shell sector, the rules in Egs. (4) and (5) allow nodes
with zero abscissa or zero ordinate to move only along the y or x cath-
etus, respectively; the rule in Eq. (6) maintains fixed the vertices of the
triangle; the rule in Eq. (7) allows the nodes on the hypotenuse to move
only along it.

3.2.2. Diagrid discretization

The discretization of the diagrid single module is defined by di-
agonals that create a sequence of rhombuses, made by means of two
triangular units, superimposed base to base (Fig. 4). More in detail, the
algorithm starts from the definition of the diagonals in one quarter of
module that, mirrored with respect the two axes of symmetry, creates
the whole module. Then, the discretization of the relevant macro-
module is obtained by replicating the module along elevation. The
number and slope of diagonals within a module are established starting
from the parameters ajj of Fig. 4 (Rule 2.1), which define the horizontal
distance between the two points that work as sliders, i.e. the end points
of the i-th diagonal within the generic module of the j-th macro-module.
The algorithm generates the geometry of the quarter of module by
varying the parameters aj;, so that, by considering a local coordinate
system (X, z) with the origin at the lower left corner of the module, the
diagonal’s end points Pj; (xjj, z;j) are defined by the coordinates:

k M for even numbers
Xij = Z Ajj Zij = 2 (8
i=1 0 for odd numbers
with
qj = Xjj — Xj-1 (C)]
k < l’ldj/ 2

ng; the number of diagonals in the quarter of the module of the j-th
macro-module,

hp,;j the height of the same module.

The point at the module’s upper left edge is not a slider, since it is
fixed at local coordinates (0, hyj/2). Given the values of the parameter
ajj, the slope 6;; and the length Ly jj of the i-th diagonal of the j-th macro-
module are defined as:

ajj

_1 Dy

2ajj

(10)

The Rule 2.2 controls the number of diagonals ng; in the quarter of
module, imposing that no diagonal crosses the half-width line of the
building facade. This is equivalent to set the sum of the distances aj;
(>-1Ya5) exactly equal to B/2, i.e. the abscissa of the end point of the
innermost diagonal should be exactly equal to B/2; therefore, if it is
greater than B/2, the Rule 2.3 deletes the innermost diagonal and moves
the end point of the previous diagonal until reaching x;; = B/2.

Within the j-th macro-module, the variation’s range of the parame-
ters ajj depends on the ranges set for the number ng; and for the slope 6;;
of diagonals. In this context, considering that 8;; should vary between a
minimum and maximum value (6j,min = 45° and 6j;,max = 85°), and that
the module height hy,,; and number of storeys in the single module ng
are fixed (here, ns i, = 4), the range of variation of a; can be obtained as
a function of 0j;,max and 6jj,min, and of hpy;, i.e.:
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hmj

B
<a: < a;ipp=—m-"
< aj ifmax = 570 tal’l(eij_min)

—_— 11
2 e tan (G;jv,m) - (11)

Aijmin =

where hpj = hs ng .
Quite trivially, the range of aj; also controls the range for the number
ng;j of diagonals: a”% <ng <

— ajjmin”

Once the discretization of the quarter of module is done, the relevant
diagonals are mirrored once with respect to the vertical axis, and once
with respect to the horizontal axis, to generate the entire module (Rule
2.3), which is then replicated along elevation until covering the height
of the relevant macro-module (Rule 2.4). Finally, the Rule 2.5 disposes
all macro-modules along elevation.

3.3. Rules for the definition of the pattern

The discretization of the design domain is defined according to the
rules illustrated in the previous section, but some adjustments are
necessary to make the solutions feasible from a constructive point of
view. It is worth underlining that these rules depend on the specific
structural system, hence they are different for the grid shell and diagrid
structures (Fig. 5). For the former, Rules 3 control the distance between
points in the sector that, in turn, is mirrored to build the entire structural
pattern. For the latter, the entire structural pattern is obtained by
applying the Rules 3, that connect the diagonals’ end points of two
stacked macro-modules, and the Rule 4.1, that chamfers the building
corners also according to the bird mouth profile, typical of diagrid
buildings (e.g. Hearst Tower).

More in detail, for the grid shell, the nodes’ range of movement can
cause some nodes to be almost coincident or very close to each other,
leading to unfeasible solutions due to the small angles between the
members. To solve this issue, Rule 3.1 overlaps very close points (at a
distance lower than a specific value, set equal to 2 m in this study) and
deletes coincident points; these pattern adjustments affect the number of
nodes and members, which therefore may change during the generation
of geometries. It means that, starting from the position of points Pgpy,
i(Xopt,i» Yopt,i) directly obtained by the optimization process, the position
of the final points Pi(X;, Yj, Z;) in the global coordinate system (X, Y, Z) is
derived so that the distance of two successive points is >2 m. As an
example in Fig. 5, by considering the points Pp (Xa, Ya, Za) and Py (Xp,
Ys, Zp), it should be verified that:

V(X = Xa) + (Yo = Ya) + (Zs —Z4) <2m a2

Then, the geometry and the discretization of the shell sector is
mirrored with respects the axes of symmetry (Fig. 5) to obtain the whole
structural pattern.

As regards the diagrid, since the module geometry may change from
one macro-module to another one, the diagonals’ end points at the
interface between two consecutive macro-modules may not coincides.
To overcome this problem, stacking macro-modules are not directly
connected, but a transition belt is created between them. In particular,
Rule 3.1 identifies the end points of the macro-modules that should be
connected, i.e. the points with maximum ordinate of the lower macro-
module and the points of minimum ordinate of the upper one. Rules
3.2 and 3.3 respectively joins overlapped and staggered points in the
half width of the upper and lower macro-modules, going from the edge
to the middle of macro-module. Then, Rule 3.4 mirrors the diagonals
with respect the vertical axis of symmetry, to cover the entire width of
the building. A further rule (Rule 4.1) is introduced to build the tapered
chamfering of the building corner, which accommodates the triangu-
lated pattern. At this point, the geometrical definition of the diagrid tall
building is completed.

It is interesting to highlight that the shape grammar, although it
regulates the geometry of the model and is not aware of the structural
behaviour, is capable of generating configurations that can be realized



V. Tomei et al.

Automation in Construction 143 (2022) 104588

*t % Py(Xys Ypy Zy)* /4L

[ ] pe & Vol

o P . A Zp

h ¢ ;A\: 1y lYA = /ﬁo
- ,

t)ox s o'/B v ﬁ X |Za
Xa )

Ve 4.0)

XB

122, > 3

Gridshell Diagrid
Rules for the definition of the pattern
L 17 M
¥
T: . . © .._,- & 4 'f W
*, ;u =" o 3.1 3.2
i A | z‘i.-,: .
g 3 y Irx
. ‘ l 33
e Pix,y) Pp(Xy, Yy Zp)

) m
— —_—

4.1

R

Fig. 5. Rules for the definition of the pattern.

from a structural point of view, thanks to the constraints on the
maximum distance between nodes in grid shell and to the generation of
the transition belt and chamfered building corners in diagrid.

4. Structural models, member sizing and pattern optimization

Once the geometrical models of the gridshell and diagrid have been
defined through the relevant shape grammars, the structural models are
created, designed in terms of member cross-sections, and analysed by
means of the Finite Element code Karamba [65,66]. In this study, the
grid shell models are characterized by dimensions of the base
quadrangular plan B of 24 m, and by three values of rise to span ratio, H/
B, equal to 0.00, 0.21, 0.42, respectively; the diagrid models are char-
acterized by base B equal to 54 m, and by three values of aspect ratio H/
B equal to 3, 5, 6.6. The structural material used for both grid shell and
diagrid is steel S275 (fyx = 275 MPa).

From the modeling point of view, the structural members are rep-
resented by beam elements perfectly clamped to each other. The full
restraint at the ends of members is particular influential in the response
of the grid shells, since by varying the rise-to-span ratio, the magnitude
of bending moment in the members varies. On the other hand, in case of
diagrid, the members work predominantly in the axial direction.

In addition to the structural weight, two levels of superimposed loads
q are considered for assessing the effect of increasing vertical loads on
the grid shell’s performances, i.e. ¢ = 3.5 kN/m? and q = 10 kN/m?2. For
the diagrid, the design gravity loads are given by dead load of 7 kN/m?
and live load of 4 kN/m?; the lateral loads due to the wind pressure are
computed according to Eurocode 1 (EN 1991-1, 2010) [67] by consid-
ering a wind speed of 50 m/s, which provides the following values of
global overturning moment and base shear: 2585 MNm and 29 MN for
H/B = 3; 8171 MNm and 54 MN for H/B = 5; and 13,043 MNm and 69
MN for H/B = 6.6.

Constraint conditions are imposed to translate local strength re-
quirements (members’ Demand to Capacity Ratio DCR < 1, where DCR
accounts for axial stresses, local buckling, bending and shear stresses)
and global stiffness requirements (maximum displacement Dy,x < limit

displacement Djjp,). In particular the DCR is evaluated as:

N M, A
if N>0:—+ |——| + ’ .
U Nra ‘ M, ra M ra
v RTANYA
DCR = if N <O: + J = 13
max ¥ Noza  |\Myra|l Mol (13
S S.
DCR, = -
) Sv.,Rd S:,Rd

DCRy, is the Demand to Capacity Ratio evaluated for normal forces
and bending moments, where: N is the normal force, which is positive
for tension and negative for compression; Ngq is the resisting normal
force; Np rq is the buckling force, evaluated as suggested in Eurocode 3
[68]; My and M, are the bending moments evaluated along the local y
and z axis of the members (Fig. 6), respectively; My rq and M, rq are the
resisting bending moments evaluated along the local y and z axis of the
members (Fig. 6), respectively; DCR; is the Demand to Capacity Ratio
evaluated for shear forces, where Sy and S, are the shear forces acting
along the local y and z axis of the members (Fig. 6), respectively; Sy rq
and S, rq are the shear forces evaluated along the local y and z axis of the
members (Fig. 6), respectively.

For the grid shell, the maximum displacement Dp,.x refers to the
maximum vertical displacement; two different values for the limit
displacement are assumed in this study, i.e. Djj; = B/250 and Dyjy, = B/
500. For the diagrid, Dy,ax refers to the top horizontal displacement of
the building, while Dy, is assumed equal to H/500. The process of
structural members’ sizing is the same for grid shell and diagrid and
consists of an iterative design process, as implemented in the Optimize
Cross Section component of Karamba [65,69]. The iterative process

0

Fig. 6. Local axis of structural members.
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selects, for groups of structural elements previously defined by the user,
the smallest cross section within a set of user-defined cross sections that
guarantees the strength/stability requirement (evaluated in terms of
DCR). At the end of the process, the stiffness requirement is checked and,
if not verified, some adjustments are made to cross-sections, until
reaching Dpax < Dijim.

The last phase of the proposed structural grammar concerns the
pattern optimization, which involves all the previous phases. This phase,
indeed, drives the generation of the patterns, by varying the parameters
of the shape grammar (Section 3), and selects the optimal one in terms of
weight, by means of a Topology Optimization process that involves
genetic algorithms. Each generated solution is sized in terms of cross-
sections and evaluated in terms of weight and structural performances
(Section 4) by the optimization algorithms.

The optimization problem is defined in Table 1; for both grid shell
and diagrid, the objective is to minimize the weight W. The grid shell
and diagrid solutions are made of steel structural material, with a steel
weight ys. For the grid shell, L and A are the length and cross-section area
of the generic member, nj, is the number of members placed within the
sectors, Nedge is the number of members on the grid shell edge, n. is the
number of members on the common sides of two adjacent sectors, the
subscripts i, j, k vary within the following ranges: i=1, ..., njp, j=1, ...,
Nedges kK = 1, ..., n. For the diagrid, ny is the macro-modules’ number,
DNy is the modules’ number in the j-th macro-module, Ly ;j and Aj; are the
length and cross-section area of the i-th diagonal, ng; is the number of
diagonals along the width of the module. For the grid shell, the variables
are the horizontal and vertical distances ay; and ay,; between initial and
final position of the nodes; for the diagrid, the variables are the hori-
zontal distances between the end nodes of diagonals ajj. For both grid
shell and diagrid, constraint conditions are imposed on the design var-
iables, as described in Section 3.1 and reported in Table 1.

The genetic algorithm [62] employed in these processes is Galapagos
of Grasshopper, inspired to the principle of the natural selection [63].
The basic steps of the algorithm, which drives the search of the optimal
solutions, depicted in Fig. 7, are:

1. generation of the first population (first generation) with random
individuals, structural patterns, characterized by random values of
ayj and ay; for the grid shell, and random values of aj; for the diagrid;

2. computation of the fitness function (weight) for each individual of
the current generation and ranking of the individuals according to
their fitness value;

3. selection of the best individuals (the lightest ones) of the current
generation that go directly to the next generation (Maintain); se-
lection of the individuals to mate to obtain offsprings for the next
generation (Crossover); selection of individuals subjected to random
mutation for the next generation (Mutation);

4. creation of the new population;

5. repeat steps from 2 to 4, until no reduction of the fitness function is
obtained for a specified number (50 in this paper) of generations.

The last point indicates that a threshold of 50 successive stagnant
generations is employed as stopping criterion of the algorithms, where

Table 1
Optimization problem.
Grid Shell Diagrid
S W= Ty LiA; W =y, e4e
Minimize e :{S. (Z"ln: i+ ¥s -
2iLA) + Ykl TP ngj e 4 e PP Lyy 0 Ay
hg @ ng
sa Ay = S smi
Variables ?(};r ‘; iy’ 1‘ N Y 2etan(0y)
S fori=1i,..,ng/2andj=1,..,ny
Ay, min < A, i < Ax, max
. 4 d > A i < A < ap
Constraints  ay, min < ay, § < Ay, max Y, min = 9y = S, max

fori—1,..,n, fori=1i,..,ng/2andj=1,..,ny
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the terms “stagnant generations” indicates generations characterized by
the same value of the objective function (accuracy of 2 decimal digits).
As an example, Fig. 8 shows the convergence path for the grid shell
characterized by a rise-to-span ratio H/B equal to 0.21 and subject to a
load q equal to 3.5 kN/m?2.

5. Structural solutions and performance assessment

The optimal structural patterns are shown in Fig. 9, for both grid
shells and diagrids.

The grid shells’ cross-sections are depicted with an extruded view.
For H/B = 0, i.e. for flat grid shells, solutions characterized by different
geometries and number of structural elements are obtained under ver-
tical loads q equal to 3.5 and 10 kN/m? (Fig. 9a and b respectively). In
fact, the load intensity strongly affects the generation of the optimal
patterns, and in particular the grid density. On the contrary, the optimal
patterns obtained for H/B = 0.21 (Fig. 9¢) and H/B = 0.42 (Fig. 9d) do
not vary by changing the load intensity. Furthermore, they are charac-
terized by smaller cross-sections with respect to the case of H/B = 0, as
evident from the extruded view. These results confirm the different
behaviour of the grid shell as a function of the ratio H/B, as will be
discussed in the following.

Looking at the diagrid patterns, from Fig. 9e, f, g it can be observed
that the diagonals are steeper and denser at the edges and become less
inclined toward the centre of the building facade. The variable density of
the grid allows to satisfy the different demands of axial strength due to
overturning moment along the width of the building facade, and
contemporarily to maximize the bending stiffness of the structure. Also
in this case, the visual results of the patterns suggest a variation of the
structural behaviour among models characterized by different slender-
ness ratios H/B [8]. As the slenderness increases, the optimal patterns
become ever more similar to the trend of the isostatic lines, thus further
improving the inherent efficiency of the diagrid [9].

The unit structural weight W/A (i.e. the ratio between the total
weight of the structural steel utilized for the optimal pattern solution
and the total floor area of the building), the maximum values of the DCR
(DCRmax), the ratio Dpax/Diim, are provided in Fig. 10 and Fig. 11 for the
grid shells and diagrids, respectively.

Looking at the optimal grid shell solutions (Fig. 10), for each ratio H/
B the two vertical loads q of 3.5 and 10 kN/m?, as well as the two limits
of B/250 and B/500 are considered. In particular, for H/B = 0 it can be
observed that the values of DCR,,« are smaller than 0.7 while the values
of Dpax/Diim reach the unity; therefore, it can be deduced that the design
is dominated by the stiffness requirements and, quite trivially, the
structural weight increases as Dy, decreases and q increases. Further,
from Fig. 9a and b it also emerges that, for a given value of load q, the
increase of stiffness demand due to the reduction of Dy, does not lead to
a variation of the structural pattern, but it is satisfied by increasing the
cross-section of the members, as shown by the increase of weight re-
ported in Fig. 10; on the other hand, for a given value of Dy, the in-
crease of stiffness demand due to the increase of the external load q, is
satisfied by varying the structural pattern, and in particular by
increasing the number of structural elements. Conversely, for H/B equal
to 0.21 and 0.42 the design is dominated by the strength requirements,
thanks to the remarkable inherent stiffness of curved grid shells, as
compared to flat counterparts. In fact, the values of DCRyqx reach the
unity and the values of Dyax/Diim are smaller than 0.7; the structural
weight is independent on the limit displacement Dy, while it slightly
increases at increasing vertical load q as a consequent increment of
larger members’ cross-section. With specific reference to the analyses
carried out, it is interesting to highlight that the structural weight (i.e.
the members’ cross sections) is particularly sensitive to the variation of
the external loads q and the limit displacement Dy;, only for the case H/
B = 0; indeed, for low value of H/B, the structural members are forced to
work in bending, while increasing H/B the members are mainly subject
to axial forces rather than bending moments. Since the bending stiffness
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Fig. 8. Convergence path: grid shell, H/B = 0.21 and q = 3.5 kN/m?

of a slender beam is much less than its axial stiffness, it is clear that the
increase of stiffness/ strength required due to higher external load has to
be accommodated by a larger increase of cross-sections for bent mem-
bers rather than for stretched members; further, when the vertical load q
increases, an increase of cross-sections is not sufficient to guarantee an
adequate level of stiffness; this, in turn, leads to the need of increasing
the number of elements, i.e. to the variation of the structural pattern,
driven by the optimization algorithm.

Considering the optimal diagrid solutions (Fig. 11), for the smallest
aspect ratios the values of DCRpax approach the unit limit value, while
the value of Dpyax/Diim is smaller than one, equal to 0.4 and 0.7 for H/B
equal to 3 and 5, respectively. On the contrary, for H/B = 6.6, the value
of Dax/Diim tends to the unity while DCRpyax is close to 0.9. Therefore,
the governing design criterion is strongly related to the aspect ratio of

the building, as it affects the flexibility of the structure [8]. Indeed, for
small aspect ratios, the intrinsic rigidity provided by the triangulated
pattern is enough to satisfy the global stiffness requirements, conse-
quently the design problem is governed by local strength requirements;
instead, for high aspect ratios, the design problem is mainly dominated
by stiffness requirements. In addition, as previously mentioned, by
increasing the aspect ratios, the diagrid pattern becomes ever more
similar to the trend of the isostatic lines [9].

Further, the unit structural weight W/A increases with the aspect
ratio, as expected, according to the premium for height concept [32],
but, unlike other structural systems that are characterized by a more-
than-linear trend, in this case the premium for height is characterized
by an almost linear increase of structural weight versus height. It means
that the use of diagrid, in particular if it is designed with the proposed
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approach, provides advantages from the point of view of the structural
weight, which is an indicative parameter of the cost of the structure.

The above results and observations confirm that the structural
behaviour of grid shells is strongly affected by the rise to span ratio,
while for the diagrid the aspect ratio has a similar importance. Never-
theless, the proposed structural grammar is able to find the optimal
solutions, also when the structural behaviour changes.

A representation of the efficacy of the generative process, which
drive the solutions toward the best one, is graphically provided in the
parallel coordinates plots of Fig. 12. More in details, Fig. 12a refers to
grid shells, and in particular to the case of H/B = 0.21 and q = 3.5 kN/
m?. By considering the normalized domain, in the graph are reported the
distances of nodes of each generated solution (in ordinate) with respect
the starting solution in the x and y directions ay; and ay;. It is clear that
the solutions of first generation covers the entire space of explorations
(yellow lines), while the last generation is composed by similar in-
dividuals (blue lines), which cover a limited zone of the space of
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exploration around the solution characterized by the minimum weight
(red line). It highlights the capacity of the algorithms to explore a
multitude of solutions, and to drive the search toward the optimal one.
Instead, Fig. 12b refers to the diagrid for the case of H/B = 6.6.
Considering the j-th macro-module, the graph depicts the number ny; of
diagonals and the slope of the k-th diagonal, numbered from the external
edge up to half width of the building facade. The solutions depicted with
orange and green lines are characterized by a diagrid weight respec-
tively <20% (orange lines) and 50% (green lines) of the average value
Wy, evaluated considering all solutions (grey lines). It is also interesting
to highlight that the values of 8 reduces going from the outside to the
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inside of the half width of the building facade, accommodating the
different demands of global forces, bending moment and shear, along
the base, as found in the case of patterns inspired from isostatic lines [9].

6. Conclusions

The paper presents a structural grammar approach for the topology
optimization of grid shell structures and diagrid tall buildings. The
structural grammar is composed by three phases connected and inter-
related each other: shape grammar; cross-section sizing and structural
analysis; topology optimization process. The shape grammar is devoted
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to the generation of different patterns, i.e. arrangements of structural
members, through specifically designed rules that regulate the number,
the density, and the slope of structural members. The phase of cross-
section sizing is entrusted to an iterative process that assigns the
smallest cross-sections able to satisfy the design requirements in terms of
stiffness and strength, evaluated by means of a structural analysis. The
topology optimization phase, based on genetic algorithms, aims to
minimize the structural weight by varying the positions of the grid
nodes, for the gridshell, and of the diagonals slope, for the diagrid, while
satisfying the constraint conditions on stiffness and strength re-
quirements. More in details, the topology is defined by the pattern of the
structural members, generated by the shape grammar, that, in the case
on grid shells and diagrids, assume a major role as it merges architec-
tural/aesthetic features with structural/constructive requirements.

The proposed procedure has been applied to grid shells and diagrid
tall buildings characterized by different rise-to-span ratios and aspect
ratios, respectively. These two parameters strongly affect the structural
behaviour and governing the design requirements. The results, pre-
sented in terms of structural weight and maximum value of Displace-
ment and strength Demand to Capacity Ratios for each optimal
solutions, show how the proposed structural grammar is able to generate
optimal patterns according to the different behaviours and predominant
design requirements of both grid shells and diagrids.

Further, the proposed shape grammar is able to create a huge number
of structural patterns characterized by significant geometrical diversity;
it could be combined with multi-objective optimization algorithms, in
order to find a set of pareto-optimal solutions to be evaluated on the
basis of different objective functions, not only concerning structural
aspects, but also constructive, architectural and/or functional features.
In this context, Tomei et al. [7] proposed a method for evaluating a
complexity index for diagrids that takes into account constructability
aspects, depending on: the number of joints, the number of different
cross-sections, the number of splices required for the diagonals, the
number of diagonals and the number of members with different lengths.
A further development of the structural grammars could consist in
assessing the generated solutions by multi-objective optimization algo-
rithms with the aim to minimize both the weight and the complexity
index. Alternatively, the optimization problem could be dealt with
mono-objective optimization algorithms, but considering an objective
function which takes into account different aspects, as the desirability
function proposed in [38,70], that accounts for weight, lateral
displacement, torsional rotation and complexity index. For the specific
case of grid shells, in order to expand the procedure, it could be inter-
esting to derive some considerations from previous works [9,54] which
highlight the role of the joint rotational stiffness in the susceptibility to
global buckling phenomena; in particular, optimization strategies are
proposed to find the best position for a low number of rigid joints in
hinged-joint grid shell, in order to obtain minimum weight solutions safe
from global buckling phenomena [9,54]. By taking this in mind, it is
possible to conceive a complexity index that also takes into account the
number of rigid joints. The previous discussion emphasizes the “power”
of merging generative design processes with optimization algorithms in
the complex process finalized to the search of competitive solutions.
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