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ARTICLE INFO ABSTRACT
Keywords: This paper is focused on higher-order planar kinematics and deals with the kinematic properties
Higher-order planar kinematics of the n™-order poles and Bresse circles intersections for a crank-driven rigid body, which belongs
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n-order poles and Bresse circles
Four-bar kinematic chain
Higher-order path curvature analysis

to a four-bar kinematic chain in the form of a four-bar, a slider-crank or a swinging-block
mechanism. In particular, specific kinematic properties of n-order Bresse circles are presented
and proven for the first time in the form of three novel theorems, by means of the proposed
formulation, which has been validated by significant graphical and numerical results for several
crank-driven four-bar mechanisms in different configurations.

1. Introduction

The kinematic analysis of planar mechanisms can be developed by means of both graphical and analytical methods, as widely
described in several text books [1-4]. Currently, the traditional graphical methods are applied by using two-dimensional CAD systems
or solid modeling systems, while the analytical methods can be found in commercially available programs or specific user-written
computer programs in a high-level language can be created.

The kinematic analysis is usually developed up to the accelerations, but there are many practical applications where it is necessary
to increase the order of the time-derivative of the position vector of a generic particle or rigid body point. In particular, the jerk is quite
common for the kinematic synthesis and analysis of indexing mechanisms with cams or Geneva wheels, because the cam profile and
the curved slots are very sensitive to the assigned motion program, which gives the maximum jerk values, as discussed in [5].

Other examples regard the kinematic performance of long-dwell mechanisms, which are designed by applying the dead-point
superposition method and thus obtaining dead-points with zero jerk or jounce, as reported in [6]. Consequently, the dynamical
performance of a mechanical system depends by the inertia forces, which are related to the accelerations, while the shock-loading
problems are jerk dependent and sometime, even the jounce or the displacement fourth time-derivative is convenient to be consid-
ered, in order to obtain a smooth motion, without impulsive dynamic loads.

Moreover, these kinematic and dynamic properties are also strictly related to the differential geometry and curvature theory,
because the successive time-derivatives of a particle position vector, give in sequence, the velocity, acceleration, jerk, jounce, etc.
vectors, which can be also decomposed in their components on the local and moving Frenet-Serret frame, as analyzed in [7-9] for the
Euclidean 3-space. In fact, these components have more physical meaning since depending by both variations of the magnitude and
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orientation of each kinematic vector. These properties were extended by the particle to the planar or spatial rigid body motion with the
aid of the screw-theory in terms of twist and wrench, as proposed in [10-12].

The motion program is usually assigned in the form of the acceleration diagram, which can be constant, simple harmonic, cycloidal
or polynomial, but focusing on the displacement higher-order time-derivatives, as the jerk and jounce, other more suitable motion
programs can be defined, as reported in [13], where the case of the elliptic jerk diagram was considered to derive those of the ac-
celeration, velocity and displacement by successive integration. According to this approach, another application can be found in [14],
where it was observed that the vibration of CNC machines decreases significantly for motions under confined jounce than those under
confined acceleration and jerk, and in [15], where the importance of jerk analysis was investigated for the case of structural dynamics.
A novel application regarding the analysis of the angular head jerk in augmented and virtual reality is also reported in [16].

In particular, the kinematic analysis of planar mechanisms that makes use of Bresse’s circles is less common, especially when they
are computed and plotted by making use of the computer, even if, they provide a better physical understanding of the motion, along
with its velocity and acceleration vector fields, as first proposed in [17]. In fact, these geometric loci intersect each other at both centers
or poles of the instantaneous rotation and acceleration, which are also the centers of two corresponding vector fields, as widely
analyzed in [18-23]. More recently, some properties of higher order instant centers and a new graphical technique for the acceleration
analysis of four-bar mechanisms were reported in [24] and [25]. An extension of this approach to the endless tendon driven mech-
anisms was proposed in [26], while the application to the spherical case, can be found in [27,28] and other dealing with the geometric
loci, in terms of inflection circle and centrodes, are reported in [29-31]. The synthesis of quasi-constant transmission ratio planar
linkages was proposed in [32].

A first formulation based on the instantaneous geometric invariants was proposed in [33] to obtain the first and second order
centrodes of eccentric slider-crank mechanisms. The Bresse circles were also included in the proposed algorithm, in order to validate
the right positions of both instantaneous center of rotation and acceleration pole of the coupler link. Moreover, a pure geometrical
approach was applied to centered slider-crank mechanisms in [34] by using the Euler-Savary equation and the Bresse and jerk circles
were obtained.

This paper is focused on higher-order planar kinematics and deals with the kinematic properties of the n'-order poles and Bresse
circles intersections for a crank-driven rigid body, which belongs to a four-bar kinematic chain in the form of a four-bar, a slider-crank
or a swinging block mechanism and thus, the previous algorithm was reformulated and extended.

In particular, the classic Bresse circles are the loci of points with zero tangential and normal acceleration, respectively. The
following properties are observed:

o the circles intersect’ at velocity and acceleration poles P; and Py;
o the tangents to the circles at intersection points are perpendicular.

Since the classic Bresse cicles represent the field of acceleration in a planar motion, herein it is proposed to denote them as 2nd-
order Bresse circles. For the 3rd-order kinematic analysis one can introduce the jerk circles, as reported in [2,3,34], i.e. the loci of
moving points with zero tangential and normal jerk.

For these loci circles, the following properties are observed:

o the circles intersect” at velocity and jerk poles P; and Ps;
o the tangents to the circles at intersection points are perpendicular.

Due to the striking similarity of properties shared with classic Bresse circles, the jerk circles are herein named 3" order Bresse
circles.

Since the pattern is maintained also for n'"-order kinematic analysis, with the term n™-order Bresse circles are herein denoted the
loci of moving points with zero normal and tangential n'-order kinematic characteristics. Consequently, the terminology 4™ order
Bresse circles denotes the loci of moving points with zero tangential and normal jounce.

This paper is organized by analyzing in sequence, the n-order poles and Bresse circles, along with their applications to a four-bar,
an offset slider-crank and a swinging block mechanism, respectively. Consequently, specific kinematic properties of n'-order Bresse
circles are presented and proven for the first time in the form of three novel theorems, by means of the proposed formulation, which has
been validated by significant graphical and numerical results for several crank-driven four-bar mechanisms in different configurations.
Moreover, the proposed algorithm allows to analyze the kinematic performance of different crank-driven four-bar mechanisms, the
dwell configurations included, which are useful to design long-dwell mechanisms by using the dead-points superposition method, as
first proposed in [6].

2. N order poles: crank-driven rigid body
A generic crank-driven rigid body in planar motion is considered by referring to the sketch of Fig. 1, where the driving crank ApA

trasmists the motion to the point A, in terms of angular position 6, velocity w9, acceleration ay and jerk o, while the corresponding

1 We observe that the velocity pole P; does not belong to the zero normal acceleration or inflection circle.
2 We observe that the velocity pole P; does not belong to the zero-normal jerk circle.
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Fig. 1. Crank-driven rigid body in planar motion.

angular rotation 63, velocity ws, acceleration ag and jerk f3 of the coupler plane, are supposed to be assigned.
Consequently, the position OB, velocity v, acceleration ag and jerk Jp vectors of point B of the coupler-link AB that sketches the

coupler plane, can be determined, as follows

OB =1, + AB @
vy =T, +®; X AB (2)
ap =1, + 03 X AB+ @; X (03 X AB) 3)
Js =1, — @3(@; x AB) — 30;03 - AB + &3 x AB (C)
where, correspondingly, for the point A and in Cartesian form with respect to the fixed frame Oxy, one have these expressions
r; = (r,c0860,)i + (r2sind,)j (5)
V4 =1y = —(pr28ind, )i + (w,r2c0860,)j 6)
ay =1, = ( - a)%rzcosez — azrzsinﬁz)i + ( - wirzsinﬁz + azrzcosﬁz)j )
Ji =Ty = (= 3waayracost, — (ay — @3) rasindy )i+ (— 30202725100, + (22 — @3) r2c080,) (8)

where r; is the position vector of A and its first, second and third time derivatives are the velocity va, acceleration a, and jerk Ja

vectors, respectively.

In particular, the position vectors p;, p2 and ps of the velocity, acceleration and jerk poles P;, P, and P3 with zero -velocity,
-acceleration and -jerk, respectively, can be determined by using the corresponding Rivals theorems, as follows

Vpi :pl :f'2+ﬁ)3XAP1

ap2:ﬁ2:f2+(13 XAP2+(D3>< (0)3 ><AP2)

Jps = P3 = F2 — 03(03 x AP;) — 30303 - AP; + &3 X APy

by which, the following position vectors in Cartesian form, are obtained

7:2\" . ’:2): .
P = (7;4’7'2))14’ (*4‘7’2\,)]
w3 w3 )

©)]
(10)

(11)

12)
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Fig. 2. Crank-driven four-bar linkage.

.. 9s
A3y + W31y

.. 5 5.
Ty " W3 Q3P + w3ryy
o + a3

13
a; a3 wi+03 (13)

P = | rx— i+ |y +

3a)3a3£ + (@3 = By) Fay
P;= |1+ i+ | n
(Gosas)’ + (03 — B;)°

Fay 3030572 + (03 — B3) 7oy (03 — )

, + 14
O N R () R O

as function of the angular velocity w3, acceleration a3 and jerk f3 of the coupler plane and the Cartesian components ra, and ray, along
with their first, second and third time derivatives.

The velocity and acceleration poles are usually known in planar kinematics, as the instantaneous center of rotation (ICR) and the
accelerations center, but the word pole is here preferred, because we are dealing with the kinematic properties of higher-order.

In general, this approach is valid for determining the position vector of the n™-order poles, since the Rivals theorem for the coupler
plane is still valid for the higher-order kinematics.

3. N'%-order Bresse circles: crank-driven rigid body

Bresse circles consist of the well-known inflection and stationarity circles, which intersect at the instantaneous center of rotation
(ICR) or velocity pole P;, and at the acceleration center P, or acceleration pole. Conversely, jerk circles correspond to the geometric
loci, which coupler points have zero-normal and zero-tangential acceleration, respectively. Jerk circles still intersect at the velocity
pole and also at a third point, which is named jerk pole Ps.

In particular, the inflection circle. 7 is the geometric locus of the coupler points, which show an inflection point in their paths and is
always tangent to both centrodes at velocity pole P;. Thus, referring to Fig. 1 and considering a generic point M of the coupler plane,
the equation of inflection circle . can be conveniently obtained by imposing the following condition

vy X ay =0 (15)

which espresses the cross product of vectors vy; and ay of point M, when it coincides with an inflection point of the coupler plane. Thus,
developing and using the Rivals theorem, one has

(f2+(D3 XAM)X l:2+(x3 XAM+0)3><((D3 XAM) =0 (16)
which gives the following algebraic equation
X +y +Ax+By+C =0 a7

where, the coefficients A;, B; and C; are given by
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e (@3wr — 203 + Wiws) + ray(w302 — W203)

A = > (18)
w3
g, — (= 0+ 0am) + el (@302 — 203 + w305) 19)
w3
c rac(@z — w3) [roe (@3 — 03) + ray (@2 + @3)] — 1oy (02 — 3) [rac(@2 + @3) — 12y (03 — 03)] (20
=

3
w3

The stationarity circle . or second Bresse circle is the geometric locus of the coupler points that have a pure normal acceleration,
which equation can be conveniently obtained as

Vy-ay =0 21

which espresses the dot product of vectors vy and ay; of point M, when it coincides with a point of the coupler plane with zero-
tangential acceleration.
Thus, developing and using the Rivals theorem, one has

(F, + ®; x AM) - i‘2+(x3><AM+m3><(o)3><AM)]:O (22)

which gives the following algebraic equation
¥+ +Asx+Bsy+Cs =0 (23)
where, the coefficients Ag, Bs and Cs are given by

Po(02053 + W30 — 20303) + 1oy (0,02 — W20
AS:z(zs 30 303) + 12y (@203 D) 24)
W33

Fox( — @02 + @2w3) + 1oy (wr03 + 30, — 203
BS:z( 203 + wiws) w2(23 30 303) @25)
303

Ce— er(wZ — a)3)[r2X(a2 — 03) — Iy ((U% — a)g)} + rz}.(wz — 0)3) [7‘2,. (a)% — Cog) + 7'2}-((12 — (13)] (26)
=
w303

The zero-normal jerk circle / , is the geometric locus of the coupler points with the normal component of the jerk vector equal to
zero, which means that the velocity and jerk vectors are parallel between them, by which, one has

Vu xJu=0 27)

which espresses the cross product of vectors vy, and Jy, of point M, when it coincides with a point of the coupler plane with zero-normal
jerk.
Thus, developing and using the Rivals theorem, one has

(2 + ®; x AM) x [i-'z — @2(@3 X AM) — 305 - AM + B, x AM| =0 (28)
which gives the following algebraic equation
4y +Ax+Byy+Cp =0 (29)

where, the coefficients Ay, B;, and Cj,are given by

3 (02030 + 00305 — 203013) + oy [W303 + W38, — W35 + 0% — (—0F + B;) (02 — w3)]

Ay (30)
K 3wlas
B — ra[(—03 + B3) (02 — 03) — wiws — w3, + w385 — W3] + 32y (w2030 + Vw303 — 20303) 31)
I 3wlas
3, 3 3, 3
c - (@, — 3) [3r2x(a2w2 —a303) + Vz_v( -0, + w3+ p, _ﬁ3)} — 1y (0, —w;3) [rzv( — 0, + o3+ p, —ﬂs) + 31y, (0, — 053603)}
W 3wia;
(32)

The zero-tangential jerk circle / - is the locus of the coupler points with a tangential component of the jerk vector equal to zero,
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which means that the velocity and jerk vectors are orthogonal between them, by which, one has
Vu - Ju =0 (33)

which espresses the dot product of vectors vy and Jy of point M, when it coincides with a point of the coupler plane with zero-
tangential jerk.
Thus, developing and using the Rivals theorem, one has

(i-z + @ x AM) : ["r‘z — @2(®3 X AM) — 30305 - AM + f; x AM] =0 (34)
which gives the following algebraic equation

X +y +Apx+Buy+Cy =0 (35)
where, the coefficients A;,, By, and Cj, are given by

_ VZX[(/’)S - wg)(wz —w3) — w§w3 + w3, — w3f5 + w;‘}

Ao 3 (ﬁ3 - a);) ‘ 36)
‘ 3r2}.[ — W3 + w§a3 + wsas(wy — w3)}
X 3 (By — 3)
B, — 3ry [wrw300 + Wias + w303(w2 — 03)] }
T 0.~ ) .
iy [(Bs = @3) (02 — @3) — 0303 + @3, — 035 + @3]
| 03 (B; — w3)
C, = ra (W, — @3) [rh( — w% + wi + 5, _ﬂ';) + 3y (0, + a3(g3)} }
o3 (B; — o3) 38)
‘ oy (@, — 03) [3"n(az(uz —3w3) + Vz;v( -} + wi +p5, — /}3)}
| 03 (f; — w3)

Consequently, the acceleration pole P, is the intersection of the 1%-order Bresse circles, i.e. the inflection .” and stationary .7
circles, while the jerk pole Pj is the intersection of the 2"_order Bresse circles, i.e. the zero-normal 7, and zero-tangential / - jerk
circles, where the first intersection is located at the velocity pole P; for both pairs of Bresse circles. In general, these properties of the
Bresse circles are true for the n'M-order Bresse circles, since they intersect each other at the n' order pole, as in the case of the fourth and
fifth order by giving the jounce or snap and the crackle poles, respectively.

4. Higher-order acceleration and path curvature analysis

The field of accelerations and higher-order accelerations, such as jerk and jounce, is completely defined by means of the kinematic
analysis methods discussed in the previous sections and based on the n-order poles and nM-order Bresse circles.

The previous capability allows the development of a new method to compute the radius of curvature p, of the path trajectory
evolute, as well as the radius of curvature p,, of the path trajectory evolute of evolute. The usefulness of p, and p,. in many kinematic
design tasks and also dynamic analyses of centriphugal dampers is well established [3]. Thus, the kinematic analysis methods herein
discussed provide the basis of innovative tools. As it will be shown, once the kinematic state of a point has been characterized in terms
of its acceleration, jerk and jounce, the higher-order differential properties of a point path can be computed.

Pennestri and Cera presented in [3] different geometric methods for the computation of such differential properties, as well as a
discussion of their use in some meaningful engineering tasks. For the acceleration a of any point, it is well known that

a=3§T+-n (39

5;2
P
where: s is the point trajectory curvilinear abscissa; p is the point trajectory radius of curvature; 7 and nare the unit vectors tangent and
normal to the point trajectory, respectively; dots denote differentiation with respect to time.

From Eq. (39), one has

1 JaxT7]

I (40)

P

where v = s7 is the point velocity vector. This standard operation we will be herein extended for the analysis of higher-order path
curvature of any point on the plane.
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The time derivative of Eq. (39) yields the jerk vector j of a point as follows
s‘3>A < §§ 08 \.
i=(s—-—5])7+ 3———g)n (41)
( s b

dp

where

Pe 42)

is the radius of curvature of the point path evolute.
Hence, from equation Eq. (41), one has

§§ .o\ PP
=|3— xXT|| = 43
Pe ( S li I) 7 (43)
where the minus (plus) sign is adopted when the product vectors j x 7 and n x 7 have (do not have) the same orientation.
The time derivative of Eq. (41) yields the jounce vector J of a point as follows
2002 g o ¢ 2 2 2 4 2
J= {s_& Al p“}?-s— S 3 (58 55, S (1 _3”_;+/2) 5 (44)
P P p PP P
where
dp,
_ 4P 45
Pee =P (45)
From equation Eq. (44), the following formula can deduced
455 +382 25 & § P2 ] p
=||l————6——6—p, | ——= |1 -3 xT|| = 46
Pee K P RIS /)3( /)2>$|J |5 (46)

where the minus (plus) sign is adopted when the product vectors J x 7 and n x 7 have (do not have) the same orientation. The
proposed formulas (43) and (46) do not require the knowledge of polodes geometry, but only the kinematic state of the point.

5. Crank-driven four-bar mechanisms

The crank-driven rigid body of Fig. 1 can be considered as a part of a generic four-bar mechanism, such as, the four-bar linkage, the
offset slider-crank mechanism and the swinging-block mechanism. Thus, the angular rotation 63, velocity ws, acceleration a3 and jerk
P of the coupler link AB, can be determined as function of the kinematic input data of the driving crank, which are the angular position
6, velocity wy, acceleration ay and jerk fo, respectively. This is also true for the higher-order kinematics.

Therefore, applying the loop-closure equation to each of the above mentioned crank-driven mechanisms, a general algorithm is
formulated in order to analyze the kinematic properties of n™-order Bresse circles intersections.

5.1. Four-bar linkage
Referring to the crank-driven four-bar linkage of Fig. 2, the loop-closure equation is
rl—rz—r3+r4:0 (47)

where vectors ry, 1o, r3 and r4 can be expressed in general in Oxy, as

= (ricos6;)i + (r;sinb;)j (48)
i=1,...,n
and for n = 4, ry, r3 and ry4 are the lengths of the crank ApA, the coupler AB and the crank or rocker ByB, respectively, while r; is the
length of the fixed frame A(By. The angles 6 1, 6 5, 6 3 and 0 4 give the angular position of vectors ry, ry, r3 and ry.
Thus, the angular position 65 of coupler link AB is given by

49

0 tan-! r18inf@; — rysind, + rysinfy
3 — tan
r1cosf; — r,cosb, + rycosdy

and its time derivatives, up to the third order, give the angular velocity s, acceleration a3 and jerk p3 vectors, as follows
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03 = 93 k= (a)zrz 7@[}(92 — 04))

r3 sin(6; — 65)

o = Ok = (rzazsin(ﬂz — 0) + rwicos(0r — 04) + rswicos(0; — 04) — mwﬁ)k

r3sin(6y — 63)

b *.é3k B (7 Ay + B, tanf, )
, = =

r3(cosfztandy — sind;)
where the coefficients Az and B are given by
Ay = —1, sinby + rwisind; + r;@3sing; — rywisindy — 3rw,a,c080,+
—3r3w;03¢086; + 3ryw404c080,
B, = 3, costh — rza)gcosaz - r3w§cos€3 + mwicos& — 3rwa,8ind,+
—3r;w30381n03 + 3r4@4048in0,
Likewise, the angular position 64 of driven link BB takes the form

—B, +04/B} — C} + A}
1

0, = tan~
Cl 7A1

where o is equal to +1 according to the assembly mode and its coefficients are given by

A] = 27'1}”4C0801 — 27'2”4C0502
Bl = 27'1 r4sin01 — 2r2r4sin02

C = rf + r% + rﬁ — r§ — 2r1r2(cosf;cosd, + sind; sinb, )

The angular velocity vector w4 is given by

raw, sin(6, — 63)
17 sin(94 — 03)

0)4:941(:(

®,,0,, B3,
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(50)

(51)

(52)

(53)

(54

(55)

(56)

(57)

(58)

Fig. 3. Offset slider-crank mechanism.
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and the angular acceleration vector a4 takes the form

59

ra; sin(0; — 03) + rwicos(6; — 03) + r3wi — rywicos(6y — 6)3)) K

— 0,k =
o 4 ( 17 sin(94 — 93)

5.2. Offset slider-crank mechanism

Referring to the crank-driven offset slider-crank mechanism of Fig. 3, the angular position 3 of the coupler link AB, is given by

05 = sin”! (@) (60)

r3

and its time derivatives, up to the third order, give the angular velocity w3, acceleration a3 and jerk p3 vectors, as follows

3 =0K=1| — &wz
; =0,k 2, )k (61)
r3 costs
€ = Ok — (7a2rzcosé)2 + wirysing; + a)§r3sin€)3)k 62)
r3c0s0;
. ‘é3k _ (_ﬂ2r2c0s02 + w3r,cos6, + 3w2a2cr02:i0n92 + 3wsasrssinf; + w§r3c056’3> X 63)
r3 3

5.3. Swinging-block mechanism

Referring to the crank-driven swinging block mechanism of Fig. 4, the angular position 03 of the coupler link AB, is given by

—r,sinf
0 = tan"" (&) (64)
s — 1,c080,
and its time derivatives, up to the third order, give the angular velocity w3, acceleration a3 and jerk p3 vectors, as follows
; nw; , .
®; =0k = ( - (sind,tand; + cos@z)coseg) k (65)
3

Fig. 4. Crank-driven swinging-block mechanism.
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Fig. 5. Crank-driven four-bar linkage: Bresse and jerk circles, along with the velocity, acceleration and jerk vectors of points A, B and pole P;, when
65 =0°

- 0
o3 = 93k = (CO: 3 (A3tan93 7B3))k (66)
3
cosf;
ﬁ3 = 031{ = (A4tan93 — B4) k (67)
r3
where
A3 = —ray8ind; — rwicosd, — 2i;w3sind; — ryw3cosds (68)
B3 = 12030080, — r,@3s8in6, + 2730;c080; — r3w3sings (69)
Ay = —nf,sind; + rzwgsinHQ — 3r,mya,c080, — 3r3038in0; — 273381003 — F3@38in03+ 70)

—3i3a)§00593 + rgwgsine_g — 3r3wsa3c086;

B, = r,f,c0860, — rza)gcosﬂz — 3r,m,a,5in0, + 3F3a3c0805 + 2F3w3c08603 + i303c0803+

L5 3 . (71)
—373w58in63 — r3w;cos0; — 3r3wsassinds

The magniture r3 of the position vector r3 of link AB can be expressed as

r3 = 24/52 + 13 — 2src086, (72)

and its time derivatives, up to the third order, are given by

(rzwzsinez + r3w3sin03)

cosb; 73

P (r3a3sm63 —A;) 74)
cosbs

r3 _ (r3/}3sin63 —A4) 75)
cosbs

10
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-60 -40 -20 0 20 40 60 80

Fig. 6. - Crank-driven four-bar linkage: Bresse and jerk circles, along with the velocity, acceleration and jerk vectors of points A, B and pole P;,
when 0 , = 18.575°

6. N™.order Bresse circles intersections: kinematic properties

The position vector of center O ,, radius r» and diameter A , of the inflection circle .7 are respectively expressed by

o- (4 ()
1 =4/05 + 05, — C (76)
A =21

The position vector of inflection pole W, is given by
Wi = (201 = p1)i+ (205 —p1y)i 77)

The position vector of center O, radius r,,- and diameter A ;- of the zero-normal jerk circle 7 , are respectively, expressed by

| An. B \.
0= (3 (%)

1y =4/ 05 4+ 05, — Cy 78

Ay, =2y,
The position vector of zero-normal jerk pole W, is given by

W, = (205, —pir)i + (ZOJ,Vy —Ply)j (79)
The magnitude of the acceleration vector ap; is independent by the angular acceleration a3 and can be expressed by

ap = W3A, (80)
The magnitude of the acceleration vector ay, is independent of the angular velocity w3 and can be expressed by

ay, = o34, (81)

11
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Fig. 7. - Crank-driven four-bar linkage: Bresse and jerk circles, along with the velocity, acceleration and jerk vectors of points A, B and pole P,
when 0 , = 340°

Table 1
— Input data for a crank-driven four-bar linkage, (Dimensions in u unit length).
Example ry [ul ry [u] r3 [u] rq [ul 6 5 [deg] w 3 [r/s] a s [r/s°] B2 /5]
Fig. 5 30 10 30 15 0 1 0 0
Fig. 6 30 10 30 15 18.575° 1 0 0
Fig. 7 20 10 30 15 340° 1 0 0

60

40

Y [u]

-20

X [u]

Fig. 8. Offset slider-crank mechanism: Bresse and jerk circles, along with the velocity, acceleration and jerk vectors of points A, B and pole P;, when
05 = 30°

The magnitude of jerk vector Jp; is independent of the angular jerk 3 and can be expressed by

Jpi = 3wa34,, (82)

The jerk Jw,, of the zero-normal jerk pole Wy, is independent of the angular acceleration as and can be expressed by

12
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Fig. 9. - Offset slider-crank mechanism: Bresse and jerk circles, along with the velocity, acceleration and jerk vectors of points A, B and pole P;,
when 0 , = 90°
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Fig. 10. - Offset slider-crank mechanism: Bresse and jerk circles, along with the velocity, acceleration and jerk vectors of points A, B and pole P,
when 0 = 19.47°

Table 2
— Input data for an offset slider-crank mechanism, (Dimensions in u unit length).
Example e [u] r[u] 1[u] 9 5 [deg] o [r/s] a5 [r/s%] B2 [r/s%]
Fig. 8 10 10 20 30° 1 0 0
Fig. 9 20 20 40 90° 1 0 0
Fig. 10 10 10 20 19.47° 1 0 0
T, = (@3 = B5) Ay, (83)

The acceleration vector ap; of the velocity pole P; is parallel to W,P; and thus, one has
ap; X Wl =0 (84)
The jerk vector Jp; of the jerk pole P; is parallel to WyyP;, and thus one has

Jpr x WPy =0 (85)

13
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Fig. 11. Swinging-block mechanism: Bresse and jerk circles, along the velocity, acceleration and jerk vectors of points A, B and pole P;, when 6 ,
=15°
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Fig. 12. Swinging-block mechanism: Bresse and jerk circles, along the velocity, acceleration and jerk vectors of points A, B and pole P;, when 0 ,
= 235°

The angle y3 between the acceleration vector ay of a generic coupler point M with respect the joining points PoM is given by

1%
—tan" ! = 86
= () ©
The angle A3 between the jerk vector Jj; of a generic coupler point M with respect the joining points PsM can be expressed by
3 _
A3 = tan™! (70)3 ﬁ3) (87)
3(1)303
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Y [u]

-100 L 1 1 1 Lo 1 J
-20 0 20 40 60 80 100 120
XTu]
Fig. 13. Swinging-block mechanism: Bresse and jerk circles, along the velocity, acceleration and jerk vectors of points A, B and pole P;, when 6 »
=125°

Table 3
— Input data for a swinging-block mechanism, (Dimensions in u unit length).
Example r [ul s [u] 0 5 [deg] w 5 [1/s] a5 [1/5%] B o [r/s%]
Fig. 11 20 10 15° 0.8 0 0
Fig. 12 25 15 235° 1.7 0 0
Fig. 13 20 10 125° 1.1 0.4 0

The magnitude of the acceleration vector ays of a generic coupler point M is
ay = PoMy/ o} + &3 (88)

The magnitude of the jerk vector Jy; of a generic coupler point M can be expressed by

Ty = P\ (@3 - B, + (Gosas)? (89)

Since the acceleration vector ay, of the inflection pole W » is orthogonal to the acceleration vector ap; of the velocity pole P;, one has:

ap) - ay, = 0 (90)

Thus, the acceleration vector ap; is tangent to the stationarity circle .7, while the acceleration vector ay, is tangent to the inflection
circle .7 .
The jerk vector Jw, of the zero-normal jerk pole W is orthogonal to the jerk vector Jp; of the velocity pole P1, and thus, one has

Jpi - Jw, =0 91)

and thus, the jerk vector Jp; is tangent to zero-tangential jerk circle / -, while the jerk vector J w,, is tangent to the zero-normal jerk
circle 7 .
The Inflection circle .7 and stationarity circle ./ are orthogonal, and thus

01P12 + Osplz = 01052 (92)

The zero-normal jerk circle 7 ,- and zero-tangential jerk circle 7 - are orthogonal, and thus

OJNP12 + OJTP12 = OJNOJT2 (93)

The results of previous analysis allow to establish by induction the following theorems:
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Theorem 1. For a general planar motion, the loci of moving points with norder (n = 2,3,...) zero tangential and normal kinematic
properties are orthogonally intersecting circles at pole velocity P; and n™-order pole P,,. These circles are the n™-order Bresse circles.

Theorem 2. The n™-order kinematic property of pole velocity P; is independent of the angular n- order derivative and is always directed
toward the pole, opposite to P, on the zero normal n™-order Bresse circle.

Theorem 3. The n™-order kinematic property of the pole opposite to Py, on the zero normal n™-order Bresse circle, is independent of the
angular (n — 1)”1- order derivative.

7. Numerical examples

The Figs. 5-7 show the numerical and graphical results of a four-bar mechanism when the driving crank angle 6 = 0°, 0 5 =
18.575°and 6 5 = 340°, respectively, along with the coupler curves, the velocity, acceleration and jerk vectors of points A, B and poles
P3, Py and Ps. The input data for the four-bar mechanism of Fig. 2 are reported in Table 1.

Figs. 8-10 show the numerical and graphical results of a slider-crank mechanism for the driving crank angle 6 5 = 30°,  , = 90° and
6y =sin"} (r%l) =19.47°, respectively, along with the coupler curves, the velocity, acceleration and jerk vectors of points A, B and poles
P, Py and Ps. The input data for the slider-crank mechanism of Fig. 3 are reported in Table 2.

The Figs. 11-13 show the numerical and graphical results of a swinging-block mechanism for the driving crank angle 6 , = 15°, 0 »
= 235° and € 5 = 125°, respectively, along with the coupler curves, the velocity, acceleration and jerk vectors of points A, B and poles
Py, P5 and Ps. The input data for the swinging block mechanism of Fig. 4 are reported in Table 3.

8. Conclusions

The kinematic properties of the nP-order poles and Bresse circles intersections for a crank-driven rigid body, which belongs to a
four-bar kinematic chain in the form of four-bar, slider-crank and swinging-block mechanisms, have been presented and proven by
means of significant graphical and numerical results for different crank-driven four-bar mechanisms.

Moreover, three novel theorems dealing with the n™-order Bresse circles, which are orthogonally intersecting circles at pole ve-
locity and n'-order pole, and the n™-order time-derivative position vectors of the velocity pole and its opposite point laying on the
zero-normal n™-order Bresse circle, which is the inflection pole in the case of the zero-normal 2™-order Bresse circle or inflection
circle, have been formulated for the first time.

In particular, the first of these vectors is always oriented along the diameter of the zero-normal n-order Bresse circle and has a
magnitude that is independent of the angular n™-order derivative, while the second vector is always tangent to the same Bresse circle
and has a magnitude that is independent of the angular (n — 1)M-order derivative.
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