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ABSTRACT

This paper deals with the kinematic and curvature analysis
of the McPherson eight-bar suspension system that is developed
by referring to a suitable planar car model, where both front
wheels are supposed as rotating about their fixed revolute joints.
In particular, the position analysis of the eight-bar mechanism,
with an internal six-bar loop, is formulated to analyze the chassis
roll motion by devoting particular attention to the roll center and
its fixed and moving centrodes. Consequently, the curvature
analysis is also carried out by using the Euler-Savary equation
and the inflection circle, in order to determine the center of
curvature of the mass center trajectory for the chassis roll
motion. Finally, the proposed formulation has been implemented
in a Matlab program and several examples allowed its validation
in different mechanism configurations.

Keywords: Kinematics, linkages, McPherson suspension,
roll-center, centrodes.

1. INTRODUCTION

The dynamic behavior of the vehicle is generally very
difficult to model as it depends on many factors, including the
design of the suspension system. The most popular suspension
systems for commercial vehicles are certainly the double
wishbone, the Multilink and the McPherson [1]. One of the main
differences between these is that, compared to the first two, the
McPherson suspension can absorb longitudinal and lateral forces
and replaces the upper suspension link [2].

Over the years, designers have paid particular attention to
the design of the suspension system as it can allow to obtain an
increase in the performance [3], especially by carrying out an
accurate kinematic synthesis of the system itself [4]. Since these
systems are typically linkages, the first step is that of number
synthesis [5], by which, it is possible to define the geometry of
the mechanism that can allow to obtain not only maximum
performance, but also the optimization of important parameters

such as controllability and stability [6]. Optimizing the
parameters that govern the suspension system can also affect the
steering of the vehicle, as described in [7]. Typically, the design
of the most common suspension systems is carried out with
reference to simplified planar kinematic models, although there
are also scientific works that present a modeling in three-
dimensional space, as reported in [8].

One of the most important parameters influencing vehicle
dynamics is the roll center, which is also defined by the geometry
of the suspension system [9]. The roll center and instantaneous
centers of rotation are in general key concepts both in the
analysis and synthesis of the suspension systems [10]. There are
various definitions of the roll center of the suspension system [1],
but anyway it is a fundamental tool for the dynamic analysis of
the vehicle and for the characterization of its lateral motion [12-
15]. The roll center is a fundamental concept for understanding
the kinematics of the vehicle, but in order to have a broader view
of the behavior of the system, the designer can make use of
different tools, such as the centrodes, which capture the exact law
of motion of the system itself. A first result of the centrodes of a
wishbone suspension system is reported in [16]. The use of
geometric loci, such as centrodes [17-18] or the Bresse’s circles
[19], in the field of the mechanisms design is fundamental to
understand the kinematic properties of mechanical systems. The
determination of the centrodes of a single-track model in plane
motion is given in [20].

Another tool that can allow the designer to obtain useful
information during the kinematic synthesis step is the curvature
analysis, as reported in [21]. All these examples given so far refer
to simplified planar models, but there are examples of
application of the same theories extended to the three-
dimensional case, both in the case of the analysis of suspension
systems [22] and in the case of transmission systems [23].

This paper deals with the kinematic and curvature analysis
of the McPherson eight-bar suspension system that is developed
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by referring to a suitable planar car model. In particular, the
position analysis is formulated to analyze the chassis roll motion
and devoting particular attention to the roll center and its
centrodes. Consequently, the curvature analysis is also carried
out, in order to determine the center of curvature of the mass
center trajectory. Finally, the proposed formulation has been
implemented in a Matlab program and several examples allowed
its validation in different mechanism configurations.

2. PLANAR CAR MODEL

Referring to Fig. 1, a suitable planar car model is assumed
as composed by eight rigid bodies, where the fixed frame 1 is
represented by the transversal and straight road profile to which
both front wheels 2 and 5 are supposed to be joined in Ag and Dy.
Moreover, the quaternary link BCEF (chassis 8) is connected to
both wheels 2 and 5 by means of the corresponding McPherson
independent suspension systems, which are composed by the
oscillating arms 3 and 6 that are joined respectively, to C and F
of 8 and to 4 and D of wheels 2 and 5. The left and right car
shock absorbers take the kinematic form of the prismatic joints
2/4 and 5/7, which corresponding piston rods 4 and 7 are joined
to 8 at points B and F, respectively. Assuming a rigid connection
of wheels 2 and 5 to the ground 1 by means of the revolute joints
Ao and Dy, the planar car model takes the form of an eight-bar
mechanism with one d.o.f. that is composed by a quaternary link
(chassis 8), two ternary links (wheels 2 and 5), four binary links
(oscillating arms 3 and 6, along with the piston rods 4 and 7) and
the fixed frame 1. Under a kinematic point of view, the chassis
8, as one of the five coupler links of the eight-bar mechanism,
represents a quaternary coupler link and thus, it performs a
general rigid body planar motion, by which the roll center is the
instant center of rotation (IC) of 8.

The ICs are of great interest for analyzing the kinematic
properties and performance of the eight-bar mechanism that is
derived by the assumed car model.

1%"’10
FIGURE 1: PLANAR CAR MODEL
Thus, referring to Fig. 2 and applying the Aronhold-

Kennedy theorem [24], the total number nic of ICs can be
determined by using the following equation

where n is the number of links. Thus, for n = 8, one has n,c = 28.

In particular, P, and Ps are the ICs of the wheels 2 and 5, P23
and P24 those between link 2/3 and 2/4, P3g and P4g those between
links 3/8 and 4/8, Ps¢ and Ps; those between links 5/6 and 5/7,
Pes and Prg those between 6/8 and 7/8.

Thus, applying the Aronhold-Kennedy theorem, Py is the
intersecting point between both lines P24 - P4g and Pos - P3g, while
Pss is obtained as intersecting point between the lines Pas - Pag
and P23 - Psg. Finally, the roll center Pg is found as the
intersecting point between the lines P, - P2s and Ps — Pss.

This point is fundamental to analyze the chassis motion in the
transversal vertical plane of the car and to determine both fixed
and moving centrodes, as basis for the next curvature analysis.

FIGURE 2: ALL ICs AND THE CORRESPONDING AK LINES
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3. ROLL MOTION ANALYSIS
Referring to Fig.3, the position analysis is developed by the
following three loop-closure equations

Fopa T+, + g ¥ =0+, + 1 @
Moot +lg +1g =1+, (2)
M40 =+l ©))

Consequently, the position vectors ra, rs, rc, o, I'e, I'r, Fg,
ru, and rgg, of points A, B, C, D, E, F, G, H and Gg are given by

=h, T =0+l Ty=r+l, I;=r+, 4
=l F=l+h =l +h T =Iy+0 (5)
1 1( 2r, +r.
leg =Fg +=Tp, +=| —2—2 |h 6)
2 3\ G+l

Thus, each vector rifori=1, ..., 7 can be expressed in matrix
form with respect to the fixed frame OXY as

r.=r[cosg sing 1]’ (6)

where r; and @ ; are the magnitude and the counterclockwise
angle of vector r; respectively, while T indicates the transpose,
while rg, and rsn can be expressed as
. T
=1, [ cos(6,+6,) sin(6,+6,) 1] )
Foa = [ COSO, sing, 1] ®)

I, — I
where 6, =cos™ (832—8*’j .
8

rC

Developing Eq. (1) — (3) one has

r,4C086, — (1, +1,)c0s( B, — 0, ) + 1,086, — (v, =, )

coS (6 + B, ) =1, +r,C086;

. 9)
r,,Sin6, +(r, +1,)sin (8, —6,)+ry,sing, ( r7)-
sin (6, + 3, ) = rgpsing
,,C080, +1,C0S6), + I, COSH, +I,C0SG, = I, + 1, COSH,
. . . . . 10
I,,8IN8, +1,8inG, + 1y 8iNG, +r8iNG; = r,,5inG, (10)
(r,+1,)cos (3, —6,) = r,cos6, +1,,c05(6, +6, )
11)
~(r,+1,)sin(B,—6,) =r,sind, + r,sin (6, + ;)

Equations (9 — 11) represent a non-linear system, where r;,
&, [o are given, while the oriented angles &, &, 6 and 6 are
the unknowns along with the link lengths rs and r7.

FIGURE 3: VECTOR LOOPS OF THE 8-BAR MECHANISM

This non-linear system has been solved by using the fsolve
function of Matlab, which can give the solution without
iterations. In particular, the fsolve function is able to find all the
independent variables, such as those for which all the functions
are zero or near zero. Thus, the choice of the initial configuration
of the mechanism is important in order to obtain a meaningful
result.

4. ROLL CENTER AND CENTRODES

In general, the relative planar motion between two rigid
bodies can be reproduced by the pure rolling of two curves that
take the role of centrodes, which are traced by the instantaneous
center of rotation on their corresponding planes. If one of the two
rigid bodies is fixed, a pair of fixed and moving centrodes can be
obtained.

In particular, referring to Fig.4, the fixed centrode A is the
path traced by the instantaneous center of rotation Pg of the body
8 with respect the fixed frame OXY, while the moving centrode |
is the path traced by Pg with respect the moving frame OgXsys
that is attached to link 8.

According to the Aronhold-Kennedy theorem, the fixed
centrode A of the body can be expressed by

Xpog (XDoypsa - XpssYDo)
Ypog (XDO ~Xpsg ) ~Xpos (yoo - yPSB)
Yeas (XDO Ypse ~ Xpss yDO)

ypzs (XDO + XP58 ) - szs (yoo - ypss)
1

(12)

where Xp2g and ypag can be found as the intersection of lines P4 -
Pag and P23 - P3g, one has

(XA_XC)(yé+XZ XaXg ) |:yA yB+yC cyA Ya— ZYB

Yoye]-
(Yo =Ya)(ya=e )+ (s = )(X -x)
I-

Fozs = (yA_yC)(yé+XB _yAyB)_yA[ Xg +Xc )~ XgX¢ yCXA X _2X (13)

(Vo= ya)(ya=ve)+(x- X)(XA

1

c)
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while Xpsg and ypsg can be found on the intersection of lines P4 -
Pag and Pos - Pgs, as

(0 =% )(¥2 432 =XoXe )Xo Vo (Ve + Ve )~ VeVe |- XeVo (Vo -2V
(yE_yD)(yD yF) ( )( XF)
Toss = (YD’YF)(yz:+X yDyE) YD[ X X XEXF:I yFXD(XD’ZXE) (14)

(ve=o)lvo- VF) (xe =% )(x0 =)

The moving centrode | takes the form

S B A T
I, = [PBC COS(Gpge —6;) PR,CSIN(Gpge —6;) 1} (15)

where
== 2 2
Pscz\/(xps_xc) ""(YPs_yc) (16)
Oy =tan™ [ Yeo Ve ] (17)
Xpg =X

In order to express the moving centrode | of the quaternary
link 8 with respect to OXY, the position vector ., of a generic
point P with respect to the moving frame 2 x;y; is given by

r,=r[cosg sing 1" (18)
and thus, the position vector rp; of P in OXY is given by

Mo =T, 1, (19)

Vs 4

being Ts the following transformation matrix by the moving
frame Oix;y; to OXY

cosf, —sind, X
T,=|sing, cosb, Y (20)
0 0 1

where & is the counterclockwise rotation angle of O; x;yi with
respect to OXY, while Xoi and yo; are the Cartesian coordinates of
the origin O; in the same fixed frame.

The coordinates (Xox, yox.) of a point of the osculating circle
for the fixed centrode A can be found as the intersection of the
following two straight lines

Y=Ym = _%(X_Xm)

(1)
y_yMZ:_i(X_XMZ)
m,
Thus, one has
_(XMlmZ_XMZml)+mlm2(yM1_XM2)
m, —m,
fo; = Xz~ Xmz T YmaM = XM, (22)
m, —m,
L 1 .
where
(i-) (i) (i+1) (i)
_Yes  —VYes _ Xpg "~ Xpg
M= T, M=y @, o 23)
P8 P8 P8 P8

FIGURE 4: FIXED A AND MOVING | CENTRODES
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_ "ps P8 _Yes tVYps
Xu1 = 5 v YT 5
(i+1) (i) (i+1) (i) (24)
_ Xpg  tXpg _Yes Ve
Xpz = 2 v Yme T 2

The curvature radius r, of the fixed centrode A can be
determined as follows

r/l=\/(X01_XM1)2+<y01_yM1)2 (25)

The same approach can be also applied to achieve the
curvature radii of the moving centrode | and the trajectory of the
mass center Gg, respectively.

Thus, the diameter A of the inflection circle I can be
determined by taking into what follows

1 1 1 rn
——==- A= (26)
Ao r=h
Consequently, the equation of I takes the form
2 2 A ?
(x=%o5) +(¥~Yor) :[5] @7

where the Cartesian coordinates X,, and Y, of the center are
expressed as function of the angle 9 by

Xor =xps—%cosg, Yor =xps—%sinl9 (28)

9= tant Yoo —Yor (29)

Xpg — X0,

Finally, the center of curvature €., of the path traced by the

mass center Gg of the chassis, can be obtained from the Euler-
Savary equation, as follows

(30)

where G'yis the corresponding point of Gg that lies on the
inflection circle.

5. GRAPHICAL AND NUMERICAL RESULTS

The proposed formulation has been implemented in Matlab
and validated by means of significant examples.

In particular, Fig. 7 shows the eight-bar mechanism of the
planar car model of Fig. 1 for &, =58.3°, a» = 1 /s, r1 = 1500 u,
r=rs=200u, ra=rsp=250u, r3=rg =300 u, r=rs= 100 u,

rsa = 1200 u, rgp = 650 U, rgc = 550u, Bo = 150°, where u is the
unit length, while Fig. 8 and 9 show other similar examples for
02=60°and 02 = 56°, respectively.

In particular, Fig. 7 shows a mechanism configuration that is
close to the symmetric one, where the fixed axis of symmetry
coincides with that of the chassis 8. The main ICs that are strictly
necessary to determine the position of the roll center Pg are
calculated and graphically represented, along with the
corresponding alignments.

Moreover, both fixed and moving centrodes of the quaternary
link (chassis 8) are also calculated and represented as a set of
points, since traced by the roll center Pg with respect to the fixed
frame that is attached to the ground 1 and to the moving frame
that is attached to the chassis 8.

Consequently, the pure rolling motion of the moving
centrode I on the fixed centrode A can be simulated by means of
the proposed formulation, along with the eight-bar mechanism
motion, which is evident by observing also the Figs. 8 and 9. In
particular, Fig. 8 shows a rotated configuration, where the roll
center Pg is located on the right side, while Fig. 9 shows a
mechanism configuration, which corresponding position of Pg is
on the left side of the fixed centrode.

In addition, the proposed curvature analysis that has been
developed with the aid of the analytical geometry and thus,
implemented in the same algorithm, allows the determination of
the inflection circle for the coupler motion of the chassis 8 with
respect to the ground 1 in any mechanism configuration. In fact,
it is just the case to remind that this eight-bar mechanism shows
five coupler links and for each of them, a pair of centrodes along
with a proper inflection circle could be traced and analyzed.

The contribution of this paper is addressed to analyze the
chassis rigid body motion, because this is the most relevant rigid
body with respect to the others in terms of mass and inertia
moment, for the dynamic analysis of the whole car motion. This
is why, we are more interested in the chassis motion.

The inflection circle of the chassis 8 is not of easy
determination, because the eight-bar mechanism of the car model
shows a six-bar internal loop and consequently, the common
application of the Euler-Savary equation, the Hartmann
construction and the Bobillier theorem, are not sufficient.

This paper proposes a novel numerical method to determine
the inflection circle of 8 by the centrodes, which are obtained by
the roll center Ps, as described above. Then particular attention
has been devoted to the mass center Gg, because this is the
application point of the inertia forces.

Thus, the center and the radius of curvature of the mass center
trajectory have been determined with the aid of the inflection
circle and by using a direct numerical approach by means of the
osculating circle at the mass center trajectory.

In particular, both centrodes have been obtained as a set of
points, by which the corresponding osculating circles cannot be
determined by using the differential geometry and this is why, a
numerical approach has been applied by considering a circle
passing through three consecutive points that are centered at the
roll center Pg in agreement with the procedure that is given by
the Egs. (21-25). According to the Euler-Savary equation (26),
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the radius of the inflection circle I can be determined and
consequently, the radius of curvature rgg = Q,G, of the mass

center Gg is given by Eq. (30). This result is compared with that
obtained by applying the same numerical approach, because Gg
traces a trajectory as set of points.

These numerical results have been compared between them
at the symmetric configuration by giving the radii of curvature

res = 14.5108 u and rgg = 14.3528 u, which are almost identical
between them, because of the optimal approximation that is
given by the proposed method.

Finally, another fundamental aspect is that related to the
stability analysis of the chassis motion, which is unstable
because the current dynamic behavior of the Gg mass center is
that of an inverse pendulum.
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FIGURE 7: 8-BAR MECHANISM FOR 62 =58.3°
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FIGURE 9: 8-BAR MECHANISM FOR 62 = 56°
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6. CONCLUSIONS

The kinematic and the curvature analysis of the McPherson
eight-bar suspension system is developed by referring to a
suitable planar car model, where both front wheels are supposed
as rotating about their fixed revolute joints. The position analysis
of the eight-bar mechanism, with an internal six-bar loop, has
been formulated with the aim to analyze the chassis roll motion
by devoting particular attention to the roll center and to its fixed
and moving centrodes, which are then used for the curvature
analysis. In particular, this paper has been addressed to analyze
the chassis rigid body motion, because this is the most important
rigid body with respect to the others for the dynamic analysis of
the whole car motion in terms of mass and inertia moment.

The proposed formulation has been implemented in a
Matlab program and several examples allowed its validation in
different mechanism configurations.
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