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Abstract—This paper deals with the networked control of
loosely or tightly connected cooperative manipulators in barge

of achieving a cooperative task, that is specified by means of

proper task-oriented variables depending on the full stateof the
system. Since the full state is not known to robots, a two-lar
architecture is designed. At the first level, each arm contriber
runs a distributed observer that estimates the system stateAt
the second level, this estimation is adopted to compute thedal
control input as in the case of a centralized solution is avédble. In
addition, since the dynamic parameters of the arms might nobe
perfectly known, the local control law is made adaptive in oder
to counteract this uncertainty. The designed solution is sitable
not only for pure motion coordination tasks but can be exploted
also in those cases where a closed kinematic chain is genatoy
multi-robot object manipulation. In this situation, the objective is
to both move the object and limit the internal stresses on itthat,
however, cannot be locally computed. To overcome this issuthe

wrench exerted by each robot on the object is decomposed in

an external component (contributing to the motion of the obgct)
and in a internal component that is locally estimated and, tlen,
regulated. The approach was validated by simulation with6-
DOFs serial chain manipulators mounted on a mobile platform
and performing cooperative tasks.

Keywords—Networked Robots; Distributed Control; Cooperative
Robots.

I. INTRODUCTION

Two of the key points behind the strategic initiative of
Industry 4.0 concerning next generation smart factories ar
high flexibility and reconfigurability which are believed to
make more profitable the production of small-lot and, then
customizable products [1]. In fact, such features minimiz
the setup time and, then, make possible to easily switcly
between one product to an other. However, industrial robots
despite they play a key role for the automation of productio
processes, are currently difficult and time consuming teupet
and program. This process is even more complex if two o
more robots need to loosely or tightly cooperate for achigvi

tasks. It is clear, then, that highly reconfigurable margfah

coupled robots or for handling deformable and flexible otsjec
while the latter is necessary for cooperatively handlirgjdri
objects and avoid internal stresses [3]. The cooperativi@mo
task is expressed by proper meaningful task variables, &vhos
value remarkably depends on the end-effector configuratibn

all robots in the team. This variable might be useful to syeci
the centroid of the end-effector formation, the positiorttoe
object or the end-effector relative configurations, forrapée.

A desired value of the task variables is known only by a subset
of the robots, while the other robots estimate this refezenc
via explicit communication. The structure of the task vblés
makes the control input of each arm depend on the state of the
overall system, leading, in general, to the necessity ofdrak
unit. By building on the results in [4], a layered architaetis
adopted to achieve the same result in a distributed way. ét th
first level, each manipulator continuously updates an egém

of the overall state of the system by adopting a consensus-
based observer. At the second level, such an estimate is used
to compute the adaptive control input necessary to achfeve t
cooperative task.

Concerning the case of robots tightly connected for the prani
ulation of a common rigid object, internal generalized &sc
that do not contribute to the motion of the object might raise
especially in the case a centralized controller does ndt.exi

It is well known that the computation of the internal forces
requires global information as well, nevertheless, in gaper,
they are estimated in a distributed fashion and controlled
by properly building on the solution designed for the pure
kinematic coordination.

The paper is organized as follows. Section |l describesareke
work related to distributed coordination of Euler-Lagreamg

ystems and distributed cooperative manipulation. IniSect

I, the problem description and mathematical framework ar
ntroduced. A solution to the pure kinematic coordinatioolp

Nem is given in Section IV, while in Section VI this solution

is extended in order to take into consideration also inteac

forces. Simulation results in Section VIl show that both the

pure kinematic and the interaction control can be handled by
the designed framework in the casedahanipulators mounted

systems require to efficiently connect, disconnect andmeco
nect one or more units to the overall system, preferablyiwith
a decentralized architecture in which a central coordimati
unit is not present (eg., in aerial or underwater coopegativ
manipulation) [2]. .
This paper presents a decentralized architecture thawsllo . N
to accomplish complex manipulation tasks in which robots In the last dec_ades there has_ been an increasing inter-
only rely on locally available information. Differently dm est in the formulation of decentrah_zed paradigms for multi
existing works, both the cases of pure kinematic control an@'™M Systems thanks to their potential advantages for modern
interaction control are taken into account within the samdnanufacturing or, in general, for field robotics. Howevee t

framework with only slight modification of the control law, cOntrol of such systems is made difficult by the fact that
The former might be useful for the coordination of loosely €&Ch robot has access only to local information while global
coordination might be required by the task. For example,

in [5] the contraction theory is exploited to synchronize in
joint space Lagrangian systems, and the proposed contol la

on a mobile base. Finally, conclusions are drawn and future
work presented in Section VIII.
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requires only local position/velocity coupling feedbacéke- system, that might be useful to achieve complex
current neural networks are exploited in [6] for the kineimat control strategy as in the case of centralized control.
control of cooperative redundant manipulator. The progose
neural network is composed of independent modules, each of
them controlling a single manipulator and all of them togeth . M ATHEMATICAL BACKGROUND

generate an emergent collective behavior to complete thg |ig of symbols

cooperative task. With regards to synchronization of Fgié

manipulators in task-space, a solution that exploits pagsi In Table | the main symbols used across the paper are
and takes into account both dynamic uncertainties and timeeported.

varying communication delays is developed in [7] and [8].
Remarkably, in the latter work also the uncertainty in the :
knowledge of kinematics parameters is considered. B. System modeling

Concerning the case of tightly connected arms for the manipu | et us consider a work-cell composed by serial-chain
lation of a common object, the problem has been widely facegnanipulators eventually mounted on a mobile base. The dy-
since the80’s in the framework of centralized architecture namic model of theith mobile manipulator can be written
(see [9] and references therein). according to the Newton-Lagrange formulation

Decentralized architectures for common load manipulation B o ) o

have been proposed as well. For example, in [10] a fully Mi(4)d;+Ci(q;,4,)a;+Fiq;+9:(a;) = Yi(q;,q;, @)
decentralized motion and force control is proposed for aimul T

robot system rigidly transporting a load on a plane, in which = i Jilg)hi, (1)
there is no explicit communication between robots. In [Hl],

pushing leader and multiple followers are employed to trans N Py Number of robots_ : ,
port an object on a plane. Followers estimate leader’sdrag z; € R End-effector configuration of theth ma-
and control internal forces to ensure a stable grasping. A _ nipulator _ . ,
decentralized method for collective transport of an objget | 4i € R™ Joint configuration of the th manipula-
a plane without rigid grasping, and by simple agents with _ tor i i i
limited capabilities is described in [12]. In [13], an impete | Ti € R™ Torque input of the th manipulator
based leader-following approach is presented for a dual-ar | 7i € R"™ Vector of dynamic parameters for theh
setup: each robot uses only its own force, position and itgloc robot ] .
measurements, while explicit communication between neobil | Vi Generic variablev relative to thei-th
arms is not required. In [14], a flexible payload transported agent
by planar robots is considered. A desired constant velocity v Stacked vector collecting the varj-
is set for the object and the load transportation problem ig ables v; for all the agents, i.e.
faced in a similar fashion to the formation-control problein v=[v] o] ... v}]
leader-follower approach is designed in [15] for the coafiee iy Estimate ofv performed byi-th agent
transportation of an object moving on a plane. Followers[ &~ Collection of the estimation
synchronize to the motion applied by the leader to the object vectors of the different a%ents; i.g.,
without using explicit communication. Similarly in [16]hé o = [1,{;T 25T Nf)T]
leader navigates towards the goal, while a single follower—= — : .
helps in transporting a load. Both robots have to ensure v th”ﬂatlon err;czr performed byth agent,
that the transported object does not collide with obstomsti - — v—v ”f . I
The strategy is not generalized to any number of robots and ¥ ollecion  of the — estimatior
interaction forces are not considered. Authors in [17] sledi (?irors 1?; tQ?T d|fferer11\;[~TagFents, €
a decentralized motion control strategy for moving a load v = [ v v Y
constrained on a plane in the case of uncertain parametefso(z) € R™ Cooperative state dependent task vari-
of the load. A robust control based on some assumptions ig able
devised and, also in this case, closed chain constraintsaare | o4 € R™ Desired value of the cooperative task
considered. With respect to existing works, this paper variable
occR™ Task errorec =04 — o
e deals with both pure kinematic and force control tasks|"¢ ¢ R™ Reference signal such as
within the same observer-controller schema; Cy=64q+kooyg
e allows to estimate and control squeezing forces in a_ Y € R” Y =Cq—ko0(®) =64+ ko(0a—0)
decentralized fashion: "4 e R™ Estimate ofy made by roboti and
. _ o defined as4 =¢ —k,o(‘2)
e considers robots and objects moving in #i2 space R Generic mainix of dimension: X n
dealing with both position and orientation of the robots ) o g Identity matrix of dimensionn x m
and the manipulated object; O.,..xm = O,, | Null matrix of dimensionm x m
e adopts a robust strategy for controlling squeezing| 1m (Om ) Columns vector of dimensiom x 1 with
forces and counteract the lack of information typical all elements equal ta (0)

in decentralized control strategy; TABLE I: Table listing the main variables adopted in the pape

e allows each robot to estimate the full state of the



where ¢; € R™ (g;, gq;) is the joint position (velocity, Assumption 3.1 imposes a smoothness constraint on the
acceleration) vectory; € R™ is the joint torque vector, direct kinematic function that is always verified for some
M(q;) € R™*" is the symmetric positive definite inertia constanta, Assumption 3.2 ensures that the Jacobian matrix
matrix, C;(q;,q;) € R"*" is the centrifugal and Cori- has full rank and is away from singularities.

olis terms matrix, F; € R™*™ is the matrix modeling
viscous friction, g;(qg;) € R™ is the vector of gravity
terms, andh; € R? is the vector of interaction forces be-
tween the robot’s end-effector and the environment. Mogeov Let us consider a rigid object rigidly grasped by the
Yi(q;,q;,4;) € R"™ "= is the known regressor matrix robots. The object configuration is denoted &y € R? and
uniformly continuous in its arguments, and; € R"" is its dynamics can be generally described by

the constant vector of the dynamic parameters of the arm.

C. Object dynamics and force decomposition

ConcerningJ;(g;) € RP*", the end-effector configuration M &, + Co(To, To) + go(To) = ho, (8)
of the i th manipulator with respect to the world fra is ) o )
denoted byz; EpRp with P i where M, € RP*? is the inertia matrix,C, € RP*?
represents the Coriolis and centripetal termg, € R? the
xz; = k(q,;), (2)  gravitational forces, anth, € R? is the resultant of the

, . . . . . generalized forces exerted by the manipulators on the pbjec
wherek;(-) : R" — R”, with n; > p, is the direct kinematic  gch as:

function mapping between the joint space and the task space, ho(z) = G(z, z,)h 9)
and o P

x; = Ji(q;)q; (3)  whereh € R? is the collective vector of the generalized
ok(q,) forces at the manipulator end-effectors:
represents the differential kinematics, beifigq,) = t

. T T 71T N
the analytic Jacobian matrix of thigh arm supposed to be h = [hl’ hyy o hN} € R, (10)
known. In the following, for the sake of compactness theandG — G
dependence aof ;(g;) on g, will be omitted, i.e..J; = J(q;). matrix with !
It is supposed that only an estimation of the model in (1) is
available:
T () tCla. adagtEF-atala)l=Y:(a. a. a\w. beingr; the vector pointing from the object positign to the
Mi(a,)4+Ci9: 4414 9:(4:)=Y1(4:: 41, G 71 (3) position of thei th end-effector (the so called virtual stick). By
where the symbol denotes the estimate of the correspondingassuming that the kinematics of each robot is referregd to

G x| € RP*M? is the well-known grasp

Gi = Gi(’l"i); (11)

quantity. G, (Vi) becomes independent on the vecto3], i.e.,
The following vectors and matrices are defined according to
the notation in Table I: Gi=1, (12)
z=[zf, of, ..., o] erV, (5)  The following assumption is made.
T T 1T ¢ RO 6 Assumption 3.4: Each manipulator knows the geometry
g=lai, gz, .-, ay] €R" (6)  and the dynamic parameters of the object to carry and refers
and its kinematics to the same poipt,.

J = J(q) = diag {Jy. Jo.....In} € RNPX". 7 The_ aboye assumption is not a strong one; in fact, the syrateg
(@) tag {J1, I n} " devised in [18] can be adopted in the case the object is not
N
with n = " n,.

known beforehand.
1=1 .
Based on (3)-(7), it is straightforward to see that= J(q)g. D Information exchange

Remark 3.1: From the above formulation, it can be noticed ~ As usual in the distributed control, the information ex-
that it is not required for the lagrangian systems to have th€hange between the robots is described by a connectiviphgra

same dynamics. It is possible for them to have different tsode 9(£,V) characterized by its topology (see [19]), i.e., the set
and a different number of degrees of mobilities V of the indexes labeling th&/ vertices (nodes), the set of

] . ) ) ] edges (arcsy =V x V connecting the nodes, and th€ & NV)
The following assumptions will be made in the following. Adjacency matrix

Assumption 3.1: There exists a positive scalar constant 1 (i) eé
such that|Ji(q;)|| < a < oo, Vg, (i=1,2,..., N). A={ay}: ai=0, ay= {0 otherwise,
A i 2: Th i ixJ;(q;) i h S .
Ao %Tgtl)cy (3q.)T) fOJZCZbllag mam}(\[])z(glgngtﬁgcrobﬁ whose element;; is different from zero if nodg can send
rajectories, Wnerehin ) () is the smallest largest) ¢ R SR R T, B0 0 e S e Gall
i I f th i [ . . ! ;
eigenvalue of the corresponding matrix argument its neighbors)\; = {j € 1 : (j,4) € £}, and it does not know
Assumption 3.3: Each robot is equipped with a force sen- the topology of the overall communication graph.
sor to measure the generalized interaction fodee (1). We assume the graph is connected andirected. In addition



to the Adjacency matrix, the\ x V) Laplacian matrix defined B. Distributed estimation of the task reference o 4(t)

as . .
Because of Assumption 4.1 and differently from most of

N the work in literature, it is assumed that the cooperatisk ta
L={l;}: l;= Zaii’ lij = —a;j, i #] function reference trajectoryg, is only known to a subset
=1 of the robots in the team. Moreover, it is assumed that this
trajectory is three times differentiable with bounded dhir
is commonly used. Concerning this matrix, zero is always arorder derivative. This is not a strong assumption, sincéa hig
eigenvalue with the )f x 1) vector of all onesly € RY, order regular trajectories improve the path tracking céipials
as the corresponding right eigenvector, iBLy = Oy, with ~ of robot manipulators while preserving mechanical tragsmi
Oy the (V x 1) null vector. Hence, ranl.) < N — 1 where  sions [22].
the equality holds when the graph is strongly connected. [19]Therefore, it is needed to estimate this reference in acrwel
to the communication topology and in order to compute the
control torque as shown in the following sections. To thepggo
IV. DISTRIBUTED OBSERVERCONTROL SCHEME the approach in [23] is exploited as summarized below for the
reader’s convenience.

In this section the problem of distributed task-orientedLet ¢, be defined such a§; = 4 + k.04, whose derivative
control of cooperative manipulators is presented togethér  is {, = 64 + k.o, and wherek, is a positive scalar gain.
the proposed solution. Moreover, leti¢ be the estimation of;; made by robot,

whose dynamics is

On I,]|%| [On
- |:Om O'H’L:| Z& + |:I'H'L:| uCZ’ (14)

A. Cooperative task and control objective lz C]
%

Let us consider the general case of a work-cell task coded

by a task functionc = o(x) € R™ that is function of . ) L

the overall stater of the cell. The task has the following WhereO., andI,, are the null and identity matrices iR,
respectively, and withu; ; € R™ chosen as

expression:
N
=Jex, 6 =Jyx, 6=J,d 13 ) S L
7= Jow 0= Job, 6= ok W) s = kusign| S0E = ) + bi(é, — &) (15)
where J, € R™ PV s the constant task Jacobian matrix. JEN
The user assigns the desired value of the task function, lgame N 05
o4(t), and the objective is to compute the torque input vectors + kosig Z (j& _ i&) +bi(Cy — i&) :

T, i = 1,2,..., N)in (1) such aso(x) asymptotically
tracks o4 in absence of a central controller and in the case
of manipulator dynamics not perfectly known as in (4).

JEN;

where k; and k, are positive scalar gainsign(-) is the

Assumption 4.1: The desired trajectory of the cooperative component-wiseignum function, while sig-) is such as

task functiono 4(t) is known to only a subset of the robots in
the team and needs to be estimated by the other ones.

5 . 5. . . 51T
sig(x)?°= [51gn(x1)|x1|0 % sign(z2)|x2|®®. .. sign(zn)|za|® 5]

Concerningp; in (15), it is equal tol if robot ¢ knows the
ajectoryo4(t) and is0 otherwise.
he following theorem holds.

Remark 4.1: Centralized solution to the problem described
here exists and an example is in [20], where the case
two manipulators performing a cooperative task in the cas
of known dynamics is tackled. Moreover, distributed salati Theorem 4.2: Let us consider the system in (14) with
were proposed in [21], but vehicles with single integratorupdate law in (15), the estimation erré¢ = ¢y — i

dynamics were considered. In this paper, the solution t® thi < 2 e
y bap &'¢ = ¢, —'¢) converges to the origin in finite timé&; > 0,

provided that the communication graph as in Section IlI-D is
undirected and connected, that gainsand ko are properly
chosen and tha; is 1 for at least one value of(i.e., at least
one robot knows the referenee;(t) and its derivatives).

problem (even for the pure kinematic control case) is mad
difficult by the uncertain manipulators’ dynamics, and bg th
fact that, while the control input of thigh arm depends on the

full work-cell statex (as the task function in (13)), each arm
has only access to local information from its on-board senso
and information coming from its neighbours according to the  proof: The proof is based on the same arguments as

communication grapky (see Section IlI-D). in [23] and is, then, omitted here. The same theorem suggests
how to choose gaing, andk, in (15) in order to guarantee

In the following, the solution to the problem described abov Pge finite time convergence 6¢ to the origin ¥ ). -

is presented. The designed strategy consists in a two laye

schema. At the first level, each arm interacts with a subsq}, the rest of the paper, the vecté’F accounting for the
of the arms in the cell by exchanging information in order cq|iective reference estimation error and defined as
to estimate the task reference trajectery and the overall

state of the systens. At the second level this estimate is used =1y o Cq—[¢T, - 7NCT}T
within an adaptive control law whose aim is to counteract the
uncertainties and achieve the global task. will be adopted.



C. First layer. Global state observer

Let us introduce the vector

is i~AT inT
T = [ml, Ty,

. T

igy] € RNP, (16)
where‘z; € RP is the estimate made by arinof z; and
iz ¢ RVP is the overall estimate of the system statenade
by the:th arm. Moreover, the selection matric€s and I1;

are defined as

Remark 4.3: In [4], it is shown that —L" in (23) is
Hurwitz for directed strongly connected topologies. Magv
it is also symmetric for undirected graphs.

Remark 4.4: The designed strategy allows each manipula-
tor to have an estimation of the end-effector configuratimis

all the manipulators in the team. Such a feature is required
by the assumption on the nature of the cooperative task (13).

However, differently from all the works cited in Section Idan
available in literature, the knowledge of this global infa-

I={0, - I, 0,} € RP*NP tion can potentially be used to achieve important secondary
’ ~~ ’ objectives as, for example, choosing the contact points in
i th node grasping tasks ensuring the grasp stability via the fotostze
and condition [24], [25] or to perform distributed fault det&ut
and isolation [26].
=T Ti=diag{Op -+ I O, }eRNPNP,
i th node D. Secon layer. Local adaptive control law

In order to have théth robot estimate the system’s state

: | e In this section the two main results of the paper are
the following update law was designed fa:

presented. Two cases are considered which are the pure-
kinematic and the motion/force control. In both cases, ket u

i G is g in consider the general control input (i = 1,2, ..., N) for
x =k, Z (& —'a)+I;(x—"&) | +'a, (17) system in (1) (27])
JEN; R R ) )
with T, =M, (qz')qo,i"‘ Cia;, (:Ii)(:Ia,i—."_Fchr,i+g(qi)+kqao,i+ATi
=Y(9,,9:9,.1:45:)Ti+ ke, ; + AT, (24)
o whereAr; € R™ is an additional input that will be exploited
a(Ca,t) = J A= ( C—kgo(’ )) (18) in the following and with the dynamic parameter update law:
. _ _ . = K-vTq
where'y = i( —k,o(‘z), o(‘z) = J,'@ is the estimate of mi= K Yid,, (25)

the cooperative task function made by rolioand k, is a

L c ) where k, is a positive scalar gainK,, € R""*"" is a
positive scalar gain to be designed.

symmetric positive definite gain matrix and
QU,i = JT(F ']T 1’7+Uf 1) +qn1
i.jo'i - JT(FJTl’Y—i_ufl)—i_Jquaz—i_qnz
?:10'.,2' = q q'L
Z.Io' i = q qza
For the sake of notation compactness, the state estimateghere the expression df, ;
can be stacked into the vector

Remark 4.2: In (17), it might seem that the unknown
global statex is adopted by theth robot. However,IT;
selects only the th component of the collective statg i.e.,
the robot’s own state:; that is supposed to be known from (2).

(26)

; comes by deriving the first
of (26), by conS|der|ng thaﬂo is a constant matrix and that

& — [1£T N:%T}T c RN2p7 (19) Jiq,; =T J! 144 In addition:
and the collective estimation error is o J € R™*" is the pseudo-inverse matrix of the
" manipulator jacobiat/;;
=1 — 3" = —1g)T —2)T . (x—Na . .. - N
* ivi@Tw ;le [(m N:ﬂ L @72 ( wﬂ e g, is an additional joint velocity in the null space
= [tz", &', ... Nz (20) of J; (e, Jiq,; = 0,) that can be used to avoid

internal joint movements or satisfy secondary objec-

From (17), the collective estimation dynamics is given b . ; . ; 7.
(17) y 9 y tives as the avoidance of manipulator singularities (see

&= —ko (LQI)&* + koIT*&" + 0", (21) Assumption 3.2) or obstacles present in the environ-
- ment [28];
~ ok _ 15T N~T N?p
where @* = ['a “Nj v € R ar?d e u;; € RPisan additional control input whose value is
IT* = diag {II, Iy} € RY'P*Y°P. The dynamics zero in the case of the pure kinematic control while it

of the collective estimation error is is different than zero in the case of interaction control

and will be detailed later.

P =lyeit-—2" = kL& +1lyoz—4a, (22
. Moreover, Assumption 3.2 ensures thﬁf can always be
with . o computed in (26). Substitution of (24) in (1) leads to
L'=L&Iyn,+IT*c RV (23)
M ( )qoz+c (qz7q1)qoz+quoz =
and where the propertyL ® Iny)(1y ® @) = On2, WaS  M(q,)d, +Ci(q;d:)q, .+ Fiq, +3(q;) qu“+J h—AT; =

exploited in (22). Y i@y @50 i )i — qu01+J hi—AT:,(27)



wherer; = m; — 7r; iS the uncertainty on théth manipulator  is used within d_ocal adaptive control law as in (24) and (25).
dynamic parameters and

Jéli - ](\jli _éwi VI. DISTRIBUTED INTERACTION CONTROL
pz _ Fl _ FZ (28) In the case of tasks that require a tight connection between
3 - K3 3

~ _ . manipulators and a grasped rigid object, a pure positional
gi = 9~ 9 control might rise internal stresses and damage the object
Finally, let us define the following vectors according to theand/or the manipulators especially in the case where aatentr
notation in Table | and that will be useful in the following:  control unit is missing. Therefore, interaction genediz
forces need to be explicitly taken into account. In paracpit

2 B T
4, = [qg,la X -qu,zv] €eR” (29) s required that manipulators coordinate to manipulateémo
T — Np a rigid object while regulating the squeezing forces on it.
uf = [“f,l’ e v“f,N} € R (30)  Thisis a problem that has been widely addressed in the last
decades in the framework of centralized solutions as iniig] a
V. DISTRIBUTED PUREKINEMATIC CONTROL references therein, but that raises several challengdstaited

in the following, in the framework of distributed solutions
and that has not been investigated so far. Based on [3], the
manipulators are loosely coupled (as cooperative painting©/lective gen_erallzedhforce ‘,’eCtb{Cﬁn be decompgfged In-a
gluing, etc.) or they might be adopted for the transportatio (€M contributing tlf,)pt e motion of the objeat < R™” and

or manipulation of deformable or flexible objects where it is!n & rMhi,; € RT that does not, representing the internal
more important to control their shape rather than the forceSt'eSses

eﬁgerted on them. Moreover, the following theorem holds for h=he+hin =G Gh+ (In, — G'G)h.  (33)

this case.

In the pure kinematic control case it is important to
precisely control the end-effector formation. In this gather

) ) Based on equation (33), the contribution to the internaksies
Theorem 5.1: Let us consider model in (1) and the control of manipulatom’ can be Computed from (33) as

input in (24) with Ar; = J}h;, us; = 0,, the dynamic
parameters update law (25) and with the observer update Ia‘hmt,izfihmt:hi—FiGTGh:hi—FiGT(Gihﬁ—ZGjhj)

in (17), theng,, in (29),z* andé = o,—o are asymptotically i
convergent to the origin provided tha4, £, andk, are chosen = (I, - FiGTGi)hi .y el ZGjhj ) (34)
such as kAL j£i
koA —p1 >0 ke < [ —
) 2N (31) oca esternal
ko> Nio‘_ The right-hand side of equation (34) shows that the contribu
7 A(koAL — p1) tion to the internal stresses by manipulaton the object is the
with sum of a local contribute (known) and an external contribute
A, = )\mm@*) (unknown in a decentralized _framework) depending on the
M = Amin(F+koIny) > 0 (32) forces exerted by other manipulators and that needs to be
g = 2N?2 S locally estimated.

) A. Distributed internal forces estimation
Proof: The proof is made of two parts that can be found . . . :
in Appendix A and B. m Because of Assumption 3.%,; in (34) is known, while

> jz; Gih;is, as stated above, unknown in the framework at
In the theorem above, it is seA = J; h; andu;; = 0, hand. _ _ _
in (24) and (26), respectively. Both conditions make manipu To this aim, from the point of view of théth manipulator and
lators infinitely rigid to interaction forces (as long aswatbrs ~ considering (9), equation (8) can be rewritten as
are not in saturation) as required by the kinematic contreéc M (2o)i = Gihi + Z Gy — Co(@o,d0) — g,(w0) (35)

Remark 5.1: It must be remarked that the conditions on J#i

ko in (31) is only sufficient, but it shows that the observers \yhere, in particular@;h; is the vector of generalized forces
dynamics is required to be faster than the controller's With  gxerted by theith manipulator and”,; G;h; is the vector
regards to\,, in (31), it seems that the tuning in (31) requires accounting for the generalized forcés exerted by all theroth
to known the communication topology in advance; howevermanipulators. The estimation of the latter term to be used
for a given number of vehicles, the worst-case topology,(i.e i, (34) can be retrieved by manipulaterby the approach

the _topology which minimizes\L)_ can be c_onsidered_, thus gescribed in [29], and by defining vect6f(t) € R” as
achieving a somewhat conservative (but reliable) tuning.

The main components of the designed control scheme .

for such case are shown in Figure 1. In this figure, the g, ()= K (/ (a — G;h; —Bi)dT—i—m(t)), (36)
output of the Global Observer in (17) is an estimation to

of the overall state of the systerms; this estimation is,

then, used by theGlobal task control in (18) to estimate where K € RP*? is a constant diagonal positive definite
the reference end-effectors’ velocities. Finally, thadatare  matrix, m(t) = M,(x,)%, is the generalized momentum of
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Fig. 1: The control scheme showing the main components ofi#isggned solution with reference to the genettt manipulator.

the object ancdy = g, — l@T aaMO P with k¢ > 0, thatk,, k,, k., ky are chosen such as
- ° 27 o=, 7

In [29], it is shown that kohp — p1 >0 ky < Zo]f;s

9,(t) = — K6, K h; 7 Na?

0:(t) 0.(t) + K )_Gih; (37) - a “2)

Jj#i 4(ko)‘L - pl)

which represents a low-pass filter that can be made arlytrari kp > 1O ! PRy
fast by selecting high values of matri € R, asymptot- (A(koAL — prko) — a?/4)

ically leading t00;(t) ~ ZGjhj and, from (34), to
J#i
Rinti=Li(In,—G'G)h~(I,~I';G'G)h;~T';G'6;. (38)

Remark 6.1: In virtue of (34), the approximation error
made in (38) about the computation kf,; ; is

hinti— (I, - TG Gk~ TG0, ) = 1.G1(6:-Y_G;hy)
J7i

(39)
that is negligible only when the filter input (namely,

>_;+i Gih;) has a bandwidth much smaller than the cut-off

frequency of the filter. A practical choice is to g&tin (36) as
high as possible subject to the potential digital impleratoh
of the filter itself.

where parameters appearing in the system above are the same
as in (32), and thatAr; in (24) is set to
Ari= TG Gihi+ G0 + Ry 4 kpup) + kilt)d,,

(43)
wherex,(t) is a time-varying adaptive scalar gain satisfying
the following relationship

2 2
1o
Moreover, if J,u; = 0, alsoc converges to the origin.

HI’iJli”y — &i|| [|Rint,s +Epugp;

Iii(ﬁ) >

(44)

Proof: The proof is made of two parts that can be found
in Appendix A and C. ]

Remark 6.2: The additional control torque contributér;

It is worthy to say that, based on (38), the contribution ofis made of three contributes:

roboti to h, (i.e., to the object motion) might be estimated
by robot: as
hi — hinei~ Ti(G'Gh; + G'6;)

that might be locally computed.

(40)

B. The control input

Therefore, in addition to the cooperative tracking of a mo-
tion task functiono 4, it is necessary for each robot to regulate

I';(G'G;h; + G'0,) that represents, based on (40),
the compensation of the contribute to the external
generalized forces made by thi¢h manipulator on
the object;

hfnt7i+k +ruy,; that represents a force feed-forward and
integral error contribute;

mi(t)&g,i that represents a robust term.

Remark 6.3: The termH?;U,iH is supposed to converge to

d
Pint,i 10 by i,

Vi. According to the notation adopted in the zero and this might have,(t) grow unbounded. Therefore,

paper, the local force errdimt’i = hfnt’i — h;n; and the the following approximation is made in practice
- . - T , -
collective force erroth;,; = thm L. h;fm N} c RY? ‘I‘iJI,“/ —x; ’ hinti + kruys; ‘ .
are defined. The following theorem holds. Ki(t) > B ||2 if llg,|*>¢
. . ds,i
Theorem 6.1: Let us consider the model in (1) and the fin .
control input in (24) with the dynamic parameters update ’FiJUZ‘Y*mi hinti +kpuypill )
law (25) and with the observer update law in (17), thgn,z* Kl - L [
and h;,; are asymptotically convergent to the origin provided (45)

thatwuy,; in (26) is chosen as wheree is a positive scalar constant. This choice is common
in robust control of uncertain systems and has as main conse-
quence the ultimated boudedness of the solution with utéma

(41) bound depending on the choice of the constaint [30],[31].

t
Uyf; = kf/ hint,idT
to



Remark 6.4: As stated by the theorem above, the adoptionThe relative motion between the arms can be described by the
of a robust adaptive gain approach allows to have the interndollowing task function
forces converge to the origin despite the contact model laad t T
compatibility of the motion and the force control tasks.(i.e 02:[(332*961)T, (T3 —x2) ", ... (mN*ﬂ?Nfl)T} =Jo 2,

J -uy might be different than zero). This choice has been made _ _ ) (47)
in order to make the internal force tracking the highestritsio WhereJ, 5 is the corresponding task Jacobian whose expres-
task, and avoid large internal stresses during the transhase  SION IS

)T

due to the initial observer and dynamic parameters errors. —Is Is O --- Og

The devised strategy is schematically represented in €igur Jog = Os  —TIs s (48)
With respect to the scheme in Figure 1, the distributed ivater i :

force estimation and control blocks are added. Os - Oy —-Is I

The task vector
ch,l

JU,Q
In this section, the proposed solution is validated by ful f K iabl h b d
simulation. Two cases studies are considered, the first on%presents a useful set of task variables that can be use

concerning distributed pure motion control while the seton OF 9rasping, carrying, deforming an object, etc., by prope
one concerning distributed motion/force control. assigning a d_esw_ed trajectory 4q n"’.‘mely"d(t)’ [32].' [33]. It
is worth highlighting that in [32] a distributed planningategy

o ) . is designed in order to generate off-line joint trajectsrie
A. Distributed pure-kinematic control while this paper focuses on distributed control of uncertai
mechanical systems in the operational space.

VIl. NUMERICAL SIMULATIONS o= [‘71} = J,x € R* with J, = {
g2

:| c R24><24 (49)

In order to prove the effectiveness of the proposed ap
proach, the case df (N = 4), 8-DOFs (u; = 8,1 =1,2,3,4) Moreover, since the selected mobile manipulators are re-
Comau SmartSix serial chain manipulatossOFs) mounted dundant systems, the extra degrees of mobility can be used to
on a holonomic mobile bas@-DOFs) able to move in the achieve secondary objectives. In this case study, it isiredu
In this case study,u; in (41) is set to zero¥i) as well as their mechanical limits, i.eg,, , in (26) has been chosen such

AT, in (43). The reduced regressor matrix has been compute

such asY = Y; € R (x; € R, n, = 56 . Fre o 0 (@ —q)°
: s ! i ! =Is—J.J; th g, =kn— ———; (50
i =1,2,...,4), and its expression is not reported here due @n = Is =T J3)Go With g 3‘11;\; (qri = qm,1)? 0)
to its complex structure. The dynamic parametersc R, . o .
(i = 1,2, ...,4) are supposed to be known with an ap- WereN. represents the index set of the joints relative to the

proximation of15%. The end-effector configuration; ¢ RS ~ Serial chain manipulatok, is a scalar positive gaim, i, qas,i

(p = 6) of the i th manipulator has the following components andg, are the minimum, maximum and the middle value of
i = [Puis Pyis Deis OLis G2 ¢34, where the first  thei-th joint range, respectively. - _
three elements represent the end-effector position white t The communication topology is shown in Figure 3, and it
last three ones are a proper set of Euler-angles used tdyspecfan be easily noticed that it is undirected and connected
the end-effector orientation (ZYZ in our case). In order toconcerning the inter-robot communication, as required by
simulate realistic conditions, a Gaussian random noisdds@ 'heorems 4.2. Moreover, as shown in the same figure it is
on the position and velocity measurements with zero meaAssumed that the referenee;(t) is only known to robotl

and standard deviation equal @02. In this case study, the (b1 = 1 andb; = 0 for j # i in (15)). Control gains are
objective is to cooperatively pick and place the blue object Selected ask, = 10, k;, = 4, Ky = 150156, k; = 80

the middle of the scene in Figure 4 from the position0,0)m ~ and &, = 5 in (17), (26), (25), (32) and (50), respectively.
to (3,0,0) m, while keeping its orientation constant. To this In Figure 4, the manipulator and object's configurations in
aim, the4 manipulators are required to approach, grasp, lift different time instants of the mission are _shown. In the top
move, lower and, finally, release the object with an overalleft frame, manipulators approach the object and reached a
duration of the motion of about5 seconds. configuration suitable for achieving object grasping. e th
In [32], it was shown that many tasks of practical importaase tOP right frame, manipulators approached the object albieg t
multi-arm object positioning or pure motion coordinaticanc ~ horizontal plane and grasp the object. In the bottom lefhéra
be easily described in the task-oriented framework by tegpr Manipulators and object are shown during the transportatio
to a proper set ofibsolute-relative variables. The position and Finally, the object in the final configuration is shown in the
orientation of the absolute frame is the centroid of thetimss ~ Pottom right frame.

and orientations of the single tool frames, i.e., In Figure 5 (top), the observer errdez*|| is shown to
L X asymptotically converge to zero as stated by Theorem 6.1.
o1= Zml = Joiz, (46) The initial observer error is nqt_null since it is supposedt th
= each arm does not know the initial configuration of the other

ones (Z(tg) # Onyp, V). In the same figure, it is shown the
whereJ,; = 11T ® Is € R%*! is the task Jacobian matrix task errore- (middle) and its time derivative (bottom). Also in
relative to the centroid task. The absolute variables aesl us this case, the task error asymptotically reaches the oiigin
to control the trajectory of the work-piece. accordance with Theorem 6.1.
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Fig. 2: The control scheme showing the main components ofléflsggned solution in the perspective of cooperative disteid
manipulation and with reference to the generic manipulator.
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Fig. 5: First case study. (Top) Observer erfiar*||. (Middle)
Task error||&||. (Bottom) Task velocity errof|o||.

Fig. 3: First case study. Communication graph. The task
referenceo,; and its derivatives are supposed to be known
only by robot1.

In Figure 6, for the sake of completeness the torque inputs
T, relative to the4 manipulator are shown.
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Fig. 4: First c study. Snapshots of robots’ configuration Fig. 6: First case study. Torque input on thenanipulators.

during the object transportation. (Top Left) Manipulatbeve
approached the object for grasping. (Top Right) Maniputato

grasping the object and ready for transportation. (Bottaft)L Remark 7.1: By choosingoe = = = Iy,xz = J,x and
Manipulators and object during the transportation. (Botto od(t) = 1y ® aa(t), V aq(t) € R™ is possible to solve the
right). The object in the final configuration. synchronization task to the valug;(¢). On the other hand,

by choosinge = o2 as in (47) and setting4(¢t) = 0,, the
rendez-vous task is achieved.



B. Distributed multi-robot interaction control hfmf’2 = [-25N ON ON ONm ONm ONm]T

d T
In order to show that pure distributed kinematic con- hfz"t’g = [-25N ON ON ONm ONm ONm|
trol is non effective in the case of tight connection of the hj,,, = [-2.5N ON ON ONm ONm ONm] T
manipulators through a common object, the internal forces

and moments concerning the previous case study are shown. o d

in Figure 7. The simulation starts with the object alreadylt IS worth noticing that, based on (33),;,, € N'{G} and,
grasped by the object as in the top right frame in Figurethen' it represents a vector of !nt.ernal stresses to thecbbje
4. The object has a mass 8Kg and a tensor of inertia of Moreover,J, 1 = J, n (46) satisfies the motion/force com-
I,, = diag{0.05, 0.05, 0.1} m?Kg with respect to its principal patibility conditionJ , h;,, = 0., as required by Theorem 6.1.
axes. The forces in Figure 7 are generated by considering
a compliant contact between object and manipulators anger
simulating an error in the knowledge of the geometry of th
object, with consequent error in the planning of the reéativ

variables (i.e.g2 4 in (47)) in particular along the direction.

Figure 8 shows the observer (top), task (middle) and task
o ivative (bottom) errors. As in the previous case stuuyse
errors asymptotically reach the origin.

This, together with the initial distributed observer anchdmic (Call
parameter errors, is the reason for large generalizednigter o.02 0.02| ]
forces in the transient phase in Figure 7. Instead, at steac o.01 ko/ - ]
state, the internal generalized forces reach a valuelghON O . 110 el p”
along thez direction in the case, for example, of manipulator o2 |
1. Therefore, it is required to control the generalized imébr o1 0.1 T |
h OK 00 1 - .
6o el 0 10 |o] 20
g 0.8} 05 r\’_ B
0 10 5 20 % ‘
int,2 ‘ 10 t[s] 20

Fig. 8. Second case study. (Top) Observer erjar||.
(Middle) Task error||&||. (Bottom) Task velocity errof|&||.
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= Concerning the internal forces and momehts; ; € R¢
o Y | adopted in (41), it is locally estimated by each mobile ma-
0 " o nipulator according to the algorithm in Section IlI-C, armbt
matrix gaink in (36) was set td< = 3001¢. Figure 9 reports

him,t«l
163 i the norm of the estimation error di;,;; made by each
0 —

robot and computed according to (39); this error is limited
w w and asymptotically reaches the origin.

10 t[s] 20
Fig. 7: First case study. Internal forces and moments velati |ricio -5, 6m)|
to the 4 manipulators in the case of pure kinematic control. 30 ‘
The blue component is relative to theaxis. 20f i

20

10
forces. To this aim, the approach devised in Section VI is H“GT“’?TZ#ZG"”)H

exploited.
In this case study, the same mobile manipulators as in the fire 1
case study are considered. The task) in (18) is assumed as 0 -

o1(x) in (46), while the relative motion of the manipulators is Hrgcf(eg@ S Goh)|
exploited in order to control the internal stresses on thjeatb 30 ‘
The communication topology with respect the inter-vekicle 20|
communication graph and the reference estimation input i
the same as in Figure 3. Control gaiks k,, K, k, and 0
kn in (17), (26), (25), (32) and (50), respectively, are sedct 5,
as in the previous case study, white in (43) is selected as 5 ]
ky = 0.01. Moreover, in addition to the noise on joint position 1o 1
and velocity measurements, also a zero mean Gaussian noi o

20

HF4GT(9419 Yz Gwhkw)H
T

with 0.2 standard deviation was considered for force senso RS 2
measurements. Fig. 9: Second case study. Norm of the estimation of the
The force reference valudrfm,i (i =1,2,3,4) are set to the internal forcesh;,.; (1 =1, 2, ..., 4) made by the filter

in (36) relative to thet manipulators.
hi,, = [7.5N ON ON ONm ONm ONm|"



Figure 10 shows that the norm of the internal force o k1

tracking error (i.e.,|hi.i|, Vi) asymptotically reaches the
origin and it is not affected by the initial observer error. 100 | 7
o L\,_/\ ‘ ‘
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Fig. 10: Second case study. Norm of the internal forces and o _
moments tracking errors relative to themanipulators. Finally, concerning joint generalized forces, they are
presented for the sake of completeness in Figure 13.
The measured internal forces are displayed in Figure 11. Th -
figure shows that large peaks are avoided during the initia ‘ ‘
transient phase and even in presence of large observeserros ¢°
this is due to the adoption of the adaptive gain approachdtat < 1.2 ‘ ‘
in Theorem 6.1. 0 o 20
hmt,l IS e? ‘ ‘
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Fig. 11: Second case study. Internal forces and moments

relative to thel manipulators in the case of interaction control. A two layer architecture for cooperative control of Euler-

Lagrange systems was designed. At the first level an ob-
server/controller scheme is devised to estimate the fillesy
state. At the second level, this estimate is used to compute
Concerningrx;(t) in (44) (i), the time history of the an adaptive control law for uncertain systems. The aim is to
adaptive gains are shown in the Figure (12); the constant achieve a global task function and the approach works for
in (45) is set toe = 1073, As it can be seen, the adaptive heterogeneous and redundant systems. Moreover, the devise
gains grow in the initial transient phase in order to couater solution is able to handle both pure kinematic and inteoacti
the initial observer error and the uncertainty on the robotontrol missions. The latter is particularly importantlie tcase
dynamics, and asymptotically converges to zero as soon dke robots are tightly connected via a stiff object. It isrpiad
the numerator in the expression ©f converges to zero. to validate the approach on a real setup.



APPENDIX whereJ' = diag{J1, J§,..., Ji}.
A. Proof of Theorems 5.1 and 6.1 Because of the expression‘df in (18), the generic te.rrrﬂ,i’y
can be expressed by some mathematical calculations as
The proof of both Theorems 5.1 and 6.1 is made of a N
common part which is represented by the two steps detailed in; ; Tz . Foka | s
this section. Then, the proof will be differentiated in Secs B ‘? Z 1I,.J, Z I J 5 ("5 +'9)
and C for the kinematic control and interaction control sase e
respectively. In both cases, first it is proven the convergea Z I,
the origin ofq, ; (Vi) andx* for a proper choice of control Pt
gains. Based on this result, in the second step the conweggen N N
>t

of o4 — o to the origin is proved as well. = , LkrerZHkJT[k Ho+rotaoic-F¢£¢

T’“+ZH,€JT 5y kg
k=1

k=1 k=1
ep 1 rJy'y
Let us consider the following Lyapunov function ryJh?y +§:H gi [k; I, (5—a) lé’—#“&} (56)
= . kd g|hod o - - .
N .
. k=1
V=Y V. +Vi (51) rnJivg
i=1
where By folding (56) in (55), the term(1y®x — 4*) can be
Vi, = 1 (‘N]EzM’Lao’z + ﬁiTKﬂ_iﬁ-i) reV\{riFten as in (57). Therefore, by folding (57) in (54) and b
t2” ’ defining
and ) F = diag{F1, Fs, ..., F,},
Vi = 557*T50*- it is
By considering (22), the time derivative &f is V<L (F+k D), -2 (InaJ(@)An @ q,)—korr [|2*]|°
N 1 1 N ~ B
V.= Z (quMzZIM + 5@311\/—’1@01 + 57??[(,”%1-) > M [k"J”(lj_ki)_lc—i—kc]
i=1
7k053*TI'-/*53* + .’i*T (]-N ® P ﬂ*) 7 (52) 753*T :
N

and by taking into account equation (27) and that matrix gt [k Na kay NZ kX

M, — 2C; is antisymmetric for a proper choice of matrix > M [ oo (CE—"2) =70 C]

C;, equation (52) becomes . N

N +a” (1N®uf)+z 4, (J; hi—ATi)
V= Z(*‘lezeaaﬂngzYﬂ}z - kqéf,ﬂ'zg,i + 7, K7 =
= <l ko Arl@ | VNI T . T (a)] 127

qaz(']Th’ ATZ)) k w*TL T +~*T(1N®i§—'&*)
Zg:l I J} [k‘o—JO—(li — k) — 1C+kC]
:Z(‘ZI?iF Aot kgl s+ 7 (Y10, Kam)63)  a ;

i=1

: N T ke do(NE —Fa) — NE4EC
+?137i(J;Fhi—Ari))fkoa~:*TLa: +2 7 (IyeE — a*) AL I} (koo (Ve = 12) = VT4

Finally, it is by choosingt; = K'Y g, ; (Vi) as in (25)

a,,,(Ji hi—AT;)
and setting\;, = Apin (L) -

. Yoo N A e A AN
V < *Z (?Jf,iFﬂla,ﬁkq?Jf,i?Ig,i + ‘73,1‘(]1' hi*ATi))
1=1 N N
—koAp [|E" |+ & T (1y @@ — i) (54) Tl <Zzumﬁ (koo —"2) —w&)H)
With regards to the ternil y @ & — @*) in (54), it is =hh=l
t1g N
H@)a-Ta)Ta)(75'7) W & g+ 8 (T hi-ar)
An@z—0")= : =
— il TNA . .
J( )q J( )J( )(Jcr ’7) < _)\IHZIGHQ_ko)\L Hi*H2+a\/N”Z]JH Hi*H

a-Ja)T5'A) AR
= (Iv®J(q)) : (55) & |<;;|mk“(’

o

fafeltai)

(e

)



N

.70 ke J,(ta—"a)4 "¢
ai—J (M IS g ) ;; I [he oot @]
(1N®¢ﬁ*)—(1N®J(Q))(1N®|: : })

. (67)
an = TN (TN TNy £ g ) inJI, [ngU(N@J%)JrN&J&]
k=1
. XN:Hle[nga(li—’“a"s) +1¢-4¢] XN:HkJZ[kU"U(li‘%) +1¢-g]
o,l k=1 k=1
——<1N®J<q>>(lw®[ 5 } ) : H@us=—(Ined (@)(n ©d,)- : T
40N

N N
St fko Jo(Na-ra)+ N e Sl oo J (Ve —Fa N e
k=1 k=1

N JIr gl (ke Jste—1¢)
+/N @& | lus|+> qr (I hi—AT; C e :
[l ([l | ; il ) =TTy + T Qus+q,— g+ : (60)

JNTNTS (ko N2—N0)

< =l |~ koA 13 1° +av/N [, ]| 1] (59)
7 7 - T T T 1T -
- with q,, = [@p.1, dnos---, 45 ] - Therefore, it holds
+ [l (ZZ ‘ T, 2k, &%) + 2 ‘ Ji HgH) ST (ko d o — 18
=1 k=1 .
@) T @yus+q,-a=a,~ : (61)
N + + N Nx
N & s+ 3 @7 (I hi-AT) I LT (ko d-72=70)
. =1 . By multiplying both members of (61) for matrid(q) and
K 2 ~ % 2 ~ % . oo
< ~MJa, || koA &7 +aV'N ([, || 12" sinceJ(q)q,, = Onyp, it is
+2k0'N2 ||5:*H2+2JV2 Jl ”‘i*H &* JL'Y_J(Q)Q‘F Uy :Jl')’_w‘f'uf
N JIrJl (ko o' 2 — 1C)
AN & s+ 32 a2 (I Rimar) = J(ala,- ; ~¢£(d,.3".8).
i=1 ~
+ 1T . t Tk Na4_ N
) [H%H] [ N —aVN/2 ] [uq(,u] AT NT (ko N~ ) )
r N ont r where functioné(g,.,6*,¢) is equal to zero when its argu-
[l O‘\/N/2 (koL — p1ko) [l h f t . q | t h t g
N ments are all equal to zero.
ou| T 12S VN 1@ s 14+ &F (T imAT)
i=1 B. Kinematic control-Proof of Theorem 5.1
with -
As from the statement of Theorem 5.1, it is set
;‘1 B ;‘]”\;ZI(FJrquN") i 8 (59) At = J'h; andus; = 0, in (24) and (26), respectively.
1 = .

Therefore, (58) becomes in this case

Assumption 3.1 was exploited in (58) in setting . AT JN .
[In®J|| < «; moreover, it was also considered that Vo< 14| AL —aVN/2 4]l
I, =1 (Vk) and thatHJf,Ja —1,VJ,. =

121 [—aVN/2 (koA — pika)| [[&7]
Sep 2

~ %
¢
Concerning the dynamics af; — o, let us notice that, . . . -
based on the expression §fin Table | and of its estimatg, N order for the quadratic form in (63) to be negative definite

+p1 HJL

&7

. (63)

in (18), it is it is necessary that the matrix
Ny =Gy = koo () — &+ koo ((®) = —koJ o' E + C. { At —av/N/2 }
By taking into account the above result, let us exploit the —aVN/2 ko = piks
expression ofy,,: is positive definite. This condition holds for
: t (14 koA
. 951 JUT I £) +upa) . . ko>\L*Pl>0<:>ko<2—]V§
: t t(N4 —
4o JN(INT (T £) + up ) a A(korr, — p1)’



whose a solution in the unknown, k, andk, always exists. XN: H~ 9 i\f: -
Moreover, in virtue of Theorem 4. Zﬂc H reaches the origin Pt Do,i . Wy iftint,i
in finite time 7; then, q, andz* exponentially converges to ||?IUH T A —av/N/2 ||?IUH
the origin. —
Concerningo; — o, by multiplying both members of (62) 12| |—aVN/2 (kohr — piko)| [lIZ7]

by J, and by considering thats = Oy, it holds

N —Jok = (64— &)+ kalog — o) = J,£(q,,2*.C). (65)

. - . gtin e NT(_f. . )
Based on the previous stability result, the above equation +Z(FZJ0 Y- &) ( hin,q kf“fﬂ)
represents an asymptotically stable system (in the state va '~ N
able o4 — o) with vanishing inputJ,£(q,,z*,¢). Thus, Z“ 0| 2 2
HA AN - i) [|@o | =Dk gl
=1

i

erl‘
N

oq — o = 0, represents a globally asymptotically stable

A . 1= i=1
equilibrium [34]. This completes the proof. . a7 T .
I, M —avN/2 ] [l
S —
C. Interaction control-Proof of Theorem 6.1 129 | |—avVN/2 (korr — prko)| |27
In this case, the Lyapunov function in (51) is modified as
v y 1| & u |
N
V= % Vi, + Vz, 66 -
Z U’1+; ht (66) +ZHF Iy — ‘hint,iJkauf,i
1=1
whereV},, is the term accounting for force error and is chosen N o X
s . = 2 i) [l = Dy leagal?
Vi, = —ut u =1 =1 .
T la)T » —evE2 o Tl
Based on the choice af;; in (41) and of Ar; in (43) and =111 |=aVN/2 (kors — prko) —VN/2|| 13
on (58), it is
) [Haaul Tl M —avVN/2 [”a(’”] [yl 0 —VN/2 ky o JUllull
@] |—ev N2 (kor — piko)] [1E]
,Z,iz |q6”’ JrZHI' Jllﬁ/—d)% ’ Rints +Ekpuy;
+p1
N +p1 ’

+Z QE’Z(J;I‘h'L*AT'L + Z u}:iﬁint,i
i=1 - i=1 By applying Sylvester’s criterion, the matrix appearingtte
[H‘j’laH] [ i —aV/N/2 ] [H‘j’laH] right-hand side of the (68) is positive definite when

- (67)

1211} =avN/2 - (ko = prko)] L1127 kodr — p1 > 06 ky < 2135
~ % k > N7042 69
n & llus R v (69)
—Z ( (G'Gihit+G10.) ~hi-thiy, cthruy,i) ky > M
Qi i iTbint RS U I 7 A\ (korr, — piko) — NaZ/4)’
N
B NET A TE whose a solution in the unknowh,, k4, k, and k; always
Z Kil00o o+ 3wl ihine exists. Moreover, by locally choosing
SinceJﬁ;m = (FZ-J(T,“y —a; +uy,;), and in virtue of (40), HF JTZ — & ‘ fzm itkrug;
(67) becomes Ki(t) > B H
~ T * O' 1
la.| M —avN/2 ] [la]| A
< and by considering th# H reaches the origin in finite time,
12| |—aVN/2 (koA — prko)| | [1&] thenV becomes semi-negative definite afferwhich, in turn,
implies thatV” is bouded. By leveraging the boundedness of
+p1 H || [Jugsl (68) V and, then, ofq, ;, 7, us:, andz™ it can be easily shown
the V' is bounded as well. Then, in virtue of Barbalat's lemma
+ (I'; JTZ 4 gy (7;% i—kru Z) 4 is umformly contlnuous and” converges td), as well as
Z 7 7 A BRI q, “anduy = kfft Rintdr (@nd Ring).



Concerningo 4 — o, by multiplying both members of (62) by [17]
J, as made before, it holds

y—Jdex—Jsur = (64—06)+ki(oq—o0)=J,£(q,,2°.C).

(v0) [18]
In the caseJ,u; = 0,,, based on the previous stability
result, the above equation represents an asymptotically st
ble system (in the state variable; — o) with vanishing [19]
input J,£(q,., ", ¢) for which the same considerations made
for (65) hold. This completes the proof. [20]
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