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Abstract—This paper deals with the networked control of
loosely or tightly connected cooperative manipulators in charge
of achieving a cooperative task, that is specified by means of
proper task-oriented variables depending on the full stateof the
system. Since the full state is not known to robots, a two-layer
architecture is designed. At the first level, each arm controller
runs a distributed observer that estimates the system state. At
the second level, this estimation is adopted to compute the local
control input as in the case of a centralized solution is available. In
addition, since the dynamic parameters of the arms might notbe
perfectly known, the local control law is made adaptive in order
to counteract this uncertainty. The designed solution is suitable
not only for pure motion coordination tasks but can be exploited
also in those cases where a closed kinematic chain is generated by
multi-robot object manipulation. In this situation, the ob jective is
to both move the object and limit the internal stresses on it,that,
however, cannot be locally computed. To overcome this issue, the
wrench exerted by each robot on the object is decomposed in
an external component (contributing to the motion of the object)
and in a internal component that is locally estimated and, then,
regulated. The approach was validated by simulation with6-
DOFs serial chain manipulators mounted on a mobile platform
and performing cooperative tasks.

Keywords—Networked Robots; Distributed Control; Cooperative
Robots.

I. I NTRODUCTION

Two of the key points behind the strategic initiative of
Industry 4.0 concerning next generation smart factories are
high flexibility and reconfigurability which are believed to
make more profitable the production of small-lot and, then,
customizable products [1]. In fact, such features minimize
the setup time and, then, make possible to easily switch
between one product to an other. However, industrial robots,
despite they play a key role for the automation of production
processes, are currently difficult and time consuming to set-up
and program. This process is even more complex if two or
more robots need to loosely or tightly cooperate for achieving
tasks. It is clear, then, that highly reconfigurable manipulation
systems require to efficiently connect, disconnect and recon-
nect one or more units to the overall system, preferably within
a decentralized architecture in which a central coordination
unit is not present (eg., in aerial or underwater cooperative
manipulation) [2].
This paper presents a decentralized architecture that allows
to accomplish complex manipulation tasks in which robots
only rely on locally available information. Differently from
existing works, both the cases of pure kinematic control and
interaction control are taken into account within the same
framework with only slight modification of the control law.
The former might be useful for the coordination of loosely
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coupled robots or for handling deformable and flexible objects;
while the latter is necessary for cooperatively handling rigid
objects and avoid internal stresses [3]. The cooperative motion
task is expressed by proper meaningful task variables, whose
value remarkably depends on the end-effector configurations of
all robots in the team. This variable might be useful to specify
the centroid of the end-effector formation, the position ofthe
object or the end-effector relative configurations, for example.
A desired value of the task variables is known only by a subset
of the robots, while the other robots estimate this reference
via explicit communication. The structure of the task variables
makes the control input of each arm depend on the state of the
overall system, leading, in general, to the necessity of a central
unit. By building on the results in [4], a layered architecture is
adopted to achieve the same result in a distributed way. At the
first level, each manipulator continuously updates an estimate
of the overall state of the system by adopting a consensus-
based observer. At the second level, such an estimate is used
to compute the adaptive control input necessary to achieve the
cooperative task.
Concerning the case of robots tightly connected for the manip-
ulation of a common rigid object, internal generalized forces
that do not contribute to the motion of the object might raise,
especially in the case a centralized controller does not exist.
It is well known that the computation of the internal forces
requires global information as well, nevertheless, in thispaper,
they are estimated in a distributed fashion and controlled
by properly building on the solution designed for the pure
kinematic coordination.
The paper is organized as follows. Section II describes research
work related to distributed coordination of Euler-Lagrangian
systems and distributed cooperative manipulation. In Section
III, the problem description and mathematical framework are
introduced. A solution to the pure kinematic coordination prob-
lem is given in Section IV, while in Section VI this solution
is extended in order to take into consideration also interaction
forces. Simulation results in Section VII show that both the
pure kinematic and the interaction control can be handled by
the designed framework in the case of4 manipulators mounted
on a mobile base. Finally, conclusions are drawn and future
work presented in Section VIII.

II. RELATED WORKS

In the last decades there has been an increasing inter-
est in the formulation of decentralized paradigms for multi-
arm systems thanks to their potential advantages for modern
manufacturing or, in general, for field robotics. However, the
control of such systems is made difficult by the fact that
each robot has access only to local information while global
coordination might be required by the task. For example,
in [5] the contraction theory is exploited to synchronize in
joint space Lagrangian systems, and the proposed control law



requires only local position/velocity coupling feedback.Re-
current neural networks are exploited in [6] for the kinematic
control of cooperative redundant manipulator. The proposed
neural network is composed of independent modules, each of
them controlling a single manipulator and all of them together
generate an emergent collective behavior to complete the
cooperative task. With regards to synchronization of rigid-link
manipulators in task-space, a solution that exploits passivity
and takes into account both dynamic uncertainties and time-
varying communication delays is developed in [7] and [8].
Remarkably, in the latter work also the uncertainty in the
knowledge of kinematics parameters is considered.
Concerning the case of tightly connected arms for the manipu-
lation of a common object, the problem has been widely faced
since the80’s in the framework of centralized architecture
(see [9] and references therein).
Decentralized architectures for common load manipulation
have been proposed as well. For example, in [10] a fully
decentralized motion and force control is proposed for a multi-
robot system rigidly transporting a load on a plane, in which
there is no explicit communication between robots. In [11],a
pushing leader and multiple followers are employed to trans-
port an object on a plane. Followers estimate leader’s trajectory
and control internal forces to ensure a stable grasping. A
decentralized method for collective transport of an objecton
a plane without rigid grasping, and by simple agents with
limited capabilities is described in [12]. In [13], an impedance
based leader-following approach is presented for a dual-arm
setup: each robot uses only its own force, position and velocity
measurements, while explicit communication between mobile
arms is not required. In [14], a flexible payload transported
by planar robots is considered. A desired constant velocity
is set for the object and the load transportation problem is
faced in a similar fashion to the formation-control problem. A
leader-follower approach is designed in [15] for the cooperative
transportation of an object moving on a plane. Followers
synchronize to the motion applied by the leader to the object
without using explicit communication. Similarly in [16], the
leader navigates towards the goal, while a single follower
helps in transporting a load. Both robots have to ensure
that the transported object does not collide with obstructions.
The strategy is not generalized to any number of robots and
interaction forces are not considered. Authors in [17] devised
a decentralized motion control strategy for moving a load
constrained on a plane in the case of uncertain parameters
of the load. A robust control based on some assumptions is
devised and, also in this case, closed chain constraints arenot
considered. With respect to existing works, this paper

• deals with both pure kinematic and force control tasks
within the same observer-controller schema;

• allows to estimate and control squeezing forces in a
decentralized fashion;

• considers robots and objects moving in the3D space
dealing with both position and orientation of the robots
and the manipulated object;

• adopts a robust strategy for controlling squeezing
forces and counteract the lack of information typical
in decentralized control strategy;

• allows each robot to estimate the full state of the

system, that might be useful to achieve complex
control strategy as in the case of centralized control.

III. M ATHEMATICAL BACKGROUND

A. List of symbols

In Table I the main symbols used across the paper are
reported.

B. System modeling

Let us consider a work-cell composed byN serial-chain
manipulators eventually mounted on a mobile base. The dy-
namic model of thei th mobile manipulator can be written
according to the Newton-Lagrange formulation

M i(qi)q̈i+Ci(qi, q̇i)q̇i+F iq̇i+gi(qi) = Y i(qi, q̇i, q̈i)πi

= τ i − J
T

i (qi)hi, (1)

N Number of robots
xi ∈ IRp End-effector configuration of thei th ma-

nipulator
qi ∈ IRni Joint configuration of thei th manipula-

tor
τ i ∈ IRni Torque input of thei th manipulator
πi ∈ IRnπi Vector of dynamic parameters for thei th

robot
vi Generic variablev relative to thei-th

agent
v Stacked vector collecting the vari-

ables vi for all the agents, i.e.,
v =

[
vT
1 vT

2 . . . vT
N

]T

iv̂ Estimate ofv performed byi-th agent
v̂⋆ Collection of the estimation

vectors of the different agents; i.e.,
v̂⋆ =

[
1v̂

T 2v̂
T . . . N v̂

T
]T

iṽ Estimation error performed byi-th agent;
i.e., iṽ = v − iv̂

ṽ⋆ Collection of the estimation
errors of the different agents; i.e.,
ṽ⋆ =

[
1ṽT 2ṽT . . . N ṽT

]T

σ(x) ∈ IRm Cooperative state dependent task vari-
able

σd ∈ IRm Desired value of the cooperative task
variable

σ̃ ∈ IRm Task errorσ̃ = σd − σ
ζd ∈ IRm Reference signal such as

ζd = σ̇d + kσσd

γ ∈ IRm γ =ζd−kσσ(x) = σ̇d + kσ(σd − σ)
iγ̂ ∈ IRm Estimate of γ made by roboti and

defined asiγ̂ = iζ̂−kσσ(
ix̂)

Rm×n Generic matrix of dimensionm× n
Im×m = Im Identity matrix of dimensionm×m
Om×m = Om Null matrix of dimensionm×m
1m (0m ) Columns vector of dimensionm×1 with

all elements equal to1 (0)

TABLE I: Table listing the main variables adopted in the paper.



where qi ∈ IRni (q̇i, q̈i) is the joint position (velocity,
acceleration) vector,τ i ∈ IRni is the joint torque vector,
M i(qi) ∈ IRni×ni is the symmetric positive definite inertia
matrix, Ci(qi, q̇i) ∈ IRni×ni is the centrifugal and Cori-
olis terms matrix,F i ∈ IRni×ni is the matrix modeling
viscous friction, gi(qi) ∈ IRni is the vector of gravity
terms, andhi ∈ IRp is the vector of interaction forces be-
tween the robot’s end-effector and the environment. Moreover,
Y i(qi, q̇i, q̈i) ∈ IRni×nπi is the known regressor matrix
uniformly continuous in its arguments, andπi ∈ IRnπi is
the constant vector of the dynamic parameters of the arm.
ConcerningJ i(qi) ∈ IRp×ni , the end-effector configuration
of the i th manipulator with respect to the world frameΣk is
denoted byxi ∈ IRp with

xi = k(qi), (2)

whereki(·) : IRni → IRp, with ni ≥ p, is the direct kinematic
function mapping between the joint space and the task space,
and

ẋi = J i(qi)q̇i (3)

represents the differential kinematics, beingJ i(qi) =
∂k(qi)

∂qi
the analytic Jacobian matrix of thei th arm supposed to be
known. In the following, for the sake of compactness the
dependence ofJ i(qi) on qi will be omitted, i.e.,J i = J(qi).
It is supposed that only an estimation of the model in (1) is
available:

M̂ i(qi)q̈i+Ĉi(qi, q̇i)q̇i+F̂ iq̇i+ĝi(qi)=Y i(qi, q̇i, q̈i)π̂i, (4)

where the symbol̂· denotes the estimate of the corresponding
quantity.
The following vectors and matrices are defined according to
the notation in Table I:

x =
[
xT
1 , xT

2 , . . . , xT
N

]T ∈ IRpN , (5)

q =
[
qT
1 , qT

2 , . . . , qT
N

]T ∈ IRn, (6)

and

J = J(q) = diag {J1,J2, . . . ,JN} ∈ IRNp×n, (7)

with n =

N∑

i=1

ni.

Based on (3)-(7), it is straightforward to see thatẋ = J(q)q̇.

Remark 3.1: From the above formulation, it can be noticed
that it is not required for the lagrangian systems to have the
same dynamics. It is possible for them to have different models
and a different number of degrees of mobilitiesni.

The following assumptions will be made in the following.

Assumption 3.1: There exists a positive scalar constantα
such that‖J i(qi)‖ ≤ α < ∞, ∀ qi (i = 1, 2, . . . , N ).

Assumption 3.2: The Jacobian matrixJ i(qi) is such as
λmin(J i(qi)J i(qi)

T) > 0 (i = 1, 2, . . . , N ) along the robot
trajectories, whereλmin(·) (λmax(·)) is the smallest (largest)
eigenvalue of the corresponding matrix argument.

Assumption 3.3: Each robot is equipped with a force sen-
sor to measure the generalized interaction forceshi in (1).

Assumption 3.1 imposes a smoothness constraint on the
direct kinematic function that is always verified for some
constantα, Assumption 3.2 ensures that the Jacobian matrix
has full rank and is away from singularities.

C. Object dynamics and force decomposition

Let us consider a rigid object rigidly grasped by theN
robots. The object configuration is denoted byxo ∈ IRp and
its dynamics can be generally described by

Moẍo +Co(xo, ẋo) + go(xo) = ho, (8)

where Mo ∈ IRp×p is the inertia matrix,Co ∈ IRp×p

represents the Coriolis and centripetal terms,go ∈ IRp the
gravitational forces, andho ∈ IRp is the resultant of the
generalized forces exerted by the manipulators on the object,
such as:

ho(x) = G(x,xo)h, (9)

whereh ∈ IRNp is the collective vector of the generalized
forces at the manipulator end-effectors:

h =
[

hT
1 , hT

2 , . . . , hT
N

]T ∈ IRNp, (10)

andG = [G1 . . . GN ] ∈ IRp×Np is the well-known grasp
matrix with

Gi = Gi(ri); (11)

beingri the vector pointing from the object positionpo to the
position of thei th end-effector (the so called virtual stick). By
assuming that the kinematics of each robot is referred topo,
Gi (∀ i) becomes independent on the vectorri [3], i.e.,

Gi = Ip. (12)

The following assumption is made.

Assumption 3.4: Each manipulator knows the geometry
and the dynamic parameters of the object to carry and refers
its kinematics to the same pointpo.

The above assumption is not a strong one; in fact, the strategy
devised in [18] can be adopted in the case the object is not
known beforehand.

D. Information exchange

As usual in the distributed control, the information ex-
change between the robots is described by a connectivity graph
G(E ,V) characterized by its topology (see [19]), i.e., the set
V of the indexes labeling theN vertices (nodes), the set of
edges (arcs)E = V × V connecting the nodes, and the (N×N )
Adjacency matrix

A = {aij} : aii = 0, aij =

{
1 if (j, i) ∈ E
0 otherwise,

whose elementaij is different from zero if nodej can send
information to nodei. Moreover, we assume that thei th robot
receives information only from a reduced set of nodes (called
its neighbors)Ni = {j ∈ V : (j, i) ∈ E}, and it does not know
the topology of the overall communication graph.
We assume the graph is connected andundirected. In addition



to the Adjacency matrix, the (N×N ) Laplacian matrix defined
as

L = {lij} : lii =

N∑

j=1

aij , lij = −aij , i 6= j

is commonly used. Concerning this matrix, zero is always an
eigenvalue with the (N × 1) vector of all ones,1N ∈ IRN ,
as the corresponding right eigenvector, i.e.,L1N = ON , with
ON the (N × 1) null vector. Hence, rank(L) ≤ N − 1 where
the equality holds when the graph is strongly connected [19].

IV. D ISTRIBUTED OBSERVER-CONTROL SCHEME

In this section the problem of distributed task-oriented
control of cooperative manipulators is presented togetherwith
the proposed solution.

A. Cooperative task and control objective

Let us consider the general case of a work-cell task coded
by a task functionσ = σ(x) ∈ IRm that is function of
the overall statex of the cell. The task has the following
expression:

σ = Jσx, σ̇ = Jσẋ, σ̈ = Jσẍ (13)

where Jσ ∈ IRm×pN is the constant task Jacobian matrix.
The user assigns the desired value of the task function, namely
σd(t), and the objective is to compute the torque input vectors
τ i (i = 1, 2, . . . , N ) in (1) such asσ(x) asymptotically
tracksσd in absence of a central controller and in the case
of manipulator dynamics not perfectly known as in (4).

Assumption 4.1: The desired trajectory of the cooperative
task functionσd(t) is known to only a subset of the robots in
the team and needs to be estimated by the other ones.

Remark 4.1: Centralized solution to the problem described
here exists and an example is in [20], where the case of
two manipulators performing a cooperative task in the case
of known dynamics is tackled. Moreover, distributed solution
were proposed in [21], but vehicles with single integrator
dynamics were considered. In this paper, the solution to this
problem (even for the pure kinematic control case) is made
difficult by the uncertain manipulators’ dynamics, and by the
fact that, while the control input of thei th arm depends on the
full work-cell statex (as the task function in (13)), each arm
has only access to local information from its on-board sensors
and information coming from its neighbours according to the
communication graphG (see Section III-D).

In the following, the solution to the problem described above
is presented. The designed strategy consists in a two layers
schema. At the first level, each arm interacts with a subset
of the arms in the cell by exchanging information in order
to estimate the task reference trajectoryσd and the overall
state of the systemx. At the second level this estimate is used
within an adaptive control law whose aim is to counteract the
uncertainties and achieve the global task.

B. Distributed estimation of the task reference σd(t)

Because of Assumption 4.1 and differently from most of
the work in literature, it is assumed that the cooperative task
function reference trajectoryσd is only known to a subset
of the robots in the team. Moreover, it is assumed that this
trajectory is three times differentiable with bounded third
order derivative. This is not a strong assumption, since high
order regular trajectories improve the path tracking capabilities
of robot manipulators while preserving mechanical transmis-
sions [22].
Therefore, it is needed to estimate this reference in accordance
to the communication topology and in order to compute the
control torque as shown in the following sections. To the scope,
the approach in [23] is exploited as summarized below for the
reader’s convenience.
Let ζd be defined such asζd = σ̇d + kσσd, whose derivative
is ζ̇d = σ̈d + kσσ̇d and wherekσ is a positive scalar gain.
Moreover, let iζ̂ be the estimation ofζd made by roboti,
whose dynamics is

[
i ˙̂ζ
i¨̂ζ

]

=

[
Om Im

Om Om

][
iζ̂

i ˙̂ζ

]

+

[
Om

Im

]

uζ,i, (14)

whereOm andIm are the null and identity matrices in IRm×m,
respectively, and withuζ,i ∈ IRm chosen as

uζ,i = k1sign





N∑

j∈Ni

(j
˙̂
ζ − i ˙̂ζ) + bi(ζ̇d − i ˙̂ζ) (15)

+ k2sig





N∑

j∈Ni

(j ζ̂ − iζ̂) + bi(ζd − iζ̂)





0.5



 ;

where k1 and k2 are positive scalar gains,sign(·) is the
component-wisesignum function, while sig(·) is such as

sig(x)0.5=
[

sign(x1)|x1|0.5 sign(x2)|x2|0.5 . . . sign(xn)|xn|0.5
]T

.

Concerningbi in (15), it is equal to1 if robot i knows the
trajectoryσd(t) and is0 otherwise.
The following theorem holds.

Theorem 4.2: Let us consider the system in (14) with
update law in (15), the estimation erroriζ̃ = ζd − iζ̂

(i ˙̃ζ = ζ̇d − i ˙̂ζ) converges to the origin in finite timeTs > 0,
provided that the communication graph as in Section III-D is
undirected and connected, that gainsk1 and k2 are properly
chosen and thatbi is 1 for at least one value ofi (i.e., at least
one robot knows the referenceσd(t) and its derivatives).

Proof: The proof is based on the same arguments as
in [23] and is, then, omitted here. The same theorem suggests
how to choose gainsk1 andk2 in (15) in order to guarantee
the finite time convergence ofiζ̃ to the origin (∀ i).

In the rest of the paper, the vectorζ̃
⋆
, accounting for the

collective reference estimation error and defined as

ζ̃
⋆
= 1N ⊗ ζd −

[
1ζT, · · · ,NζT

]T

will be adopted.



C. First layer. Global state observer

Let us introduce the vector

ix̂ =
[
ix̂

T
1 ,

ix̂
T
2 , . . . ,

ix̂
T
N

]T ∈ IRNp, (16)

where ix̂j ∈ IRp is the estimate made by armi of xj and
ix̂ ∈ IRNp is the overall estimate of the system statex made
by the i th arm. Moreover, the selection matricesΓ i andΠi

are defined as

Γ i = {Op · · · Ip
︸︷︷︸

i th node

· · · Op} ∈ IRp×Np,

and

Πi=Γ
T
i Γ i=diag{Op · · · Ip

︸︷︷︸

i th node

· · · Op}∈IRNp×Np.

In order to have thei th robot estimate the system’s statex,
the following update law was designed forix̂:

i ˙̂x = ko




∑

j∈Ni

(
jx̂− ix̂

)
+Πi

(
x− ix̂

)



+ iû, (17)

with

iû(ix̂, t) = J†
σ
iγ̂=J†

σ

(
iζ̂−kσσ(

ix̂)
)

(18)

where iγ̂ = iζ̂−kσσ(
ix̂), σ(ix̂) = Jσ

ix̂ is the estimate of
the cooperative task function made by roboti and ko is a
positive scalar gain to be designed.

Remark 4.2: In (17), it might seem that the unknown
global statex is adopted by thei th robot. However,Πi

selects only thei th component of the collective statex, i.e.,
the robot’s own statexi that is supposed to be known from (2).

For the sake of notation compactness, the state estimates
can be stacked into the vector

x̂
⋆ =

[
1x̂

T . . . N x̂
T
]T ∈ IRN2p, (19)

and the collective estimation error is

x̃⋆ = 1N⊗x− x̂⋆ =
[
(x−1x̂)T, (x−2x̂)T, . . .,(x−N x̂)T

]T

=
[
1x̃T, 2x̃T, . . . ,N x̃T

]T
. (20)

From (17), the collective estimation dynamics is given by

˙̂x⋆ = −ko (L⊗ I) x̂⋆ + koΠ
⋆x̃⋆ + û

⋆, (21)

where û⋆ =
[
1ûT . . . N ûT

]T ∈ IRN2p and

Π⋆ = diag {Π1 . . . ΠN} ∈ IRN2p×N2p. The dynamics
of the collective estimation error is

˙̃x⋆ = 1N ⊗ ẋ− ˙̂x⋆ = −koL̃
⋆
x̃⋆ + 1N ⊗ ẋ− û⋆, (22)

with
L̃

⋆
= L⊗ INp +Π⋆ ∈ IRN2p×N2p, (23)

and where the property(L ⊗ INp)(1N ⊗ x) = 0N2p was
exploited in (22).

Remark 4.3: In [4], it is shown that −L̃
⋆

in (23) is
Hurwitz for directed strongly connected topologies. Morever,
it is also symmetric for undirected graphs.

Remark 4.4: The designed strategy allows each manipula-
tor to have an estimation of the end-effector configurationsof
all the manipulators in the team. Such a feature is required
by the assumption on the nature of the cooperative task (13).
However, differently from all the works cited in Section I and
available in literature, the knowledge of this global informa-
tion can potentially be used to achieve important secondary
objectives as, for example, choosing the contact points in
grasping tasks ensuring the grasp stability via the force-closure
condition [24], [25] or to perform distributed fault detection
and isolation [26].

D. Secon layer. Local adaptive control law

In this section the two main results of the paper are
presented. Two cases are considered which are the pure-
kinematic and the motion/force control. In both cases, let us
consider the general control inputτ i (i = 1, 2, . . . , N ) for
system in (1) ([27]):

τ i =M̂ i(qi)q̈σ,i+Ĉi(qi, q̇i)q̇σ,i+F̂ iq̇σ,i+ĝ(qi)+kq ˙̃qσ,i+∆τ i

=Y(qi, q̇i, q̇σ,i, q̈σ,i)π̂i+kq ˙̃qσ,i+∆τ i, (24)

where∆τ i ∈ IRni is an additional input that will be exploited
in the following and with the dynamic parameter update law:

˙̂πi = K−1
πi

Y T
i
˙̃qσ,i (25)

where kq is a positive scalar gain,Kπi
∈ IRnπi

×nπi is a
symmetric positive definite gain matrix and






q̇σ,i = J
†
i (Γ iJ

†
σ
iγ̂ + uf,i) + q̇n,i

q̈σ,i = J
†
i (Γ iJ

†
σ
i ˙̂γ + u̇f,i) +

˙
J

†
iJ iq̇σ,i + q̈n,i

˙̃qσ,i = q̇σ,i − q̇i

¨̃qσ,i = q̈σ,i − q̈i,

(26)

where the expression of̈qσ,i comes by deriving the first
of (26), by considering thatJσ is a constant matrix and that
J iq̇σ,i = Γ iJ

†
σ
iγ̂. In addition:

• J
†
i ∈ IRni×p is the pseudo-inverse matrix of the

manipulator jacobianJ i;

• q̇n,i is an additional joint velocity in the null space
of J i (i.e., J iq̇n,i = 0p) that can be used to avoid
internal joint movements or satisfy secondary objec-
tives as the avoidance of manipulator singularities (see
Assumption 3.2) or obstacles present in the environ-
ment [28];

• uf,i ∈ IRp is an additional control input whose value is
zero in the case of the pure kinematic control while it
is different than zero in the case of interaction control
and will be detailed later.

Moreover, Assumption 3.2 ensures thatJ
†
i can always be

computed in (26). Substitution of (24) in (1) leads to

M i(qi)¨̃qσ,i +Ci(qi, q̇i) ˙̃qσ,i + F i
˙̃qσ,i =

M̃(qi)q̈σ,i+C̃i(qiq̇i)q̇σ,i+F̃ iq̇σ,i+g̃(qi)−kq ˙̃qσ,i+J
T

i hi−∆τ i =

Y i(qi, q̇i, q̇σ,i, q̈σ,i)π̃i−kq ˙̃qσ,i+J
T

i hi−∆τ i,(27)



whereπ̃i = πi− π̂i is the uncertainty on thei th manipulator
dynamic parameters and







M̃ i = M i − M̂ i

C̃i = Ci − Ĉi

F̃ i = F i − F̂ i

g̃i = gi − ĝi.

(28)

Finally, let us define the following vectors according to the
notation in Table I and that will be useful in the following:

˙̃qσ =
[
˙̃qT
σ,1, . . . , ˙̃q

T
σ,N

]T ∈ IRn (29)

uf =
[
uT
f,1, . . . ,u

T
f,N

]T ∈ IRNp. (30)

V. D ISTRIBUTED PURE-KINEMATIC CONTROL

In the pure kinematic control case it is important to
precisely control the end-effector formation. In this case, either
manipulators are loosely coupled (as cooperative painting,
gluing, etc.) or they might be adopted for the transportation
or manipulation of deformable or flexible objects where it is
more important to control their shape rather than the forces
exerted on them. Moreover, the following theorem holds for
this case.

Theorem 5.1: Let us consider model in (1) and the control
input in (24) with ∆τ i = JT

i hi, uf,i = 0p, the dynamic
parameters update law (25) and with the observer update law
in (17), then,̇̃qσ in (29), x̃⋆ andσ̃ = σd−σ are asymptotically
convergent to the origin provided thatko, kσ andkq are chosen
such as 





koλL − ρ1 > 0 ⇔ kσ <
koλL

2N2

kq >
Nα2

4(koλL − ρ1)
.

(31)

with 





λL = λmin(L̃
⋆
)

λ1 = λmin(F + kqINn) > 0
ρ1 = 2N2 > 0.

(32)

Proof: The proof is made of two parts that can be found
in Appendix A and B.

In the theorem above, it is set∆τ = JT
i hi anduf,i = 0p

in (24) and (26), respectively. Both conditions make manipu-
lators infinitely rigid to interaction forces (as long as actuators
are not in saturation) as required by the kinematic control case.

Remark 5.1: It must be remarked that the conditions on
ko in (31) is only sufficient, but it shows that the observer’s
dynamics is required to be faster than the controller’s one.With
regards toλL in (31), it seems that the tuning in (31) requires
to known the communication topology in advance; however,
for a given number of vehicles, the worst-case topology (i.e.,
the topology which minimizesλL) can be considered, thus
achieving a somewhat conservative (but reliable) tuning.

The main components of the designed control scheme
for such case are shown in Figure 1. In this figure, the
output of the Global Observer in (17) is an estimation
of the overall state of the systemx; this estimation is,
then, used by theGlobal task control in (18) to estimate
the reference end-effectors’ velocities. Finally, the latter are

is used within aLocal adaptive control law as in (24) and (25).

VI. D ISTRIBUTED INTERACTION CONTROL

In the case of tasks that require a tight connection between
manipulators and a grasped rigid object, a pure positional
control might rise internal stresses and damage the object
and/or the manipulators especially in the case where a central
control unit is missing. Therefore, interaction generalized
forces need to be explicitly taken into account. In particular, it
is required that manipulators coordinate to manipulate/move
a rigid object while regulating the squeezing forces on it.
This is a problem that has been widely addressed in the last
decades in the framework of centralized solutions as in [3] and
references therein, but that raises several challenges, asdetailed
in the following, in the framework of distributed solutions
and that has not been investigated so far. Based on [3], the
collective generalized force vectorh can be decomposed in a
term contributing to the motion of the objecthe ∈ IRNp and
in a termhint ∈ IRNp that does not, representing the internal
stresses

h = he + hint = G†Gh+ (INp −G†G)h. (33)

Based on equation (33), the contribution to the internal stresses
of manipulatori can be computed from (33) as

hint,i=Γ ihint=hi−Γ iG
†Gh=hi−Γ iG

†(Gihi+
∑

j 6=i

Gjhj)

= (Ip − Γ iG
†Gi)hi

︸ ︷︷ ︸

local

−Γ iG
†
∑

j 6=i

Gjhj

︸ ︷︷ ︸

esternal

. (34)

The right-hand side of equation (34) shows that the contribu-
tion to the internal stresses by manipulatori on the object is the
sum of a local contribute (known) and an external contribute
(unknown in a decentralized framework) depending on the
forces exerted by other manipulators and that needs to be
locally estimated.

A. Distributed internal forces estimation

Because of Assumption 3.3,hi in (34) is known, while∑

j 6=i Gjhj is, as stated above, unknown in the framework at
hand.
To this aim, from the point of view of thei th manipulator and
considering (9), equation (8) can be rewritten as

Mo(xo)ẍo = Gihi +
∑

j 6=i

Gjhj −Co(xo, ẋo)− go(xo) (35)

where, in particular,Gihi is the vector of generalized forces
exerted by thei th manipulator and

∑

j 6=i Gjhj is the vector
accounting for the generalized forces exerted by all the other
manipulators. The estimation of the latter term to be used
in (34) can be retrieved by manipulatori by the approach
described in [29], and by defining vectorθi(t) ∈ IRp as

θi(t) = K

(∫ t

t0

(α−Gihi − θi)dτ +m(t)

)

, (36)

whereK ∈ IRp×p is a constant diagonal positive definite
matrix, m(t) = Mo(xo)ẋo is the generalized momentum of
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Fig. 1: The control scheme showing the main components of thedesigned solution with reference to the generici th manipulator.

the object andα = go −
1

2
ẋT
o

∂Mo

∂xo

ẋo.

In [29], it is shown that

θ̇i(t) = −Kθi(t) +K
∑

j 6=i

Gjhj (37)

which represents a low-pass filter that can be made arbitrarily
fast by selecting high values of matrixK ∈ IRp×p, asymptot-
ically leading toθi(t) ≈

∑

j 6=i

Gjhj and, from (34), to

hint,i=Γ i(INp−G†G)h≈(Ip−Γ iG
†Gi)hi−Γ iG

†θi. (38)

Remark 6.1: In virtue of (34), the approximation error
made in (38) about the computation ofhint,i is

hint,i−
(

(Ip−Γ iG
†Gi)hi−Γ iG

†θi

)

=Γ iG
†(θi−

∑

j 6=i

Gjhj)

(39)
that is negligible only when the filter input (namely,
∑

j 6=i Gjhj) has a bandwidth much smaller than the cut-off
frequency of the filter. A practical choice is to setK in (36) as
high as possible subject to the potential digital implementation
of the filter itself.

It is worthy to say that, based on (38), the contribution of
robot i to ho (i.e., to the object motion) might be estimated
by robot i as

hi − hint,i≈ Γ i(G
†Gihi +G†θi) (40)

that might be locally computed.

B. The control input

Therefore, in addition to the cooperative tracking of a mo-
tion task functionσd, it is necessary for each robot to regulate
hint,i to hd

int,i, ∀ i. According to the notation adopted in the
paper, the local force error̃hint,i = hd

int,i − hint,i and the

collective force error̃hint =
[

h̃
T

int,1 . . . h̃
T

int,N

]T

∈ IRNp

are defined. The following theorem holds.

Theorem 6.1: Let us consider the model in (1) and the
control input in (24) with the dynamic parameters update
law (25) and with the observer update law in (17), then,˙̃qσ, x̃⋆

and h̃int are asymptotically convergent to the origin provided
thatuf,i in (26) is chosen as

uf,i = kf

∫ t

t0

h̃int,idτ (41)

with kf > 0, thatko, kq, kσ, kf are chosen such as






koλL − ρ1 > 0 ⇔ kσ <
koλL

2N2

kq >
Nα2

4(koλL − ρ1)

kf >
λ1

4 (λ1(koλL − ρ1kσ)− α2/4)
,

(42)

where parameters appearing in the system above are the same
as in (32), and that∆τ i in (24) is set to

∆τ i=JT
i

(

Γ i(G
†Gihi+G†θi)+hd

int,i+kfuf,i

)

+ κi(t) ˙̃qσ,i

(43)
whereκi(t) is a time-varying adaptive scalar gain satisfying
the following relationship

κi(t) >

∥
∥
∥Γ iJ

†
σ
iγ̂ − ẋi

∥
∥
∥

∥
∥
∥h̃int,i + kfuf,i

∥
∥
∥

∥
∥ ˙̃qσ,i

∥
∥
2 . (44)

Moreover, ifJσuf = 0m also σ̃ converges to the origin.

Proof: The proof is made of two parts that can be found
in Appendix A and C.

Remark 6.2: The additional control torque contribute∆τ i

is made of three contributes:

• Γ i(G
†Gihi+G†θi) that represents, based on (40),

the compensation of the contribute to the external
generalized forces made by thei th manipulator on
the object;

• hd
int,i+kfuf,i that represents a force feed-forward and

integral error contribute;

• κi(t) ˙̃qσ,i that represents a robust term.

Remark 6.3: The term‖ ˙̃qσ,i‖ is supposed to converge to
zero and this might haveκi(t) grow unbounded. Therefore,
the following approximation is made in practice






κi(t)>

∥
∥
∥Γ iJ

†
σ
iγ̂ − ẋi

∥
∥
∥

∥
∥
∥h̃int,i + kfuf,i

∥
∥
∥

∥
∥ ˙̃qσ,i

∥
∥
2 if ‖ ˙̃qσ‖2 > ε

κi(t)=

∥
∥
∥Γ iJ

†
σ
iγ̂ − ẋi

∥
∥
∥

∥
∥
∥h̃int,i + kfuf,i

∥
∥
∥

ε
if ‖ ˙̃qσ‖2 ≤ ε

(45)
whereε is a positive scalar constant. This choice is common
in robust control of uncertain systems and has as main conse-
quence the ultimated boudedness of the solution with ultimate
bound depending on the choice of the constantε in [30],[31].



Remark 6.4: As stated by the theorem above, the adoption
of a robust adaptive gain approach allows to have the internal
forces converge to the origin despite the contact model and the
compatibility of the motion and the force control tasks (i.e.,
Jσuf might be different than zero). This choice has been made
in order to make the internal force tracking the highest priority
task, and avoid large internal stresses during the transient phase
due to the initial observer and dynamic parameters errors.

The devised strategy is schematically represented in Figure 2.
With respect to the scheme in Figure 1, the distributed internal
force estimation and control blocks are added.

VII. N UMERICAL SIMULATIONS

In this section, the proposed solution is validated by
simulation. Two cases studies are considered, the first one
concerning distributed pure motion control while the second
one concerning distributed motion/force control.

A. Distributed pure-kinematic control

In order to prove the effectiveness of the proposed ap-
proach, the case of4 (N = 4), 8-DOFs (ni = 8, i = 1, 2, 3, 4)
Comau SmartSix serial chain manipulators (6-DOFs) mounted
on a holonomic mobile base (2-DOFs) able to move in the
X − Y plane is considered (see Figure 4).
In this case study,iuf in (41) is set to zero (∀i) as well as
∆τ i in (43). The reduced regressor matrix has been computed
such asY = Y i ∈ IR6×56 (πi ∈ IR56, nπi

= 56,
i = 1, 2, . . . , 4), and its expression is not reported here due
to its complex structure. The dynamic parametersπi ∈ IR56,
(i = 1, 2, . . . , 4) are supposed to be known with an ap-
proximation of15%. The end-effector configurationxi ∈ IR6

(p = 6) of the i th manipulator has the following components
xi = [px,i, py,i, pz,i, φ1,i, φ2,i, φ3,i] , where the first
three elements represent the end-effector position while the
last three ones are a proper set of Euler-angles used to specify
the end-effector orientation (ZYZ in our case). In order to
simulate realistic conditions, a Gaussian random noise is added
on the position and velocity measurements with zero mean
and standard deviation equal to0.02. In this case study, the
objective is to cooperatively pick and place the blue objectin
the middle of the scene in Figure 4 from the position(0, 0, 0)m
to (3, 0, 0) m, while keeping its orientation constant. To this
aim, the4 manipulators are required to approach, grasp, lift,
move, lower and, finally, release the object with an overall
duration of the motion of about25 seconds.
In [32], it was shown that many tasks of practical importanceas
multi-arm object positioning or pure motion coordination can
be easily described in the task-oriented framework by resorting
to a proper set ofabsolute-relative variables. The position and
orientation of the absolute frame is the centroid of the positions
and orientations of the single tool frames, i.e.,

σ1 =
1

N

N∑

i=1

xi = Jσ,1x, (46)

whereJσ,1 = 1
41

T
4 ⊗ I6 ∈ IR6×24 is the task Jacobian matrix

relative to the centroid task. The absolute variables are used
to control the trajectory of the work-piece.

The relative motion between the arms can be described by the
following task function

σ2=
[
(x2−x1)

T, (x3−x2)
T, . . . (xN−xN−1)

T
]T
=Jσ,2x,

(47)
whereJσ,2 is the corresponding task Jacobian whose expres-
sion is

Jσ,2 =







−I6 I6 O6 · · · O6

O6 −I6 I6 · · · O6

...
O6 · · · O6 −I6 I6






. (48)

The task vector

σ =

[
σ1

σ2

]

= Jσx ∈ IR24, with Jσ =

[
Jσ,1

Jσ,2

]

∈ IR24×24 (49)

represents a useful set of task variables that can be used
for grasping, carrying, deforming an object, etc., by properly
assigning a desired trajectory toσ, namelyσd(t), [32], [33]. It
is worth highlighting that in [32] a distributed planning strategy
is designed in order to generate off-line joint trajectories,
while this paper focuses on distributed control of uncertain
mechanical systems in the operational space.

Moreover, since the selected mobile manipulators are re-
dundant systems, the extra degrees of mobility can be used to
achieve secondary objectives. In this case study, it is required
to keep the joints of the serial chain manipulators far from
their mechanical limits, i.e.,̇qn,i in (26) has been chosen such
as

q̇n,i=(I8−J
†
iJ i)q̇0

with q̇
0
=kn

∂

∂q

∑

l∈Nsc

(ql − ql)
2

(qM,l − qm,l)2
; (50)

wereNsc represents the index set of the joints relative to the
serial chain manipulator,kn is a scalar positive gain,qm,l, qM,l

and ql are the minimum, maximum and the middle value of
the i-th joint range, respectively.
The communication topology is shown in Figure 3, and it
can be easily noticed that it is undirected and connected
concerning the inter-robot communication, as required by
Theorems 4.2. Moreover, as shown in the same figure it is
assumed that the referenceσd(t) is only known to robot1
(b1 = 1 and bj = 0 for j 6= i in (15)). Control gains are
selected as:ko = 10, kσ = 4, Kπ = 150I56, kq = 80
and kn = 5 in (17), (26), (25), (32) and (50), respectively.
In Figure 4, the manipulator and object’s configurations in
different time instants of the mission are shown. In the top
left frame, manipulators approach the object and reached a
configuration suitable for achieving object grasping. In the
top right frame, manipulators approached the object along the
horizontal plane and grasp the object. In the bottom left frame,
manipulators and object are shown during the transportation.
Finally, the object in the final configuration is shown in the
bottom right frame.

In Figure 5 (top), the observer error‖x̃⋆‖ is shown to
asymptotically converge to zero as stated by Theorem 6.1.
The initial observer error is not null since it is supposed that
each arm does not know the initial configuration of the other
ones (ix̃(t0) 6= 0Np, ∀ i). In the same figure, it is shown the
task errorσ̃ (middle) and its time derivative (bottom). Also in
this case, the task error asymptotically reaches the originin
accordance with Theorem 6.1.



hd
int,i

J†
σ
iγ̂

Distributed force
estimation (eq. (37))

Local adaptive
control

(eqs. (24),(25))

xi, ẋi
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Fig. 2: The control scheme showing the main components of thedesigned solution in the perspective of cooperative distributed
manipulation and with reference to the generici th manipulator.

rob#1

rob#2

rob#3

rob#4

σd(t)

Fig. 3: First case study. Communication graph. The task
referenceσd and its derivatives are supposed to be known
only by robot1.

Fig. 4: First case study. Snapshots of robots’ configurations
during the object transportation. (Top Left) Manipulatorshave
approached the object for grasping. (Top Right) Manipulators
grasping the object and ready for transportation. (Bottom Left)
Manipulators and object during the transportation. (Bottom
right). The object in the final configuration.

‖x̃⋆‖

‖σ̃‖

‖ ˙̃σ‖

0
00

0

0
00

0

0
0

0
0

1
1

1

1

22

3

0.01
0.01

0.02

0.10.1

0.2

t [s]10

10

10

20

20

20

Fig. 5: First case study. (Top) Observer error‖x̃⋆‖. (Middle)
Task error‖σ̃‖. (Bottom) Task velocity error

∥
∥ ˙̃σ

∥
∥.

In Figure 6, for the sake of completeness the torque inputs
τ i relative to the4 manipulator are shown.
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Fig. 6: First case study. Torque input on the4 manipulators.

Remark 7.1: By choosingσ = x = INnx = Jσx and
σd(t) = 1N ⊗ ad(t), ∀ ad(t) ∈ IRn is possible to solve the
synchronization task to the valuead(t). On the other hand,
by choosingσ = σ2 as in (47) and settingσd(t) = 0m the
rendez-vous task is achieved.



B. Distributed multi-robot interaction control

In order to show that pure distributed kinematic con-
trol is non effective in the case of tight connection of the
manipulators through a common object, the internal forces
and moments concerning the previous case study are shown
in Figure 7. The simulation starts with the object already
grasped by the object as in the top right frame in Figure
4. The object has a mass of3Kg and a tensor of inertia of
Io = diag{0.05, 0.05, 0.1}m2Kg with respect to its principal
axes. The forces in Figure 7 are generated by considering
a compliant contact between object and manipulators and
simulating an error in the knowledge of the geometry of the
object, with consequent error in the planning of the relative
variables (i.e.,σ2,d in (47)) in particular along thex direction.
This, together with the initial distributed observer and dynamic
parameter errors, is the reason for large generalized internal
forces in the transient phase in Figure 7. Instead, at steady
state, the internal generalized forces reach a value of−1800N
along thex direction in the case, for example, of manipulator
1. Therefore, it is required to control the generalized internal

6e3

−1e3

−2e3

−2e3

−2e3

0

0

0

0

0

0

0

0

1e
3

1e
3

1e
3

hint,1

hint,2

hint,3

hint,4

t [s]

N
/N

m
N

/N
m

N
/N

m
N

/N
m

10

10

10

10

20

20

20

20

Fig. 7: First case study. Internal forces and moments relative
to the 4 manipulators in the case of pure kinematic control.
The blue component is relative to thex-axis.

forces. To this aim, the approach devised in Section VI is
exploited.
In this case study, the same mobile manipulators as in the first
case study are considered. The taskσ(x) in (18) is assumed as
σ1(x) in (46), while the relative motion of the manipulators is
exploited in order to control the internal stresses on the object.
The communication topology with respect the inter-vehicles
communication graph and the reference estimation input is
the same as in Figure 3. Control gainsko, kσ, Kπ, kq and
kn in (17), (26), (25), (32) and (50), respectively, are selected
as in the previous case study, whilekf in (43) is selected as
kf = 0.01. Moreover, in addition to the noise on joint position
and velocity measurements, also a zero mean Gaussian noise
with 0.2 standard deviation was considered for force sensor
measurements.
The force reference valueshd

int,i (i = 1, 2, 3, 4) are set to

hd
int,1 = [7.5N 0N 0N 0Nm 0Nm 0Nm]

T

hd
int,2 = [−2.5N 0N 0N 0Nm 0Nm 0Nm]

T

hd
int,3 = [−2.5N 0N 0N 0Nm 0Nm 0Nm]

T

hd
int,4 = [−2.5N 0N 0N 0Nm 0Nm 0Nm] .T

It is worth noticing that, based on (33),hd
int ∈ N {G} and,

then, it represents a vector of internal stresses to the object.
Moreover,Jσ,1 = Jσ in (46) satisfies the motion/force com-
patibility conditionJσh

d
int = 0m as required by Theorem 6.1.

Figure 8 shows the observer (top), task (middle) and task
derivative (bottom) errors. As in the previous case study, these
errors asymptotically reach the origin.
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Concerning the internal forces and momentshint,i ∈ IR6

adopted in (41), it is locally estimated by each mobile ma-
nipulator according to the algorithm in Section III-C, and the
matrix gainK in (36) was set toK = 300I6. Figure 9 reports
the norm of the estimation error ofhint,i made by each
robot and computed according to (39); this error is limited
and asymptotically reaches the origin.
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Fig. 9: Second case study. Norm of the estimation of the
the internal forceshint,i (i = 1, 2, . . . , 4) made by the filter
in (36) relative to the4 manipulators.



Figure 10 shows that the norm of the internal force
tracking error (i.e.,‖h̃int,i‖, ∀ i) asymptotically reaches the
origin and it is not affected by the initial observer error.
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Fig. 10: Second case study. Norm of the internal forces and
moments tracking errors relative to the4 manipulators.

The measured internal forces are displayed in Figure 11. The
figure shows that large peaks are avoided during the initial
transient phase and even in presence of large observer errors;
this is due to the adoption of the adaptive gain approach stated
in Theorem 6.1.
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Fig. 11: Second case study. Internal forces and moments
relative to the4 manipulators in the case of interaction control.

Concerningκi(t) in (44) (∀ i), the time history of the
adaptive gains are shown in the Figure (12); the constantε
in (45) is set toε = 10−3. As it can be seen, the adaptive
gains grow in the initial transient phase in order to counteract
the initial observer error and the uncertainty on the robot
dynamics, and asymptotically converges to zero as soon as
the numerator in the expression ofκi converges to zero.
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Fig. 12: Second case study. Adaptive gainκi(t) in (45) (∀ i)
with ε = 10−3.

Finally, concerning joint generalized forcesτ i, they are
presented for the sake of completeness in Figure 13.
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Fig. 13: Second case study. Torque input on the4 manipulators.

VIII. C ONCLUSIONS

A two layer architecture for cooperative control of Euler-
Lagrange systems was designed. At the first level an ob-
server/controller scheme is devised to estimate the full system
state. At the second level, this estimate is used to compute
an adaptive control law for uncertain systems. The aim is to
achieve a global task function and the approach works for
heterogeneous and redundant systems. Moreover, the devised
solution is able to handle both pure kinematic and interaction
control missions. The latter is particularly important in the case
the robots are tightly connected via a stiff object. It is planned
to validate the approach on a real setup.



APPENDIX

A. Proof of Theorems 5.1 and 6.1

The proof of both Theorems 5.1 and 6.1 is made of a
common part which is represented by the two steps detailed in
this section. Then, the proof will be differentiated in Sections B
and C for the kinematic control and interaction control cases,
respectively. In both cases, first it is proven the convergence to
the origin of ˙̃qσ,i (∀ i) and x̃⋆ for a proper choice of control
gains. Based on this result, in the second step the convergence
of σd − σ to the origin is proved as well.

Step 1

Let us consider the following Lyapunov function

V =

N∑

i=1

Vq̃σ,i
+ Vx̃, (51)

where
Vq̃σ,i

=
1

2

(
˙̃qT
σ,iM i

˙̃qσ,i + π̃T
i Kπi

π̃i

)

and
Vx̃ =

1

2
x̃⋆T x̃⋆.

By considering (22), the time derivative ofV is

V̇ =

N∑

i=1

(

˙̃qT
σ,iM i

¨̃qσ,i +
1

2
˙̃qT
σ,iṀ i

˙̃qσ,i +
1

2
π̃T

i Kπi
˙̃πi

)

−kox̃
⋆T L̃

⋆
x̃⋆ + x̃⋆T (1N ⊗ ẋ− û⋆) , (52)

and by taking into account equation (27) and that matrix
Ṁ i − 2Ci is antisymmetric for a proper choice of matrix
Ci, equation (52) becomes

V̇ =

N∑

i=1

(
− ˙̃qT

σ,iF i
˙̃qσ,i+ ˙̃qT

σ,iY iπ̃i − kq ˙̃q
T
σ,i

˙̃qσ,i + π̃T
i Kπi

˙̃πi

˙̃qT
σ,i(J

T
i hi−∆τ i)

)

− kox̃
⋆T L̃

⋆
x̃⋆+x̃⋆T (1N⊗ẋ− û⋆)

=

N∑

i=1

(

− ˙̃qT
σ,iF i

˙̃qσ,i+kq ˙̃q
T
σ,i

˙̃qσ,i + π̃T
i

(

Y T
i
˙̃qσ,i−Kπi

˙̂πi

)

(53)

+˙̃qT
σ,i(J

T
i hi−∆τ i)

)

− kox̃
⋆TL̃

⋆
x̃⋆+x̃⋆T(1N⊗ẋ− û

⋆)

Finally, it is by choosinġ̂πi = K−1
πi

Y T
i
˙̃qσ,i (∀i) as in (25)

and settingλL = λmin(L̃
⋆
)

V̇ ≤ −
N∑

i=1

(

˙̃qT
σ,iF i

˙̃qσ,i+kq ˙̃q
T
σ,i

˙̃qσ,i + ˙̃qT
σ,i(J

T
i hi−∆τ i)

)

−koλL ‖x̃⋆‖2+x̃⋆T (1N⊗ẋ− û⋆) . (54)

With regards to the term(1N ⊗ ẋ− û⋆) in (54), it is

(1N⊗ẋ−û⋆)=






J(q)q̇−J(q)J†(q)(J †
σ
1γ̂)

...
J(q)q̇−J(q)J†(q)(J †

σ
N γ̂)






= (IN⊗J(q))






q̇−J†(q)(J †
σ
1γ̂)

...
q̇−J†(q)(J†

σ
N γ̂)




 (55)

whereJ† = diag{J†
1, J

†
2, . . . ,J

†
N}.

Because of the expression ofiγ̂ in (18), the generic termJ†
σ
iγ̂

can be expressed by some mathematical calculations as

J†
σ
iγ =

N∑

k=1

ΠkJ
†
σ
iγ̂ =

N∑

k=1

ΠkJ
†
σ(±kγ̂ + iγ̂)

=

N∑

k=1

ΠkJ
†
σ
kγ̂ +

N∑

k=1

ΠkJ
†
σ(

iγ̂ − kγ̂)

=

N∑

k=1

ΠkJ
†
σ
kγ̂+

N∑

k=1

ΠkJ
†
σ

[
kσ(−iσ̂+kσ̂±σ)+iζ−kζ ± ζd

]

=








Γ 1J
†
σ
1γ̂

Γ 2J
†
σ
2γ̂

...
ΓNJ†

σ
N γ̂







+

N∑

k=1

ΠkJ
†
σ

[

kσJσ(
ix̃−kx̃)−iζ̃+kζ̃

]

. (56)

By folding (56) in (55), the term(1N⊗ẋ− û⋆) can be
rewritten as in (57). Therefore, by folding (57) in (54) and by
defining

F = diag{F 1, F 2, . . . , F n},
it is

V̇≤− ˙̃qT

σ (F+kqI) ˙̃qσ −x̃
⋆T (IN⊗J(q))

(

1N ⊗ ˙̃qσ

)

−koλL ‖x̃⋆‖2

−x̃
⋆T



















N
∑

k=1

ΠkJ
†
σ

[

kσJσ(
1
x̃−k

x̃)−1
ζ̃+k

ζ̃
]

...
N
∑

k=1

ΠkJ
†
σ

[

kσJσ(
N
x̃−k

x̃)−N
ζ̃+k

ζ̃
]



















+x̃⋆T(1N⊗uf )+

N
∑

i=1

˙̃qT

σ,i(J
T

i hi−∆τ i)

≤−λ1

∥

∥ ˙̃qσ

∥

∥

2−koλL‖x̃⋆‖2+
√
N‖IN⊗J(q)‖

∥

∥ ˙̃qσ

∥

∥‖x̃⋆‖

+‖x̃⋆‖

∥

∥

∥

∥

∥

∥

∥

∥

∥











∑N

k=1
ΠkJ

†
σ

[

kσJσ(
1x̃− kx̃)− 1ζ̃+kζ̃

]

...
∑N

k=1
ΠkJ

†
σ

[

kσJσ(
N x̃− kx̃)− N ζ̃+k ζ̃

]











∥

∥

∥

∥

∥

∥

∥

∥

∥

+
√
N
∥

∥

∥
x̃

⋆T
∥

∥

∥
‖uf‖+

N
∑

i=1

˙̃qT

σ,i(J
T

i hi−∆τ i)

≤ −λ1

∥

∥ ˙̃qσ

∥

∥

2−koλL ‖x̃⋆‖2+α
√
N
∥

∥ ˙̃qσ

∥

∥ ‖x̃⋆‖

+ ‖x̃⋆‖
(

N
∑

i=1

N
∑

k=1

∥

∥

∥
ΠkJ

†
σ

(

kσJσ(
i
x̃− k

x̃)− i
ζ̃+k

ζ̃
)∥

∥

∥

)

+
√
N ‖x̃⋆‖‖uf‖+

N
∑

i=1

˙̃qT

σ,i(J
T

i hi−∆τ i)

≤ −λ1

∥

∥ ˙̃qσ

∥

∥

2−koλL ‖x̃⋆‖2+α
√
N
∥

∥ ˙̃qσ

∥

∥ ‖x̃⋆‖

‖x̃⋆‖
(

N
∑

i=1

N
∑

k=1

‖Πk‖
(∥

∥

∥J
†
σJσ

∥

∥

∥kσ
(∥

∥

∥

i
x̃

∥

∥

∥+
∥

∥

∥

k
x̃

∥

∥

∥

)

+
∥

∥

∥J
†
σ

∥

∥

∥

(∥

∥

∥

i
ζ̃

∥

∥

∥+
∥

∥

∥

k
ζ̃

∥

∥

∥

))

)



(

1N⊗ẋ−û
⋆)=(IN⊗J(q))









1N⊗









q̇
1
−J

†
1
(Γ 1J

†
σ
1γ̂ ± uf,1)

.

.

.
q̇N−J

†

N
(ΓNJ†

σ
N γ̂ ± uf,N )

















−





















N
∑

k=1

ΠkJ
†
σ

[

kσJσ(
1
x̃−

k
x̃)+

1
ζ̃−

k
ζ̃
]

.

.

.
N
∑

k=1

ΠkJ
†
σ

[

kσJσ(
N
x̃−

k
x̃)+N ζ̃−

k
ζ̃
]





















(57)

=−(IN⊗J(q))









1N⊗









˙̃qσ,1

.

.

.
˙̃qσ,N

















−





















N
∑

k=1

ΠkJ
†
σ

[

kσJσ(
1
x̃−

k
x̃) + 1

ζ̃−
k
ζ̃
]

.

.

.
N
∑

k=1

ΠkJ
†
σ

[

kσJσ(
N
x̃−

k
x̃)+N

ζ̃−
k
ζ̃
]





















+1N⊗uf=−(IN⊗J(q))
(

1N⊗ ˙̃qσ

)

−





















N
∑

k=1

ΠkJ
†
σ

[

kσJσ(
1
x̃−

k
x̃) +1

ζ̃−
k
ζ̃
]

.

.

.
N
∑

k=1

ΠkJ
†
σ

[

kσJσ(
N
x̃−

k
x̃)+N

ζ̃−
k
ζ̃
]





















+1N⊗uf .

+
√
N ‖x̃⋆‖‖uf‖+

N
∑

i=1

˙̃qT

σ,i(J
T

i hi−∆τ i)

≤ −λ1

∥

∥ ˙̃qσ

∥

∥

2−koλL ‖x̃⋆‖2+α
√
N
∥

∥ ˙̃qσ

∥

∥ ‖x̃⋆‖ (58)

+ ‖x̃⋆‖
(

N
∑

i=1

N
∑

k=1

∥

∥

∥
J

†
σJσ

∥

∥

∥
2kσ ‖x̃⋆‖+ 2

∥

∥

∥
J

†
σ

∥

∥

∥

∥

∥

∥
ζ̃
⋆
∥

∥

∥

)

+
√
N ‖x̃⋆‖‖uf‖+

N
∑

i=1

˙̃qT

σ,i(J
T

i hi−∆τ i)

≤ −λ1

∥

∥ ˙̃qσ

∥

∥

2−koλL ‖x̃⋆‖2+α
√
N
∥

∥ ˙̃qσ

∥

∥ ‖x̃⋆‖

+2kσN
2 ‖x̃⋆‖2 + 2N2

∥

∥

∥
J

†
σ

∥

∥

∥
‖x̃⋆‖

∥

∥

∥
ζ̃
⋆
∥

∥

∥

+
√
N
∥

∥

∥
x̃

⋆T
∥

∥

∥
‖uf‖+

N
∑

i=1

˙̃qT

σ,i(J
T

i hi−∆τ i)

= −





∥

∥ ˙̃qσ

∥

∥

‖x̃⋆‖





T



λ1 −α
√
N/2

−α
√
N/2 (koλL − ρ1kσ)









∥

∥ ˙̃qσ

∥

∥

‖x̃⋆‖





+ρ1

∥

∥

∥
J

†
σ

∥

∥

∥
‖x̃⋆‖

∥

∥

∥
ζ̃
⋆
∥

∥

∥
+
√
N ‖x̃⋆‖‖uf‖+

N
∑

i=1

˙̃qT

σ,i(J
T

i hi−∆τ i)

with {
λ1 = λmin(F + kqINn) > 0
ρ1 = 2N2 > 0.

(59)

Assumption 3.1 was exploited in (58) in setting
‖IN ⊗ J‖ ≤ α; moreover, it was also considered that

‖Πk‖ = 1 (∀ k) and that
∥
∥
∥J

†
σJσ

∥
∥
∥ = 1, ∀Jσ.

Step 2

Concerning the dynamics ofσd − σ, let us notice that,
based on the expression ofγ in Table I and of its estimateγi
in (18), it is

γ − i
γ = ζd − kσσ(x)− i

ζ̂ + kσσ(
i
x̂) = −kσJσ

i
x̃+ i

ζ̃.

By taking into account the above result, let us exploit the
expression oḟ̃qσ:

˙̃qσ =







˙̃qσ,1

...
˙̃qσ,N






=







J
†
1
(Γ 1J

†
σ(

1γ̂ ± γ) + uf,1)
...

J
†
N (ΓNJ†

σ(
N γ̂ ± γ) + uf,N )






+ q̇n − q̇

= J
†(q)J†

σγ + J
†(q)uf+q̇n−q̇+







J
†
1
Γ 1J

†
σ(kσJσ

1x̃−1ζ̃)
...

J
†
NΓNJ†

σ(kσJσ
N x̃−N ζ̃)






(60)

with q̇n =
[
q̇T
n,1, q̇

T
n,2, . . . , q̇

T
n,N

]T
. Therefore, it holds

J
†(q)J†

σγ+J
†(q)uf+q̇n−q̇ = ˙̃qσ−







J
†
1
Γ 1J

†
σ(kσJσ

1x̃− 1ζ̃)
...

J
†
NΓNJ†

σ(kσJσ
N x̃−N ζ̃)






.(61)

By multiplying both members of (61) for matrixJ(q) and
sinceJ(q)q̇n = 0Np, it is

J†
σγ −J(q)q̇+ uf = J†

σγ− ẋ+ uf

= J(q)




̇̃qσ−






J
†
1Γ 1J

†
σ(kσJσ

1x̃− 1ζ̃)
...

J
†
NΓNJ

†
σ(kσJσ

N x̃−N ζ̃)









=ξ( ˙̃qσ,x̃

⋆,ζ̃),

(62)

where functionξ( ˙̃qσ, σ̃
⋆, ζ̃) is equal to zero when its argu-

ments are all equal to zero.

B. Kinematic control-Proof of Theorem 5.1

As from the statement of Theorem 5.1, it is set
∆τ = JT

i hi and uf,i = 0p in (24) and (26), respectively.
Therefore, (58) becomes in this case

V̇ ≤ −





∥
∥ ˙̃qσ

∥
∥

‖x̃⋆‖





T



λ1 −α
√
N/2

−α
√
N/2 (koλL − ρ1kσ)









∥
∥ ˙̃qσ

∥
∥

‖x̃⋆‖





+ρ1

∥
∥
∥J

†
σ

∥
∥
∥ ‖x̃⋆‖

∥
∥
∥ζ̃

⋆
∥
∥
∥ . (63)

In order for the quadratic form in (63) to be negative definite,
it is necessary that the matrix

[
λ1 −α

√
N/2

−α
√
N/2 koλL − ρ1kσ

]

is positive definite. This condition holds for






koλL − ρ1 > 0 ⇔ kσ <
koλL

2N2

kq >
Nα2

4(koλL − ρ1)
,

(64)



whose a solution in the unknownko, kq andkσ always exists.

Moreover, in virtue of Theorem 4.2,
∥
∥
∥ζ̃

⋆
∥
∥
∥ reaches the origin

in finite time Ts; then, ˙̃qσ and x̃⋆ exponentially converges to
the origin.

Concerningσd −σ, by multiplying both members of (62)
by Jσ and by considering thatuf = 0Np, it holds

γ − Jσẋ = (σ̇d − σ̇) + kd(σd − σ) = Jσξ( ˙̃qσ,x̃
⋆,ζ̃). (65)

Based on the previous stability result, the above equation
represents an asymptotically stable system (in the state vari-
able σd − σ) with vanishing inputJσξ( ˙̃qσ, x̃

⋆, ζ̃). Thus,
σd − σ = 0m represents a globally asymptotically stable
equilibrium [34]. This completes the proof.

C. Interaction control-Proof of Theorem 6.1

In this case, the Lyapunov function in (51) is modified as

V =

N∑

i=1

Vq̃σ,i
+

N∑

i=1

Vhi
+ Vx̃, (66)

whereVhi
is the term accounting for force error and is chosen

as

Vhi
=

1

2kf
uT
f,iuf,i.

Based on the choice ofuf,i in (41) and of∆τ i in (43) and
on (58), it is

V̇ ≤ −





∥

∥ ˙̃qσ

∥

∥

‖x̃⋆‖





T



λ1 −α
√
N/2

−α
√
N/2 (koλL − ρ1kσ)









∥

∥ ˙̃qσ

∥

∥

‖x̃⋆‖





+ρ1

∥

∥

∥
J

†
σ

∥

∥

∥
‖x̃⋆‖

∥

∥

∥
ζ̃
⋆
∥

∥

∥
+
√
N ‖x̃⋆‖‖uf‖

+
N
∑

i=1

˙̃qT

σ,i(J
T

i hi−∆τ i) +
N
∑

i=1

u
T

f,ih̃int,i

= −





∥

∥ ˙̃qσ

∥

∥

‖x̃⋆‖





T



λ1 −α
√
N/2

−α
√
N/2 (koλL − ρ1kσ)









∥

∥ ˙̃qσ

∥

∥

‖x̃⋆‖



 (67)

+ρ1

∥

∥

∥
J

†
σ

∥

∥

∥
‖x̃⋆‖

∥

∥

∥
ζ̃
⋆
∥

∥

∥
+
√
N ‖x̃⋆‖‖uf‖

−
N
∑

i=1

˙̃qT

σ,iJ
T

i

(

Γ i(G
†
Gihi+G

†
θi)−hi+h

d
int,i+kfuf,i

)

−
N
∑

i=1

κi(t) ˙̃q
T

σ,i
˙̃qσ,i +

N
∑

i=1

u
T

f,ih̃int,i.

SinceJ i
˙̃qσ,i = (Γ iJ

†
σ
iγ̂ − ẋi +uf,i), and in virtue of (40),

(67) becomes

V̇ ≤−





∥
∥ ˙̃qσ

∥
∥

‖x̃⋆‖





T



λ1 −α
√
N/2

−α
√
N/2 (koλL − ρ1kσ)









∥
∥ ˙̃qσ

∥
∥

‖x̃⋆‖





+ρ1

∥
∥
∥J

†
σ

∥
∥
∥ ‖x̃⋆‖

∥
∥
∥ζ̃

⋆
∥
∥
∥+

√
N ‖x̃⋆‖ ‖uf‖ (68)

+

N∑

i=1

(Γ iJ
†
σ
iγ̂ − ẋi + uf,i)

T
(

−h̃int,i−kfuf,i

)

−
N∑

i=1

κi(t)
∥
∥ ˙̃qσ,i

∥
∥
2
+

N∑

i=1

uT
f,ih̃int,i

= −





∥
∥ ˙̃qσ

∥
∥

‖x̃⋆‖





T



λ1 −α
√
N/2

−α
√
N/2 (koλL − ρ1kσ)









∥
∥ ˙̃qσ

∥
∥

‖x̃⋆‖





+ρ1

∥
∥
∥J

†
σ

∥
∥
∥ ‖x̃⋆‖

∥
∥
∥ζ̃

⋆
∥
∥
∥+

√
N ‖x̃⋆‖‖uf‖

+

N∑

i=1

(Γ iJ
†
σ
iγ̂ − ẋi)

T
(

−h̃int,i − kfuf,i

)

−
N∑

i=1

κi(t)
∥
∥ ˙̃qσ,i

∥
∥
2 −

N∑

i=1

kf ‖uf,i‖2

≤ −





∥
∥ ˙̃qσ

∥
∥

‖x̃⋆‖





T



λ1 −α
√
N/2

−α
√
N/2 (koλL − ρ1kσ)









∥
∥ ˙̃qσ

∥
∥

‖x̃⋆‖





+ρ1

∥
∥
∥J

†
σ

∥
∥
∥ ‖x̃⋆‖

∥
∥
∥ζ̃

⋆
∥
∥
∥+

√
N ‖x̃⋆‖‖uf‖

+

N∑

i=1

∥
∥
∥Γ iJ

†
σ
iγ̂ − ẋi

∥
∥
∥

∥
∥
∥h̃int,i + kfuf,i

∥
∥
∥

−
N∑

i=1

κi(t)
∥
∥ ˙̃qσ,i

∥
∥
2 −

N∑

i=1

kf ‖uf,i‖2

= −








∥
∥ ˙̃qσ

∥
∥

‖x̃⋆‖

‖uf‖








T








λ1 −α
√
N/2 0

−α
√
N/2 (koλL − ρ1kσ) −

√
N/2

0 −
√
N/2 kf
















∥
∥ ˙̃qσ

∥
∥

‖x̃⋆‖

‖uf‖








−
N∑

i=1

κi(t)
∥
∥ ˙̃qσ,i

∥
∥
2
+

N∑

i=1

∥
∥
∥Γ iJ

†
σ
iγ̂ − ẋi

∥
∥
∥

∥
∥
∥h̃int,i + kfuf,i

∥
∥
∥

+ρ1

∥
∥
∥J

†
σ

∥
∥
∥ ‖x̃⋆‖

∥
∥
∥ζ̃

⋆
∥
∥
∥ .

By applying Sylvester’s criterion, the matrix appearing inthe
right-hand side of the (68) is positive definite when







koλL − ρ1 > 0 ⇔ kσ <
koλL

2N2

kq >
Nα2

4(koλL − ρ1)

kf >
λ1

4 (λ1(koλL − ρ1kσ)−Nα2/4)
,

(69)

whose a solution in the unknownko, kq, kσ and kf always
exists. Moreover, by locally choosing

κi(t) >

∥
∥
∥Γ iJ

†
σ
iγ̂ − ẋi

∥
∥
∥

∥
∥
∥h̃int,i + kfuf,i

∥
∥
∥

∥
∥ ˙̃qσ,i

∥
∥
2

and by considering that
∥
∥
∥ζ̃

⋆
∥
∥
∥ reaches the origin in finite time,

thenV̇ becomes semi-negative definite afterTs which, in turn,
implies thatV is bouded. By leveraging the boundedness of
V and, then, of˙̃qσ,i, π̃i, uf,i, andx̃⋆ it can be easily shown
the V̈ is bounded as well. Then, in virtue of Barbalat’s lemma
V̇ is uniformly continuous anḋV converges to0, as well as
˙̃qσ, x̃

⋆ anduf = kf
∫ t

t0
h̃intdτ (and h̃int).



Concerningσd −σ, by multiplying both members of (62) by
Jσ as made before, it holds

γ −Jσẋ−Jσuf = (σ̇d − σ̇) + kd(σd −σ)=Jσξ( ˙̃qσ,x̃
⋆,ζ̃).
(70)

In the caseJσuf = 0m, based on the previous stability
result, the above equation represents an asymptotically sta-
ble system (in the state variableσd − σ) with vanishing
inputJσξ( ˙̃qσ, x̃

⋆, ζ̃) for which the same considerations made
for (65) hold. This completes the proof.
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